












BIOMETRIKA
A JOURNAL FOR THE STATISTICAL STUDY OF

BIOLOGICAL PROBLEMS

FOUNDED BY

W. F. R. WELDON, FRANCIS GALTON and KARL PEARSON

EDITED BY

KARL PEARSON

VOLUME IX

January 1913 to October 1913

If

CAMBRIDGE
AT THE UNIVERSITY PRESS

LONDON: FETTER LANE, E.C.

(C. F. CLAY, Manager)

and H. K. LEWIS, GOWER STREET
WILLIAM WESLEY AND SON, 28, ESSEX STREET, STRAND

EDINBURGH : 100, PRINCES STREET

CHICAGO : UNIVERSITY OF CHICAGO PRESS

BERLIN : A. ASHER AND CO.

LEIPSIC : BROCKHAUS

BOMBAY AND CALCUTTA: MACMILLAN AND CO., LIMITED

TORONTO : J. M. DENT AND SONS, LIMITED

TOKYO : THE MARUZUN-KAIiUSHIKI-KAISHA

[All rights reserved]



PRINTED BY JOHN CLAY, M.A.

AT THE UNIVERSITY PRESS.



CONTENTS OF VOL. IX.

Memoirs.

PAGE

I. On the Probable Errors of Frequency Constants, Part II. Editorial 1

II. The Relationship between the Weight of the Seed planted and the

Characteristics of the Plant produced. By J. Arthur Harris 11

III. On the Probable Error of a Coefficient of Correlation as found

from a Fourfold Table. By Karl Pearson .... 22

IV. Multiple Cases of Disease in the same House. By Karl Pearson 28

V. A Study of the Variations in the Female Pelvis, based on obser-

vations made on 217 specimens of the American Indian Squaw.

By Arthur Brewster Emmons 34

VI. The Intensity of Natural Selection in Man. By E. C. Snow . 58

VII. On Errors of Random Sampling in certain cases not suitable for

the application of a " normal " curve of frequency. By M.

Greenwood, Junr 69

VIII. On the Probable Error of the Correlation Coefficient to a Second

Approximation. By H. E. Soper 91

IX. On the Measurement of the Influence of "Broad Categories" on

Correlation. By Karl Pearson 11G

X. Bibliography of Current Literature, Biometry and Eugenics,

Nos. 1—362 . . .

" 140

XI. On Theories of Association. By Karl Pearson and David Heron 159

XII. Anomalies of Pigmentation among Natives of Nyasaland. A
contribution to the Study of Albinism. By Hugh Stannus

Stannus 333

XIII. On the Expectation of Life in Ancient Rome, and in the Provinces

of Hispania and Lusitania and Africa. By W. R. Macdonell 366



iv Contents

XIV.

XV.

XVI.

On the Inheritance of the Deformity known as Split-Foot or

Lobster-Claw. (Second Paper.) By George McMullan and

Karl Pearson 381

A Study of the Nasal Bridge in the Anthropoid Apes and its

Relationship to the Nasal Bridge in Man. By Kathleen V.

Ryley, Julia Bell, and Karl Pearson ....

XVII.

XVIII.

(vii) Studies in the Meaning and Relationships of Birth and Death Rates

Notice of a paper by John Brownlee. By W. P. E. .

(viii) A Case of Familial Malformation in a Fowl's Head. By Huber'J

M. Turnbull

(ix) Note on a Ready Reckoner for the Obstetrician. Editorial .

Addendum ............
Corrigenda

Plate I.

Plate II.

Plates.

Human Pelvis, Variation in Size

„ „ Variation in Shape

391

On the Calculation of Intra-Class and Inter-Class Coefficients of

Correlation from Class Moments when the number of Possible

Combinations is large. By J. Arthur Harris . . . 446

A Second Study of the Weight, Variability and Correlation of the

Human Viscera. By M. Greenwood, Jun., and J. W. Brown 473

The Measurements of the Pelvis with special reference to Obstetric

Prediction. By D. H. de Souza 486

Miscellanea.

(i) The Correction to be made to the Correlation Ratio for Grouping.

By Student 316

(ii) On the Hereditary Character of General Health. By Karl Pearson

and Ethel M. Elderton 320

(iii) Note on the Honduras Piebald. By Karl Pearson . . . 330

(iv) Selection and Intermediates in Bacillus coli. By Leonard Kekne
HlRSHBERG 331

(v) The Study of Dietaries. By Karl Pearson 530

(vi) On the Surface of Constant Association Q — O Q. By Karl Pearson 534

537

538

539

540

332

. to face p. 46



Content* v

Plate III.

Plate IV.

Plate V.

Plate VI.

Plate VII.

Plate VIII.

Plate IX.

Plate X.

Plate XL

Plate XII.

Plate XIII.

Human Pelvis, Variation in Type . . . .

„ „ Numerical Variations of Sacral Seg-

to face p. 46

Plate XIV.

Plate XV.

Plate XVI.

meats

Human Pelvis, " False Promontory " made by first

lumbar vertebra. Apparatus for holding Pelvis . „ „

Human Pelvis,
<: False Promontory " made by second

sacral vertebra. Pelvis of small Outlet . . ,, „

Human Pelvis. Celluloid Scale for Measurement of

Outlet, Variation of Outlet and case of six Sacral

Vertebrae ......... „

Honduras Piebald Boy (Front View) with Parents

and Siblings, Julv, 1912 „ 330

Honduras Piebald Boy (Back View), July, 1912 .

Honduras Piebald Boy (Front View) with his father,

1908

Honduras Piebald Boy (Back View) with his father,

1908

Figs. 1 and 2. Sawali of Ntiya, Mlumbi. Case of

Xanthism. Fig. 3. Ouda of Checkiwere's. Case of

Leucuderma. Fig. 4. Daus of Chimwai Village,

Dwangwa River. Sjiotlings . . . . „ 340

Fig. 5. Girl H., from village on Lake shore in West

Nyasa. Leucotic area sharply limited along mid-

line. Fig. 6. Daus of Chimwai Village, Dwangwa
"River. Spotling. See Plate XII (4) .

Fig. 7. Albinotic penis not referred to in text.

Fig. 8. Lijuni. Leucosis of glans and inner sur-

face of prepuce after circumcision. Fig. 9. Binali.

Leucosis of glans and prepuce. Fig. 10. Licheta,

an Angoni of Dedza, Central Prison, Zomba. Case

of Ziemann's " Melung".....„ 349

Fig. 11. Matesi, an Atonga. Fig. 12. Jim. Fig. 13.

Chizizu, Yao. Fig. 14. Lief. Spotlings of the

penis . .

Fig. 15. Chiwia. Fig. 16. Chivia. Fig. 17. Naamon.

Fig. 18. Magombo. Spotlings of the penis . „



vi Contents

Plate XVII.

Plate XVIII.

Plate XIX.

Plate XX.

Plate XXI.

Plate XXII.

Plate XXIII.

Fig. 19. Foreskin of Negro to show transition

from normally pigmented skin to albinotic patch.

Fig. 20. The same as (19) enlarged and reversed

;

to show transition with gradual disappearance of

melanin granules from the deepest cells of the

stratum rnalpighii. Fig. 21. Microphotograph of

skin of albino showing a freckle (corrugated

portion) in an albinotic area. Fig. 22. Freckle

in (21) enlarged to show melanin granules in

deepest cells of stratum rnalpighii, constituting

the freckle, and to indicate how these granules

gradually disappear as transition is made to

albinotic skin . . . . . . to face p. 349

Fig. 23. Normal Native, Moyichandi and Sikumbiri

from left to right. Grades of albinism in Nyasaland

Natives. Fig. 24. Chibwana, an albino with

mother and sister, from Ohikala. Fig. 25. Alice,

an albino baby, and her mother from Chikanji's

village .......... „

Fig. 26. Head of Pingo, an albino from Chitalu.

Fig. 27. Pingo, an albino from Chitalu. Fig. 28.

John, an albino from Mwandanas . . . ,, „

Fig. 29. Chisfufu. Special type of Leucoderma,

Ziemann's " Melung „

Short Pedigrees of Nyasaland Albinos .

Folding Plate. Pedigree of the S. Family with

Hereditary Lobster Claw .....
Lobster Claw Family. Figs, (i) and (ii). Skiagrams

of Feet

)) J)

388

Plate XXIV. Lobster Claw Family. Figs, (iii) and (iv). Skiagrams

of Hands ........
Plate XXV. Lobster Claw Family. Figs, (v)—(viii). Photographs

of Hands and Feet ......
Plate XXVI. Lobster Claw Family. Figs, (ix)—(xii). Photographs

of Hands and Feet ......
Plate XXVII. Lobster Claw Family. Figs, (xiii)—(xviiij. Photo-

graphs of Hands and Feet .....



Contents vii

Plate XXVIII. Median Section of the Pelvis of a Woman 35 years

old, from a drawing by Professor Symington. She

was rather thin ...... to face p. 501

Plate XXIX. Median Section of the Pelvis of a Woman .'30 years

old, from a drawing by Professor Symington. The

subject was rather fat . . . . . . „ „

Plate XXX. Figs. I (a), I (b). Photographs of Surface of Constant

Association ......... 534

Plate XXXI. Fig. I (c). Photograph of Surface of Constant

Association. Fig. II (d). Photograph of Brill

type of model of Gaussian Surface „ „

Plate XXXII. Obstetricians Abac I. To find Probable Obstetric

Conjugate from observed Diagonal Conjugate and

Antero-Posterior Diameter ....... 539

Plate XXXIII. Obstetricians Abac II. To find Probable Obstetric

Conjugate from observed Diagonal Conjugate and

Height of Right Hip Bone ....





Vol. IX. Parts I and II. March 1913

BIOMETEIKA
A JOURNAL FOR THE STATISTICAL STUDY OF

BIOLOGICAL PROBLEMS

FOUNDED BY

W. F. R. WELDON, FRANCIS GALTON and KARL PEARSON

EDITED BY

KARL PEARSON

CAMBRIDGE
AT THE UNIVERSITY PRESS

LONDON: FETTER LANE, E.C,

(C. F. CLAY, Manager)

and H. K. LEWIS, GOWEK STREET
WILLIAM WESLEY AND SON, 28, ESSEX STREET, STEAND

EDINBURGH .: 100, PRINCES STREET

CHICAGO : UNIVERSITY OF CHICAGO PRESS

BERLIN : A. ASHER AND CO.

LEIPSIC: BROCKHAUB

BOMBAY AND CALCUTTA I MACMILLAN AND CO., LIMITED

Entered at the New York Post Office as Second Class Matter

Price Twenty Shillings net.

[Issued March 12, 1913]

WAR 25 1918

'°nal Muse



BIOMETRIC LABORATORY PUBLICATIONS

Drapers' Company Research Memoirs.

Biometric Series.

I. Mathematical Contributions to the
Theory ofEvolution.—XIII. On the Theory
of Contingency and its Relation to Associa-

tion and Normal Correlation. By Karl
Pearson, F.R.S. Issued. Price 4s. net.

n. Mathematical Contributions to the
Theoryjof Evolution.—XIV. On the Theory
of Skew Correlation and Non-linear Regres-

sion. By Karl Pearson, F.R.S. Issued.

Price 5s. net.

III. Mathematical Contributions to the
Theory of Evolution.—XV. On the Mathe-
matical Theory of Random Migration. By
Karl Pearson, F.R.S., with the assistance

of John Blakeman, M.Sc. Issued. Price

5s. net.

IV. Mathematical Contributions to the
Theory of Evolution.—XVI. On Further
Methods of Measuring Correlation. By
Karl Pearson, F.R.S. Issued. Price 4s. net.

V.

VI.

VII.

Mathematical Contributions to the
Theory of Evolution.—XVII. On Homo-
typosis in the Animal Kingdom. By Ernest
Warren, D.Sc, Alice Lee, D.Sc, Edna
Lea-Smith, Marion Radford, and Karl
Pearson, F.R.S. Shwtly.

Albinism in Man. By Karl Pearson,
E. Nettleship, and C. H. Usher. Text,
Part I, and Atlas, Part I. Issued. Price

35s. net.

^Mathematical Contributions to the
Theory of Evolution.—XVIII. On a Novel
Method of Regarding the Association of

two Variates classed solely in Alternative

Categories. By Karl Pearson, F.R.S.
Price 4s. net.

VIII. Albinism in Man. By Karl Pearson,
E. Nettleship, and C. H. Usher. Part II.

Shortly.

Studies in National Deterioration. Price 3s. net each.

I. On the Relation of Fertility in Man
to Social Status, and on the changes in this

Relation that have taken place in the last

50 years. By David Heron, M.A., D.Sc.

Issued.

II. A First Study of the Statistics of
Pulmonary Tuberculosis (Inheritance). By
Karl Pearson, F.R.S. Issued.

III. A Second Study of the Statistics of
Pulmonary Tuberculosis. Marital Infec-

tion. By Ernest G. Pope, revised by Karl
Pearson, F.R.S. With an Appendix on
Assortative MatingbyEthel M. Elderton.
Issued.

IV. The Health of the School-Child in
relation to its Mental Characters. By
Karl Pearson, F.R.S. Shortly.

V. On the Inheritance of the Diathesis
of Phthisis and Insanity. A Statistical

Study based upon the Family History of

1,500 Criminals. By Charles Goring,
M.D., B.Sc. Issued.

Third Study of the Statistics of
Pulmonary Tuberculosis. The Mortality
of the Tuberculous and Sanatorium Treat-
ment. By W. P. Elderton, F.I.A. and
S. J. Perry, A.I.A. Issued.

On the Intensity of Natural Selection
in Man. By E. C Snow, D.Sc. Issued.

A Fourth Study of the Statistics of
Pulmonary Tuberculosis : the Mortality of

the Tuberculous : Sanatorium and Tuber-
culin Treatment. By W. Palin Elderton,
F.I.A., and Sidney J. Perry, A.I.A.

VI. A

VII.

VIII.

IX. On the Correlation of Fertility with
Social Value. A Co-operative Study. Just

Questions of the Day and of

I. The Influence ofParental Alcoholism
on the Physique and Ability of the Off-

spring. A Reply to the Cambridge Econo-
mists. By Karl Pearson, F.R.S.

II. Mental Defect, Mai-Nutrition, and
the Teacher's Appreciation of Intelligence.

A Reply to Criticisms of the Memoir on
' The Influence of Defective Physique and
Unfavourable Home Environment on the
Intelligence of School Children.' By David
Heron, D.Sc.

III. An attempt to correct some of the
Misstatements made by Sir Victor Hobs-
ley, F.R.S., F.R.C.S., and Mary D. Storge,

the Fray. Price Is. net eacL

M.D., in their Criticisms of the Galton
Laboratory Memoir :

'A First Study of

the Influence of Parental Alcoholism,' &c
By Karl Pearson, F.R.S.

IV. The Fight against Tuberculosis and
the Death-rate from Phthisis. By Karl
Pearson, F.R.S.

V. Social Problems : Their Treatment,
Past, Present and Future. By Karl
Pearson, F.R.S.

VI. Eugenics and Public Health. Lecture
to the York Congress of the Royal Sanitary
Institute. By Karl Pearson, F.R.S.

THE ABOVE MAY BE OBTAINED FROM DULAU & CO., Ltd., 37, SOHO SQUARE, LONDON, W.



Volume IX MARCH, 1913 NOS. 1 AND 2

BIOMETBIKA.

ON THE PEOBABLE ERRORS OF FREQUENCY
CONSTANTS.

PART II.

EDITORIAL.

(1) The probable errors of frequency constants for a single variable have been

discussed in an elementary manner in Vol. II. pp. 273—281 of this Journal. The

following notes on the probable errors of frequency constants of distributions with

two variables have been provided at the request of certain of our readers*.

All the constants of a frequency distribution of two variates are expressible in

terms of the higher product moments defined by

pq , g
' = S{nss.xs«ys

,v'}/N (i),

where the origin is at fixed values of x and y. Transferred to the mean x, y, we

have

:

p8, i = S {rass. {at, - x)z (y, - y)*}/N (ii),

where x and y will vary from sample to sample. Here nss
< is the frequency of

individuals with characters xs and yS
'

t

and N is the total population.

Throughout rap will denote the correlation between two quantities a and /3 ;

era, will denote the standard deviations of a and /3.

The following results are well known

:

=
«^(1--^J

(iii),

Tntv
rnss

,n
tt

,
~ N \lyh

Biometrika ix

* Eeproduced from Lecture Notes.

1



2 On the Probable Errors of Frequency Constants

Further if ns
= S(ngs>) for all values of s',

ns n ts' / -\

Wn.rn,,. = 7W
(
1 - % )

(vii).~ JT

See Biometrika, Vol. v. pp. 191—2.

(2) We have, if 8 denote a variation in any frequency constant due to random

sampling,

Mp,h 9
> - S(Sn ss.xsVi/su') (vii) bis,

and if m be number of random samples

:

= 8KW#,V') + 2£ («r
/w

tr„
M
,r,

v;i<t ,
x x^iy/y^)

= Sns, (l - .'•,-','/,•'' " 2S (^^Bfxfyjy^

Thus -V, =feF^
Again N8pUjU, - 8 (Sn^wg

uy/^) t

= N ('Pq+ Ut q'+U> Pq,q'Pu,u')>

thus <r
p

,a
p

_ =P9*«.*+<-P*.&+«
(ix) .

(viii) and (ix) refer only to the higher moment coefficients about a fixed origin.

About the mean we have

NPa* = 8 {]} ss' («i - ®)q (y* - y)q'\,

n^Pq,i' = s {&n ss'
- «)

2
(y* - y)

q '\ - q8xp
q
-hq ' - q'Sypq,?-! (?).

Now it is clear that before going further we want to know the correlation

between variations in nss> and x or y. Now

m = S(n
txt ),

N8x = S (8n
t
x

t ),

Nhxhnss
i = S (8nSS'8nt Xt),

= nSS'(xs
— x), using (vi) and (vii),



Editorial 3

Next we want a^o-^r^, but this is known, or easily found to be pn/N.

Returning to (x), squaring, summing for every possible sample and dividing by

the number of samples, we have

- 2qpq+l,q'Pq-l,q> ~ fy[Pq,4+lPq,t-* •••( xii )-

We may now find the correlation between any pair of higher moment
coefficients,

W$pu,u- = 8 [8n
S!f

(xs - x)w (yj - Tj)
w

'} - n8xpu-ltU> - u'hypu,te-i • .(xiii).

Multiplying (x) and (xiii) together, summing for all possible samples and

dividing by the number of samples and N, we have

Ntr
PQ, i

'
<J
'Pu, n'

r
Pg,q'Pu, «'

= ^9+".9'+«' ~ P'h'/P^ + qUpWpq-^q-pU-^vi + ?'4o,2ft^-l^,tf-l

+ <l
u'PhlPq-hQ,Pu,u>-i + qup^pq^'-ipu-^u'

MPq+iiQ'P"—i,' 4 '
u P'h f/+iPu ,

«'—

i

- qpu+^u'pq-l.q1 - q'pu,i,,'^lPq,</-i (xiv).

(xii) and (xiv) contain all the requisite data for the probable errors of random

sampling in the case of two variables. They, of course, contain implicitly the case

of one variable, as we have only to put q and u zero in order to fall back upon the

formulae (vii) and (viii) of the first part of this paper (Biometrika, Vol. II.

pp. 276—7).

(8) We may illustrate as follows

:

(a) Correlation of errors in means :

rxy = rxy (xv).

(/3) Correlation of errors in standard deviations*

:

.P22-pooPn -2

_ lh* P>n Pn-2
.(xvi).<r

'
f(T

'" ^Pio - p\o Vpoi
- p\2

This is the general value of the correlation between the standard deviations of two

correlated variables. We may write it in the form

r = PkKPzoPoz)-!

V(ft-i)(&'-T)

where /82 and /3.2
' are the second /3's for the two variables respectively

We may now investigate p22 ,

p-22 = ^-S [(a, - xf (y, - yf n^},

* We may safely write j>22 for p2i 2 etc. when we leave the general formulae, but p,m '-\ for 2>?>9'_j is

capable of misinterpretation.

1—2



4 On the Probable Errors of Frequency Constants

Let us sum for s' and keep xs constant ; then

2 {{y* - 2/)'
2
?w} = {» s (o-

2

j,a
+ (y. - y)%

where <r is the standard deviation and ys the mean of the array of y's for a given

ocs . If the regression be linear and homoscedastic, then

- _ _ fj// ~\
2/s 2/ — rxy \xs x )>

and <r
2

ys
= ay* (1 - r\y).

Hence p22
=~ # j?; s (#s

- «)
2

( 1 - r-xy ) + ns (a;s - xf

= o-^-o-,;-' {1 - r\v + r2
xyft2},

z^--l = rV(A-l).

Similarly - 1 = r2^ (#.' - 1),

on the assumption that the other regression is also linear and homoscedastic.

It is accordingly impossible for two variables to have a regression linear and

homoscedastic in both senses unless /32 has the same value for both variables.

Clearly for most practical purposes we may take

P22^-1 = V(& -!)(&'- 1).
^20^02

Thus approximately ra ff
= 7-2

xy (xvii).

This is identical with the result found by Pearson and Filon (Phil. Trans.

Vol. 191, A, p. 242) on the assumption of normal correlation. It is now seen to

be true, whenever we may assert linearity of regression and homoscedastic dis-

tribution for both variables.

(7) Probable error of a coefficient of correlation.

Put r^ =^_
&rxy _ Spn _ 1 8pw _ 1 Spw

1'xy pn 2 p.20 2 pta
*

Square, add for all random samples and divide by their number

:

a\u _ _1 {P^zPlL + 1 P*> ~ P*>
2

+ I PQi
~

P<* + I P*~P*>P<*
r"xy N\ pu

2 4 p.J 4 p02
2 2 p20p02

_ Pti-puPio Pu-pnPu \

#

>

/xviii)_

This is the most general value of the standard deviation ar of a correlation

coefficient. It was first given by Sheppard (Phil. Trans. Vol. 192, A, p. 128, with
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an obvious printer's slip, the omission of ?\v ). It is clear that we require a know-

ledge of at least an approximate value of psl and p13 as well as p22 in order to

simplify this expression, which is far too cumbersome for practical use.

Now N x pn = 8 {nss>
(xs

- J')
3

(ys
> - y)\

= S{ns (ys -y) (xs -xf),

if we sum for the sth array of y's.

But, if the regression be linear,

therefore N x psl
= 1

^mZj! S {

n

s (x8 - «)*}

,

<TX

p-n = rxy<ry <rx
s
fi2

= pnpxA (xix).

Similarly p13 = riry ax cry
s
f3,'

= pnp<afit (xx).

We can now substitute in (xviii), if we determine what value to give to pit . If

we take

= ovoy (1 - r%, + i%, x £ (A + A%

we have 1 = r-xv x —

—

^
~t
—- ,

pnpoi
J 2

and ^i =J__ 1 +*(& + &');

Pn I xy

Hence

rxy
= *f W-P* + * (A - 1 + A' " 1) (1 +W

r2

# j r xy

[1

1 - r
'

2

1 _ ,-2

VF

+ HA-i) + i(A
, -i)-(A-i)-(&'-i)

^ - i (A - 1 + A' - 1) (1 - r\y)

i-i(A-i+A'-i)'%}

•2^-i(A-3 + A'-3)rV}-

°'- -
' i-KA-s + A'-S)^-^-}

4

(xxi)



6 On the Probable Errors of Frequency Constants

This result is of much interest. If the kurtosis be zero, then

/32 - 3 = 0 = &' - 3,

1 — r"
1

and we have a,. = — (xxii),

the value originally given by Pearson and Filon for the standard deviation of

a correlation coefficient when the frequency surface is Gaussian {Phil. Trans.

Vol. 191, A, p. 242). We see accordingly that:

(i) Equal kurtosis is needful in the two variates if the regression is to be

linear and the arrays to be homoscedastic in the case of each variable.

(ii) The ordinary value subject to (i) is only correct provided the kurtosis

is zero, and this is true whether the distribution be Gaussian or not.

(iii) The ordinary formula may give very inaccurate results, if the kurtosis be

considerable and the correlation high.

(iv) It is probable that (xxi), as we have taken a mean value for pi2 ,
gives

fairly good results even when the correlation is not linear.

Clearly we must always have

2 . ....

rxv < -
j
— (xxm).

Or, for linear regression in homoscedastic systems there is a superior limit to the

correlation possible with given values of the kurtosis. This is an interesting point,

and forms a remarkable limitation on the nature of double linear homoscedastic

regression.

(4) We may now find the correlation between a product-moment <pq^ about

fixed axes and pu,u' a product-moment about axes through the centroid. We have

to multiply together (vii) bis and (xiii). We have

_ S mfimf x (xs
- (y, - y)4

- upu^, tfte (ar, - x) ccSyA

- upu,u^ S& (y, - y) tf/y/} (xxiv).

We can simplify the form of (xxiv) by taking the fixed axes now through the

centroid itself. This gives us

a
Plhtl

.

a
P '

r
pq, v>pu , u>

=
]y -Pg,*Pu,« ~ »T>u-h vpq+hq ' - rfpu,vf-ipq,t+i}

(xxv).



Editorial 7

Illustrations, (a) To find the correlation between a deviation due to random

sampling in a mean and one in the standard deviation of the same variate.

Take q — l,q—0, .'. pq^ = x; u = 2, u' = 0, .'. pu,u' = fa-

But p10 = 0, *- = aJ>jN,

Hence = = -T (xxvi).

This is perfectly general ; we see that variations in the mean are independent of

variations in the variability for all symmetrical systems including the Gaussian.

(/3) To find the correlation between a deviation due to random sampling in

the mean of one variate and one in the standard deviation of a correlated variate.

Take q = 1, q' = 0, .'. pq,q>
= %; u = 0, a =2, .'. pxt)U- =p^ = /*2

' = <ry\

But pw = p01
= 0, *s = *j*JN, ^^'V&'-l/V^

It remains to consider

Vn =
fl-
S !>**' 0* - x) (ys> - yf\

where av = mean of array of flj's corresponding to the of y. Hence if the

regression be linear

pi = rxy <7x o;/ v'/3/.

Thus we have r
J(r

= = Vft'/V^a' — 1 (xxvii).

Similarly r5 = V/^/V/S,,— 1 (xxviii).

Clearly = »W •>r . =^-^
and, r

j/a-.,.

= r
a;.'/ • '"iov

= r
.rj/ '"Soy

by (xv), which show us that these correlations are second order correlations, and

proves that the correlation of the mean of one variate with the variability of

a second is zero, for constant mean value of the second, since

y
xav Vl - r2— Vl - r2-
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(7) To find the correlation between a mean and a coefficient of correlation,

i.e. between x and rX!t .

We have to multiply $x — 8p lti
with

8rxy _ Bpn _ 1 8pm _ 1 Spm

rX!l pn 2 p20 2 p0,
'

and apply (xxv) to each term. We have

>•••
x ''r -""

t N[pn • 2^20 2jp02

_ 1 (rXyO)
l
a^/p1 1 V/^ov* 1 r

Xil
<jxay-\l

'&')

-Zv I
rxy <Ty<Tx 2 ov 2 er

ly

iV

using the values of j% and j?12 for linear regression. If we now use the value

in (xxi) for a., we have

1,. [

7 = -—— ; •

r (xxix)
V.

(l-r%) l-i(/3
2
-3 + /3./-3)

(
x -

reducing- when the kurtosis of both distributions is zero to

lrw |Vft-r,Vtt)
'«* 2 1 - /•%,

and vanishing for all symmetrical linearly correlated variates, including of course

Gaussian systems.

(8) To find the correlation between a deviation in a standard deviation and

one in a coefficient of correlation. We have to multiply 8pw by

8rxy _ 8pn _ 1 8p^ _ 1 Spv

rxy pu 2 p,t)
2 j902

'

We find

1 PSI-P^PU 1 P40-P20
2 Ipm-PioPo— a„ a,, r,

ry IH rxy /J-.,
>'

xy Npn 2 JS%0 2 Npv
'

Hence, assuming linearity of regression, we may put

psi/pu = <rx/3s , pjpoo = (32<rx
2
,

and approximately by the result immediately above Equation (xvii)

P22/P02
- p*> = <rx*r\y V(/32

- 1 ) 08,' - 1 ).

Thus

1 o-/V/32-l 1

7f-
= w {*£ (& - 1) -fa 08, - 1) - to^y V(& - !)(&'- 1)}.

Or cr_ r
ff

= ^= [V& - 1 - rU V/8,' - 1},
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and by (xxi)

r~. = K, ^
: n (xxxi).

l
1

Since homoscedastic linear regression supposes (32 = /32
' this result must be very

close to

V. = fr* - 1/(1 - i (A - 3 + A' - 3) j-^y (xxxii)

for such distributions.

For distributions in which the kurtosis is zero (/3» = 3) we reach

r, „ = rxyHZ (xxxiii),

*a result already reached for Gaussian distributions by Pearson and Filon in 1897

It is now shown to be true for all homoscedastic, mesokurtic systems with linear

regression.

(5) Two further probable errors are of interest. If we write yx = ax + b for

the regression line, what are the probable errors of

a = rxyayjax and b =y - rXyayx/ax ?

It will be sufficient to give the values of cr„ and cr& when the frequencies are

symmetrical and the regression linear. In this case

rx<rx
= vyuu

= r
x<ry

= r
y<rx

= rxy = rxy>

Writing rx= xj<rx , we have

8a _ 8ay 8rxy _ 8ax

a cry rxy crx

and 8b — 8y — a8x — 8rX!/ ay tx — rXIJ rx 8ay + aTx 8ax .

Whence proceeding in the usual manner we deduce

<*a = Vl - r\yj (xxxiv)f,

trj = a-y Vl — r2
xy Vl + tx

2/*JN = <ra six? + ax~ (xxxv).

These enable us to determine any significant difference between two regression

lines.

We can go a stage further and ask what is the probable error of the mean of an

array, yx , as found from the regression line. We have

8yx = + 8b.

* Phil. Trans. Vol. 191, A, p. 242.

t Cf. Phil. Tram. Vol. 191, A, p. 245.

Biometrika ix 2
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We require accordingly a-a <rbrab- Multiply the above expressions for 8a and Bb

together, summing and dividing by the number of samples we find

<rao-brab = ~ -fi'- (1 - r\y ) (xxxvi).

-tTTi ii o-„vl-r2 L (x — x)2
}* , ...

Whence we deduce aT.
=——==— + -

s

—

> (xxxvii).

We note the increase of inaccuracy of the means of arrays far from the mean of the

whole population*.

The above equations embrace the chief results for the probable errors and

errors' correlations of systems of two variables. They have been reached inde-

pendently of any system of Gaussian distribution.

* Eesults (xxxv), (xxxvi) and (xxxvii) are published here for the first time.



THE RELATIONSHIP BETWEEN THE WEIGHT OF THE
SEED PLANTED AND THE CHARACTERISTICS OF
THE PLANT PRODUCED. I*

By J. ARTHUR HARRIS, Ph.D., Carnegie Institution of Washington.

I. Introductory Remarks.

In practical agriculture the quality of the seed planted is universally recognized

as of fundamental importance. Three requisites are essential : freedom from

noxious impurities, purity of breed and viability. All three of these points have

attracted close attention, and have a voluminous literature. But given seeds

belonging to the required variety, free from undesirable impurities and germinating

successfully, it seems of theoretical interest at least, and j^erhaps of much practical

importance as well, to ascertain the degree of relationship between the size of the

seed planted and the characteristics of the individual into which it develops.

This question although by no means so extensively discussed as the others has

received considerable attention. Much has been written concerning the desirability

of winnowing seed to remove the lighter grains. A review of the literature of

this field would lead us too far from our immediate purpose, which is to present

the data derived from some rather extensive quantitative investigations.

It will not, however, be unprofitable to call attention to certain general

deficiencies of the previous work, especially since this will define the point of view

directing the studies described here.

(1) In many cases the distinction between perfectly matured but small seeds

and potentially large but immature, blighted or shrivelled seeds has been dis-

regarded.

(2) The method of grading the seed has, generally speaking, been neither

uniform nor logical. Usually the separation has been only into " heavy " and

* This first paper is limited to the presentation of the data for number of pods per plant in twenty

series of garden beans belonging to three different varieties. Much material for other varieties is in

hand. The constants for other characters, e.g. number of ovules and number of seeds per pod and

seed weight, are being calculated and will be presented later with more general discussions.

2—2



12 Influence of Weight of Seed on Plant

" light," or at most into " heavy," " medium " and " light." The meaning of such

crudely denned terms of course differs from experiment to experiment. They

may, with certain limitations, enable one to say which class of seeds gives the

best results. They do not permit comparisons of the advantages to be gained by

seed selection in different varieties. They do not allow of the writing of a general

formula enabling one to predict the yield from seed of given weight. Yet such a

formula is precisely what is needed. The advantage of sorting seed—if there be

an advantage—depends not only upon the increased yield (or increased uniformity

of the crop in certain cases) but also upon the cost of carrying out such a selection.

In deciding upon the stringency which is profitable in the seed selection, the

practical breeder should know the exact weight to be attached to each factor.

(3) The experiments have not been carried out in a way to make possible

the calculation of the probable errors of the results. In many cases the experi-

ments have been small, and the conclusions are open to serious question, both on

the ground of possible experimental errors and on the ground of the probable

errors of random sampling.

All of these difficulties can be overcome by the application of the modern

statistical methods to the problems. A wide series of such biometric constants

deduced from carefully conducted physiological investigations ought to be of great

service to the man dealing with the practical problems of agriculture.

II. Material and Methods.

The materials for this study are drawn from three varieties of garden beans

—

the White Flageolet, White Navy and Ne Plus Ultra. Altogether there are

twenty series grown under most diverse environmental conditions. Their history

has already been given* for another purpose and need not be repeated here. The

symbols used to designate the different lots are the same in both papers ; hence

the reader may make any comparisons which he sees fit.

All of the seeds planted were, as far as could be determined by inspection,

perfect in form and development. Each was individually weighed and classified

in a uniformly graduated scale. These individually weighed and individually

labelled seeds were then mixed and planted at random in rows by varieties, the

rows in their turn being scattered over the field, more or less at random, in order

to counteract by chance distribution any influence of the possible heterogeneity of

the substratum upon the characters of the plants. All the determinations of

number of pods produced were made on individual plants.

Thus the probable errors for the statistical constants for weight of seed

planted, number of pods per plant, and for the correlation between the weight of

* Harris, J. Arthur: "A First Study of the Influence of the Starvation of the Ascendants upon the

Characteristics of the Descendants." Airier. Nat., 1912. In press.
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the seed planted and number of pods per plant, can be determined. The corre-

lations between weight of seed planted and number of pods produced are com-

parable from variety to variety or from cultural condition to cultural condition.

To render the results more intelligible, the straight line regression equations

have also been calculated and represented in a series of diagrams. These show by

the slope of the lines the (smoothed) change in mean number of pods per plant

associated with changes in the weight of the seed planted.

The reader unacquainted with higher statistical methods need only remember

that the coefficient of correlation describes the degree of interdependence between

two variables on a scale of — 1 to + 1. This measure of interdependence is, there-

fore, quite independent of the magnitude and of the variability of either or both

of the characters in question. The regression coefficient, on the other hand, shows

the absolute amount of change in a second character y consequent upon a change

of one unit on the scale of the first character x. Concretely, in our present case,

the regression coefficient shows the absolute increase (or decrease) in number of

pods per plant associated with an increase (or decrease) of one unit in the weight

of the seed planted. " Increase " or " decrease " is measured from the average

condition in the population as a whole.

The correlation coefficient is fully justified as a measure of interdependence

only when regression is linear, that is to say, when the mean value of y increases

at a uniform rate throughout the whole range of x. Where regression is not

strictly linear, the coefficient of correlation still furnishes in many cases a very

satisfactory measure of the intensity of relationship between two variables. This

is true in the present case.

All the weighings were made on seeds which had dried for several months at

laboratory temperature. Drying at high temperatures was of course precluded by

the fact that the seeds were to be used for planting. Drying in a vacuum over

sulphuric acid could not be undertaken because of the excessive labour involved

where each seed had to be followed individually throughout the whole work.

The weight unit adopted was "025 gram. Hence to obtain means and standard

deviations of weights in grams deduct '5 from values in tables and multiply by "025.

The correlation tables showing the relationship between the weight of seed

planted and the number of pods produced are entirely too bulky for publication.

It is possible, however, to present the essential data by showing the total number

of pods produced by each grade of seed weight (Tables III—VI). A convenient

method of calculation for such cases has been suggested elsewhere*.

In deducing the correlations from such tables, the means and standard devia-

tions for the two characters involved are required. The distributions of numbers

of pods per plant for the twenty series have already been published f for a quite

* Harris, J. Arthur :
" The Arithmetic of the Product Moment Method of Calculating the Coefficient

of Correlation." Amer. Nat. Vol. xliv. pp. G93—699, 1910.

t Amer. Nat. 1912. In press.
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different purpose. The tables are very large and need not be given here. The

physical constants deduced from them appear in Table I. The distribution of the

seed weight is shown in the frequency columns of the reduced correlation tables.

The physical constants* for seed weight are given in Table II.

III. Analysis of Data.

1. Number of pods per plant in Navy, White Flageolet and Ne Plus Ultra f.

From Tables III to VI the value of the rough product moment %{w'p) about

0 as origin may be calculated straight away by multiplying up the total pods by

the number of the weight class (in parentheses) and summing. The coefficient of

correlation, r, is then deduced from the formula

_ 2 (w p')/N'— wp

while the equation for the regression straight line is given by

p=(p- rwp ^-w)- rwp w,

where p and w represent weight of seeds and pods per plant, the bars denote the

population means of the respective characters, and the sigmas their standard

deviations. The variable p is integral and there is no need for grouping; the

unit of w is '025 gram, with class 1 ranging from 0 to "025, and centered at

•0125 gram.

The correlation coefficients and regression equations are given in Table VII.

The straight line regression equations being available for all series, it is only

necessary to determine the empirical means for number of pods per plant to test

by graphical methods the linearity of the regression of pods per plant on weight

of seed planted.

It is not feasible—because of the rather great labour demanded, and the com-

plexity of the diagrams—to do this for all the series. In the diagrams (Figures

1—3) the slope of all the twenty lines given by the equations is shown. In the

case of certain of these lines, selected quite at random, the values of the empirical

means are indicated in the usual way.

. The empirical means are scattered with some irregularity and from inspection

alone one might suspect that regression is not strictly linear j. In other words,

* Sheppard's correction was applied in calculating the moments for seed weight, but not in obtaining

those for number of pods per plant, since the latter varies discretely.

f Other series of material, and the relationships for seed weight and characters other than number

of pods are being reduced.

J The sensitiveness of the number of pods per plant to environmental conditions (and consequently

the great variability in the means, especially near the ends of the range of seed weight) is so great that

it has seemed inadvisable to attempt more refined mathematical treatment of the problem of linearity

of regression. I hope to do this later on larger series of material.



J. A. Harris 15



Influence of Weight of Seed on Plant

Fig. 2.

2 a'

3 4 5 6 7 8 9 10 11 12 13

Weight of Seed.



J. A. Harris 17

Fig. 3.

Weight of Seed.
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18 Influence of Weight of Seed on Plant

the mean number of pods may not increase at the same rate from the lowest to

the highest, the lightest to the heaviest, grade of seeds. Practically speaking they

may be considered to do so.

The coefficients of correlation are rather small, ranging from about '120 to

•280. The average of the twenty series is -1615. It may be noted, however, that

they are in every instance positive, thus indicating that the selection of larger

seeds will give a somewhat higher yield of pods.

The second term of the regression equation enables us to read off at once the

increase in the number of pods per plant to be secured by selecting seeds one unit

(i.e. 25 mg.) or more above the average. These values range widely, as is to be

expected from the fact that the crops upon which they were calculated were pur-

posely grown under most diverse cultural conditions. The slopes of the regression

lines will make clear to the eye the advantages to be secured by planting heavier

seed.

Cold Spring Harbor, U.S.A.,

January 29, 1912.

TABLE I.

Pods per Plant.

Series
Total
Plants

Mean and
Probable Error

Standard Deviation
and

Probable Error

Coefficient of Variation
and

Probable Error

NHH 1484 16-99+ '15 8-67+ -11 51-02 + 0-78

NHHH ... 1271 11-93+ -10 5-17+ -07 43-29 + 0-68

NHD 1416 3-97+ -03 1-94+ -02 48-97+0-76
NHDD ... 1204 4-58+ -05 2-38+ -03 51-84 + 0-88

NDD 513 3 -59 ±-06 1-89+ -04 52-66 + 1-38

NDDD ... 459 4-41+ -06 1 -93 + -04 43-86 + 1-15

NDH 670 14-62+ -21 8-24+ -15 56-39+1-33
NDHH ... 565 11-83+ -14 4-96+ -10 41-94 + 0-98

FSS 868 15-03+ -17 7-41± -12 49-34 + 0-97

FSG 586 14-22+ -21 7-38+ -15 51-90+1-27
FSH 475 17-29+ -25 7-94+-17 45-89+1-20
FSHH ... 429 11-84+ -16 4-80+ -11 40-50 + 1-08

FSD 428 3-43+ -06 1 -69 + -04 49-42 + 1-39

FSDD ... 387 4-04+ -06 1-73 + '04 42-85 + 1-22

uss 680 15-74+ -16 6-04+ -11 38-37 ±0-80
use 530 10-14+ -13 4-38+ -09 43-23+1-05
USH 361 14-04+ -20 5-55+ -14 39-56 + 1-14

USHH ... 224 8-44± -15 3-24+ -10 38-45 + 1-25

USD 312 2-59+ -05 1 -23 + -03 47-30 + 1-54

USDD ... 237 3-62+ -09 2-10+ -07 57-97 + 2-32
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TABLE II.

Seed Weights in Working Scale.

Series
Total
Seeds

Mean and
Probable Error

Standard Deviation
and

Probable Error

Coefficient of Variation
and

Probable Error

NHH 1484 9 -44 ±-03 1-51 + -02 15-96+ -20

NHHIl ... 1271 9-27+ "03 1 -33 + -02 14-36+ -20

NHD 1416 9-46+ -03 1-51+ -02 15-93+ -21

NHDD ... 1204 8-46+ -03 1-41 + -02 16-66+ -24

NDD 513 7-73+ -04 1 -32 + -03 17-05+ -37

NDDD ... 459 8-76+ -04 ] -30+ -03 14-89+ -34

NDH 670 7-62+ -03 1-28+ -02 16-83+ -32

NDHH ... 565 8-93+ -04 1 -24 + -03 13-93+ -28

FSS 868 8-20+ '03 1-43+ -02 17-48+ -29

FSG 586 8-31 + -04 1-40+ -03 16-81 + -34

FSH 475 8-33+ -04 1-44+ -03 17-28+ -39

FSHH ... 429 8-48+ -04 1 -07 + -02 12-67+ -30

FSB 428 8-22+ -05 1 -43 + -03 17-38+ -41

FSDD ... 387 7-19+ -04 1-04+ -03 14-52+ -36

uss 680 14-14+ -07 2-71 + -05 19-18+ -36

use 530 14-50+ -08 2-58+ -05 17-82+ -38

USH 361 14-33+ -09 2-65+ -07 18-50+ -48

USHH ... 224 13-94+ -09 1-93 +-06 13-82+ -45

USD 312 14-39+ -10 2-63+ -07 18-28+ -51

USDD ... 237 10-85+ -08 1-78 +-06 16 -37 + -52

TABLE III.

Series NHH Series NHHH Series NHD Series NHDD
Weight of

Seed Planted

F Total Pods F Total Pods F Total Pods F Total Pods

•050— -075 ( 3) 1 2 2 4
075— -100 ( 4) 1 5 3 9
•100—125

( 5) 3 36 3 10 14 54
125— -150

( 6) 23 306 10 89 18 57 80 350
150— -175 ( 7) 96 1439 95 1015 89 294 230 1017
•175— -200 ( 8) 281 4102 265 2932 276 1019 319 1382
200— -225 ( 9) 401 6614 376 4583 386 1559 285 1317
225— -250 (10) 330 6200 308 3701 298 1235 157 782
250— -275 (11) 216 4040 151 1959 211 860 80 401
275— SOO (12) 94 1734 51 668 95 413 25 153
300— -325 (13) 25 545 8 106 28 117 6 29
325— -350 (14) 9 119 4 63 8 40 3 19
350— -375 (15) 5 76 2 39 3 13
•375— -400 (16) 1 9

Totals 1484 25216 1271 15164 1416 5619 1204 5517

3-2
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TABLE IV.

Series NDD Series NDDD Series NDH Series NDHH
\ > 11 1 ut

Seed Planted

V Tnfil Pndy-L O Icll A UClb F Tnf-fil Pod"? F Total Pods F Total Pods

050— -075 ( 3) 1 8 1 2

075— -100 ( 4) 3 6 2 4 8 122
100— -125

( 5) 25 65 4 17 26 326 1 17

125— -150 ( 6) 53 152 15 47 76 814 13 116

•150— -175 ( 7) 143 481 44 195 198 2653 42 427

175— 200 ( *) 151 564 124 524 209 3103 160 1847
200— -225 ( 9) 87 341 147 616 104 1890 164 1963
225— -250 (10) 42 175 87 420 37 641 130 1613
250— -275 (11) 8 55 27 140 9 188 42 546
275— -300 (12) 1 4 6 42 2 49 9 123
300— -325 (13) 3 18 3 28
325— -350 (14)
350— -375 (15)
•375— '400 (16)

Totals 513 1843 459 2023 670 9794 565 6682

TABLE V.

Series FSS Series FSC Series FSH Series FSHH Series FSD Series FSDD
Weight of

Seed Planted
Total Total Total Total Total Total

F Pods F
Pods

F Pods F Pods F Pods F Pods

050— -075
( 3) 1 20 2 4 1 3

075— -100
( 4) 6 96 1 5 2 13 1 15 3 9 2 4

100— -125
( 5) 21 275 15 173 9 139 3 26 10 30 10 40

125— -150
( 6) 72 1002 40 463 43 652 13 155 25 63 79 286

•150— -175 ( 7) 170 2432 98 1238 80 1369 43 445 78 252 166 676
175— -200 ( 8) 241 3566 168 2355 116 2049 166 2023 138 498 84 356
200—225

( 9) 194 3065 154 2427 131 2265 131 1493 102 364 36 155
225— 250 (10) 118 1827 72 1164 64 1207 60 760 43 152 8 41
250— -275 (11) 36 627 31 420 24 414 10 133 20 57 1 1

275— -300 (12) 10 153 6 69 5 90 2 30 7 37
300— -325 (13) 1 17

Totals 868 13043 586 8334 475 8215 429 5080 428 1466 387 1562
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TABLE VI.

21

Series USS Series USC Series USH Series USHII Series USD Series USDD
Weight of

beeu rianteu
Total Total Total Total Total TotalF Pods

F
Pods

F Pods F
Pods F

Pods F Pods

075— -100 ( 4)
— — 1 15 — — — — — — — —

100— -125 ( 5) — — 1 3 —
125— -150

( 6) — — 1 3 — — — — — — 2 7
150— -175

( 7) — — — — 1 16 — — — — 5 17
•175— -200 ( 5) — — 2 7 1 13 — — — — 13 33
•200— -225

( 9) 8 98 4 27 1 16 — — 5 11 31 91
•225— -250 (10) 18 236 5 42 10 128 5 28 3 7 49 161
250— -275 (11) 57 943 27 252 27 336 20 176 16 32 61 216
275— -300 (12) 118 1745 62 543 43 536 26 180 48 114 34 155
300— -325 (13) 124 1924 92 916 73 1020 43 346 55 135 22 93
•325— -350 (14) 117 1764 109 1120 56 828 49 434 60 163 14 55
350— -375 (15) 79 1261 70 805 61 845 36 323 53 142 0 AO
•375— '400 (16) 43 731 60 616 28 445 26 235 19 47 1 5
i,00 -tSS (17) 34 535 28 284 15 192 8 76 14 39
•425— -450 (18) 19 295 21 236 12 203 6 47 9 28
450— -475 (19) 23 402 19 216 11 141 4 31 12 31
475— -500 (20) 16 323 16 151 8 133 1 14 8 28
500— 525 (21) 13 246 8 92 11 174 3 8
525— -550 (22) 6 94 2 23 1 10 4 10
550— -575 (23) 3 57 2 25 1 15 1 7
•575— -600 (24) 2 48 1 18 2 7

Totals 680 10702 530 5376 361 5069 224 1890 312 809 237 858

TABLE VII.

Number of Pods and Weight of Seed in Working Scale of Weights.

Series

NHH
NHIIH
NHD
NHDD
NDD
NDDD
NDH
NDI1H
FSS
FSG
FSII
FSHH
FSD
FSDD
USS
use
USH
USIIII
USD
USDD

Coefficient of

Correlation and
Probable Error

•177f017
•145 ± -019

•129 ± -018

•121 ±-019
•282 ±'027
•215 ±-030
•258 ± -024

•152 ±-028
•098 ±-023
•147 ±"027
•100 ±-031
•121 ± -032

•130 ±-032
•144 ±-034
•155 ±-025
150 ±'029
•129+ -035

•143 ± -044

•195 ±-037
•241 + -041

Regression Straight

Line Equation

p--

P =

P-
P --

P Z

p:

P'
p=W
p= 7

p= 12

p= 7

p= 2

p= 2

p= 10

p= 6

p= \0

p= 5

= 1

383 + 1

719 + 0
396 + 0

862+0
469 + 0
618+0
982 + 1

412+ 0
856 + 0
787 + 0
692+0
256 + 0
164+ 0
•328 + 0
•876 + 0
'453+0
165 + 0
•076+ 0
•287+ 0
535+0

017 w
562 w
166 w
203 w
404 w
319 w
657 w
606 w
508 w
774 w
553 10

541 w
153 w
238 w
344 w
255 w
271 w
241 w
•091 w
284 w



ON THE PROBABLE ERROR OF A COEFFICIENT OF

CORRELATION AS FOUND FROM A FOURFOLD
TABLE.

By KARL PEARSON, F.R.S.

Let the fourfold table be

a b a + b

c d c+d

a+ c b + d N

Then on tbe assumption that the frequency distribution is normal, we can by aid

of Everitt's Tables of the Tetrachoric Functions* rapidly find r. I have shown in

a paper published in the Phil. Trans, in 1900f that found in this way

Probable error of r

= -67449 \(a + d)(c + b)
%
(a + c)(d + b) (a + b)(d + c)

n , . ad — be , ah — cd ac — bd\ i

+ 2rm— — y* — Yi

wh ere Yi — -7= e *2 dz, y,, — ~r-—
V27r-'o v'IttJq

1

1 N* J

i

/c — r/i

Vl - r2

2tt Vl - ?-s

e

•0),

* Biometrika, Vol. vn, p. 436, and Vol. vm, p. 385.

t P/«7. Trans. Vol. 195 A, p. 14. Owing to the carelessness of the printers my xo was put as V%^
and the last N'2 in the denominator as N3 .
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and h and k have their usual meaning denned by the integrals

h

e ~ *z~dz = ^oti ,
say

;

(a + c)-(b + d) _ 1 C\-y>dz
2N V27T-/0

(a + b)-(c + d) = 1 i*

2N V2
e i z~dz = \a2 ,

say.
IT J 0

Let H = e~
-J1 '

, K = e~i k"
as usual.

V2tt V2tt

Now the formula (i) above for the probable error of r is admittedly laborious

in use. I have tried in many ways, while retaining its full accuracy, to throw it

into a form involving less laborious calculations ; I have not succeeded, however,

in achieving any sensible reduction in its complexity, as long as I maintain its

complete generality.

Although many hundred fourfold tables have now been published, many of which

give such small correlations that their true significance can only be settled by

a knowledge of their probable errors, yet I find only 40 to 50 probable errors have

so far been determined. This matter seems so regrettable that I have sought for

a fairly easy method of determining a closely empirical expression for the probable

error of r which is likely to be of service, and can be adapted easily to tables.

I consider first two extreme cases. If h and k are both zero, or the fourfold

division at the mean, then ^ = ^, = 0 *,

Probable error of r

_ -67449 27rVl-r3

\

{a + d) (b + c)| * _ "67449 Vl - r2
nr [16a6|*

"
(

4iV2

J

" ~
2 \W\ '

since in this case a = d, and b = c.

But for a division at the mean by Sheppard's Theorem

b . fir nrb
r = cos 7r r = sin Ta + b V- a + b

or (sin" 1
r)/^-rr = (a - b)/(a + b).

/sin
-1

r\ 2 4a6 IQab
Hence 1 —

Substituting we have :

^7T J (a + bf W

r. u ui c
'67449 77 / ,sin

_1
r\ 2

....

rrobable error ol r = -
. VI — r- \ 1 — - (n),

*IN 2 V V 90° /
V ;

if the angle of the inverse sine be read in degrees.

Again if r = 0, the probable error of r may be obtained from (i) whatever the

values of h and k. For in this case

ad — bc = 0, ^1 = ^1, ^2=^01.2, x<>
= HK.

* Phil. Trans. Vol. 192 A, p. Ill and Vol. 195 A, p. 7.
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We have (6 + d)/N = |(1 - a,), (a + c)fN = h (1 + a,),

(a + b)/N = J (1 + «,), (c + d)/N =h(l- a,),

a + d (a + b) (a + c) ac? — 6c (c + c?) (6 + cZ) ad — 6c

~n~
=

iv^
~ + m + ~ ~W* +

~Jv*~

= i (1 + «0 (1 + «,) + 1 (1 - a,) (1 - eO = HI + «M
since ad — 6c = 0 in the original population.

Similarly :
=

'J ^ — a
i
a.;)-

a6 — cc2 a (N — a — c - d) — ca
1

^V 2

~ = TP-

a (a + c) (a + d)

= + 0(1 + «i) - i(i + «i) (i + «iO

= K(i-«i2
),

and similarly : ~~~m>~ = i°i (1 — a
a
2
)-

Hence substituting in (i)

"G7449
Probable error of r = ^jj^ [to (1 ~W) +iW (

1 ~ «i
2
) + t<j«i

2
(1 ~ a*)

-^(i-^^-KCi-rf
•67449

This can also be put in the form :

-q 1 -ii , -67449 /(a + 6)(a + c)(d + 6) (d + c) ,. ,Probable error ot r = —= a / — ~ — (rv).

This is the jorobable error of r of a fourfold table when the real value of r is zero.

Now as (ii) and (iv) give the reducing factors for the two cases (a) when h and

k are both zero but r has any value and (6) when h and k have any values but r is

zero, it occurred to me that the combined product of the two would give good

results for a considerable range of values of h and k and r. We have to note that

(iv) for h and k zero becomes

•67449 7T

Hence we take as our formula :

Probable error of r

=
'67449 /j—^ / /sin-irV ^( 1+^)^(1 -a.) Vj(l + a2) j (1 - «,)

ViV V V 90° / if if
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Now it will be seen that this consists of three parts

(a) Vl - r2

90
c This is easy to table for all values of r.

(b)
^l+«i)ltl-<O

andH

(o) K
Both these (b) and (c) can be readily found from a single table rapidly formed from

Sheppard's Table of the Probability Integral. The entry to the single table will

be (a + c)jN or (a + b)/N, i.e. \ (1 + a).

Thus a knowledge of the correlation r and the two division percentages (together

with Miss Gibson's Table for
,67449/Vi\r

), will enable us by the aid of the two

new tables to rapidly write down four factors whose product gives the required

probable error. I have tested the form (v) against the true probable error as found

from (i). In all cases it gave results differing only from the true value at most by

about one or two units in the third place of figures—a result amply accurate for

all practical purposes.

Illustration I.

21125 15375 365

152-75 56025 713

364 714 1078

The correlation was found to be '5557 + '0261
; the probable error from the short

formula was '0265.

Illustration. II.

1562

383

1945

42

94

136

1604

477

2081

The correlation was found to be '5954 ± "0272
; the probable error from the short

formula was -0293.

Illustration III.

455 622 1077

599 1324 1923

1054 1946 3000

The correlation was found to be '1811 + '0210; the probable error from the short

formula was '0199.

Illustration IV.

849 665 1514

205 1281 1486

1054 1946 3000

Biometrika ix
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The correlation was found to be '6633 + -0132 ; the probable error from the short

formula was 0132.

Illustration V.

1196 223 1419

318 1263 1581

1514 1486 3000

The correlation was found to be "8464 + '0079
; the probable error from the short

formula was '0079.

These examples will suffice, I think, to give confidence in the formula and in

the tables accompanying this paper. The absence of probable errors from the

expressions for fourfold table correlations can no longer be justified on the ground

of their great laboriousness.

The following Tables have been calculated by Miss Julia Bell.

Let Xi
= -67449/VF. This is given by Miss Gibson's Tables, Biometrika,

Vol. in. p. 387. Let

and = ^i(l + «) xi(l -^).

Then Probable error of r = X\ %>• • X°- s
• %«*•

TABLE I. Values of x>- for Values of r.

r Xr r Xr r Xr r Xr r Xr

00 1 -oooo 20 •9717 40 •8845 60 •7298 80 •4843
01 •9909 21 •9688 41

42
•8785 61 •7200 81 •4687

0:2 •9997 22 •9657 •8723 62 •7099 •82 •4526

OS •9994 23 9625 43 •8659 •63 6997 83 •4362

oh •9989 24 •9591 44 •8594 64 •6892 84 •4192

05 •9982 25 •9556 45 •8527 65 •6785 •85 •4018
06 9975 26 •9520 46 8458 66 •6675 86 •3838

07 •9966 27 •9482 47 •8388 67 •6563 87 •3652
08 •9955 •28 •9442 •43 •8315 68 •6448 88 •3461

09 •9943 29 •9401 49 •8241 69 •6331 89 •3262

10 •9930 30 •9358 50 •8165 •70 •6211 •90 •3057
11 •9915 31 •9314 •51 •8087 71 6088 91 2843
12 •9899 32 •9268 52 •8007 72 5962 92 2620
13 •9881 33 •9221 53 •7926 '73 •5834 93 •2387

n •9862 34 •9172 54 •7842 74 •5702 94 •2142

15 •9841 35 •9122 55 •7756 75 •5568 •95 •1882

16 •9819 36 •9070 •56 •7669 76 •5430 96 •1605
17 9796 37 •9016 '57 7579 '77 •5288 97 •1305

18 •9771 38 •8961 •58 •7488 •78 •5144 98 •0972
19 •9745 39 •8904 59 •7394 79 4995 99 •0585

1-00 •0000



Karl Pearson 27

TABLE II.

Values of Xa for Values of ^-(1 + a).

1(1 + a) Xa l(l + a) Xa 4(1 + a) Xa 1(1 + a)

50 1 -2533 65 1-2877 80 1 -4288 95 2-1132
51 1 2535 66 1-2928 81 1-4457 •96 2-2740
•52 1 -2539 •67 1 -2984 82 ] -4641 •97 2-5071
53 1 -2546 G8 1 -3044 83 1-4844 •98 2-8915
54 1 -2556 09 1-3109 84 1 -5067 •985 3-2097

55 1-2569 70 1 -3180 85 1-5315 •990 3-7333
56 1-2585 71 1-3256 86 1 -5590 •991 3-8854
57 1-2604 •72 1 -3338 •87 1-5897 •992 4-0639
58 1 -2626 73 1 -3427 88 1 -6245 993 4-2784
59 1-2652 74 1-3523 89 1 "6640 994 4-5419

GO 1 -2680 •75 1 -3626 •90 1 -7094 995 4-8779
61 1-2712 76 1 -3738 91 1-7623 •996 5-3278
62 1-2748 77 1 -3859 •92 1-8249 •997 5-9776
•63 1 -2787 78 1-3990 93 1 -9003 998 7-0465
64 1-2830 79 1 -4133 94 1 -9937 999 9-3870

4—2



MULTIPLE CASES OF DISEASE IN THE
SAME HOUSE.

APPENDIX TO PAPERS IN BIOMETRIKA, Vol. viii.

• p. 404 and p. 430.

By KARL PEARSON, F.R.S.

I regret that a most careless algebraic slip has crept into my work on this

subject. It stared me in the face when I saw the published number of Biometrika,

and I cannot understand how it escaped me in MS. or proof.

After obtaining tbe fundamental equations

IT" ^XV1)>

^p.=iv(i-^) (xvii),

where N = n +
^jj

(xviii),

on p. 410, I continued on p. 411

:

"Now let us write oss = s2ps ; then clearly a\
r
=s"a2

p
Clearly nothing is

more false ! a2

x^
would then equal sVy and not s2 cr^ , and thus the value of i.e.

§ \f(Ps-p»Y\

1 I Ps J

is erroneous.

It is not possible I think to obtain the value of in this indirect and brief

method. We must return to the multiple correlation formulae of my memoir in

the Phil. Mag., July, 1900, p. 161, and evaluate the determinant R and its minors

for the special values (xvi) and (xvii).

Following the lines of that paper let us write

:

ps s"jN = s\n2
fis (xix),

. JVcosa &sin2&
then o~„ = -

,

and a
p
= VA cos /3s sin /3s/s (xx )-
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Hence from (xvi)

:

iVeos /3t
sin @t

cos fis sin /3,

t

stN2 sin2
/?,, sin

2
fft

or R
ptP

= — tan&tan/3f (xxi),

and agrees entirely with the value of r(s used in my Phil. Mag. paper just

referred to.

In other words the determinant R and its minors Rss and Rst will take precisely

the same forms as in that paper provided we

(i) replace Eq. (xi) of that paper by our result from (xix) above, i.e.

and

N
r)s = cot2ps= ~ ~ - 1 (xxn),

ps s
2

(ii) remember that we must reduce the total number of our variants

Po > Pi > • • Pti

by the two relations S(ps ) = m, 8(sps) = n (xxiii),

where m is the total number of houses and n of cases. That is to say our total

number of frequency groups, which are not wholly dependent but are correlated, is

u + l- 2 = u-l.

We select as our dependent variates, which are fixed as soon as the others are

kuown, p0
and pu . Thus the value of the auxiliary determinant J, p. 162 of my

Phil. Mag. memoir, is

:

J -
Vl 1 1 ... 1

1 -7)2 1 ... 1

1 1 -
Vs ... 1

1 1 1 ... ~Vu-l

if x = (1 + Vl) (i + v.j (i +%)...( i + ^-0.

we find as in that memoir

:

1 1 1

+ Vi 1 + V".

X

1 1

1 + Vu-i
.(xxiv),

..(xxv),

1 + Vs-l 1 + Vs+l 1 + Vu~i
.(xxvi).
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To evaluate these we note that

jt-i

S (=—^— ) = 8 (sin»&) = -8

but S(p
)S
s'

!

) = iV" as shewn on p. 411 of my Biometrika memoir. Hence:
i

U
-r} ( 1 \ 1

Thus we have : J"=(- 1)»X^
iV"

'

1+ Vs \M N J'

T
(-lV'^x

O St

(l + Vx)(l+ Vt )

Next as in the Phil. Mag. paper (p. 161)

:

R = (-iyj/\,

Xst = (- 1 Jh cot ft cot ft/\.

Thus : J2 = puu?/N,
Rss = cos 2

ft (&s2 + pw u°-)/N,

Rst
= cos ft sin ft cos ft sin ft

.

Finally we have :

Rss _ cos* @g(psS* + puv?) 1

and

Ra2

Ps p u a
2 cos- ftj9s

»- Vpu pg/ puu
2

p,

Rsf _ cos ft sin ft cos ft sin ft st

Ra a pwu°jN N cos ft sin ft cos ft sin ft

J.
S«

Thus finally ^
2
is given by

*f 7% -W

+

2SS^r <?.-ft) to " ft)

-'8'<p--w +±ra'.(P,-p,)
\'.

1 £>s i*'i>u ( 1 J

But S"*(l).-p.) = 0
J

i

«-i
therefore S s (ps

- ps )
= - u (pu - pu).

i
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Thus we have : v2 = 8 \
(Ps

_
Ps)

*

* i I P*

In other words %
2 is to be found from the ordinary for the u+1 variates

excluding the houses with zero cases. I had excluded these houses from my
weighting formula, i.e.

% A ps J

which was, however, in error. The higher multiple cases are now we see not

heavily weighted, but we are not to use the frequency of the zero case houses in

evaluating our %'2
. This is the effect of the double relation between the u+1 p's.

An additional p is cast out of our result as compared with the ordinary frequency

problem of goodness of fit.

I have next to consider how far this correction modifies the results obtained

in my papers for numerical cases.

For enteric cases we have as on p. 412 of my Biometrika paper

, _ (8398 - 3350)2
(78- 56)2

(2-1)*
X ~ 3398

+
56

+
1

= -678 + 8-643 + 1 = 10-321,

hence we have for n' = 3, P = "006, or the odds are about 166 to 1 against such

a large divergence from chance.

For cancer cases we have from the returns on p. 432

, = (2-f>)2 (9^ (416)2 (914)2

X 312-4 20 1-84 -086

= -022 + 4 418 + 9-405 + 9 714 - 23-559.

For ??' = 4, we have P = 0003 or the cancer house distribution is a very

improbable one.

If we deal with the experimental data that were obtained for probabilities on

the same basis as the cancer statistics we have :

S2
1

X ~ 313
+

29
+

2

= -029 + -310 + -500 -= -839.

Or, for ri - 3, the probability is over -

60.

Thus although I made a bad algebraic slip the new values confirm practically

the old and Dr Webb's cancer data suggest that there may very possibly exist

a relationship between cancer and environment of some kind.

Since my papers in Biometrika were written, my attention has been drawn to

a Special Report on Cancer in Ireland which was issued in 1903 as a supplement
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to the 38th Annual Report of the Registrar-General for Ireland. On p. 34 we
find that in the ten years 1876-1885 inclusive there were 12 multiple cancer

houses in the City of Dublin. In all these instances in only one house did the two

deaths occur in members of the same family. There are no cases—or at least no

cases recorded—of more than two deaths in the same house.

Unfortunately the paper does not give either (i) the number of inhabited

houses in the City of Dublin during the ten years under consideration, or (ii) the

total number of deaths in the City of Dublin from cancer. What useful purpose

the then Registrar-General could conceive such data would serve completely puzzles

me*. He draws up a summary of his Tables, introducing it with the words:

" I venture to draw attention to some of the main facts which they disclose," and

clause (7) runs :

" That in some instances more than one case of cancer has occurred amongst different

families living in the same house, or amongst successive occupants of the same house."

Now unless this is meant to be interpreted as a suggestion that the multiple

houses are in excess, it must be anticipated from the mere random occurrence of

cancer. Anyhow without further information the data on this point, as on many

others in this Special Report on Cancer in Ireland, are wholly worthless and the

publication does no credit to a Government Department.

I have striven to obtain the requisite additional data from the present

Registrar-General for Ireland. He most kindly informs me that the inhabited

houses of the City of Dublin numbered 23,896 in 1871 and 24,211 in 1881; and

for the Registration Area of Dublin, 34,118 in 1871 and 36,232 in 1881. All

these data are from the Censuses of those years. The deaths from cancer in the

Registration Area for 1876 to 1885 inclusive were 1714, but how many of these

occurred in the City of Dublin he is not able to tell me. I presume the late

Registrar-General must have known these deaths in order to detect multiple

houses, but apparently they cannot now be ascertained. It is clear therefore that

the data of the " Special Report on Cancer " must remain practically worthless.

If we suppose the City of Dublin to have had a number of cancer cases

proportionate to its houses we might take

:

n n-, h(23,896 + 24,211)-,.-. n„Cancer Cases in City = f , 0 ,' „ Krhi^i 1714 = 117 2,J
^ (34,1 IS + 36,232)

roughly § of the cases in the Registration Area.

Since the middle of our period is not very far from the Census year 1881, we

might take

« = 1172, m = 24,211.

* Cancer in the Eeport is associated with alcohol, syphilis, smoking, etc., in an equally unscientific

manner. Unless we know the incidence of each character or disease in the population, how is it possible

to determine whether the association is merely due to chance or not ?
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Whence we deduce :

Calculated Observed

pl = 11166 pi = 1148

h = 27-0 P»
= 12

Th = 04 p3 = 0

X
2 = 8-7 and P = '013, i.e. odds of about 76 to 1.

Here our deviations are not as before towards multiple houses, but cancer

apparently avoids a house where it has paid one visit! It is difficult to believe

that the frequency should be so far below a random distribution in the case of

multiple houses, and the matter would be still worse, if there were more cases

relative to the houses in the City than in the Registration Area. I think we may
safely conclude that the data for multiple houses provided by the Registrar-General

for Ireland are probably more than 100 per cent, in error, and therefore are wholly

worthless for the purposes for which they are apparently stated. We cannot

suppose one visit of cancer to confer immunity on a house, and the fact that the

multiple houses are so significantly short of the chance frequency suffices, I think,

to discredit the data and the accuracy of the methods adopted in this Special

Report on Cancer.
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A STUDY OF THE VARIATIONS IN THE FEMALE PELVIS,

BASED ON OBSERVATIONS MADE ON 217 SPECIMENS

OF THE AMERICAN INDIAN SQUAW*.

By ARTHUR BREWSTER EMMONS, A.B., M.D. (Harvard), Boston,

Mass., U.S.A.

The object of this investigation was to determine, so far as possible, the

variation in form of the " normal " human female pelvis. By " normal " it was

intended to exclude all pathological pelves, and to include all variations, not the

results of disease. Our conception of " normal," for a standard of comparison,

should, I believe, include not only the average measurements, but also the

minimum and maximum as well as the proportion of cases at regular intervals

between these extremes.

The bones of the American Indian of the earlier times, collected from various

parts of North and South America and the adjacent islands, are said by the

authorities on the Indian (1) to be entirely free from rhachitis, and that other

diseases affecting the bones, as tuberculosis, osteomalacia, and syphilis, are rare.

This statement was borne out in my series of specimens, for no evidence of these

diseases was encountered. In an occasionally elderly specimen, however, the

remains of an old osteo-arthritic process were found. This late change could

have had little or no effect on the form of the pelves.

Varying conditions, exclusive of disease, such as differences of nutrition, and

certain habits as sitting up for long periods in early infancy, carrying heavy

burdens in youth, are the common causes and most probable influences modifying

the shape of tlie pelvis. Among the many Indian tribes from which the specimens

of this series came, these factors may have been present at times in varying

degrees, yet it seems fair to consider them all as from a pure unmixed race, and

thus the series should yield a true type.

A due proportion of variations can scarcely be obtained with certainty unless

at least 200 specimens are used. A still larger series than mine might yield

* Awarded the Boylston Medical Prize Essay, 1912. " The Boylston Medical Committee do not

consider themselves as approving the doctrines contained in any of the dissertations to which premiums
may be adjudged."
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slight or occasional variations from the standard here set. But it is felt that

this series of 217 specimens will form a group sufficiently comprehensive to

include all important variations in approximately their due proportions, and serve

for a standard of comparison with the male pelvis and the pelves of animals and

other races of man, as well as a standard to differentiate the pathological.

Material. The material on which this paper is based is to be found largely

in the splendid collection of the U.S. National Museum in Washington. The

remainder is in the Peabody Museum, Cambridge, Mass., and the American

Natural History Museum, New York City. To the authorities of these insti-

tutions the writer wishes to express his thanks for the privilege of using the

specimens, which has made this study possible. He also desires to extend his

grateful acknowledgments to Dr Hrdlicka of the U.S. National Museum for his

kindness and advice.

To obtain accuracy and to avoid error several special means were employed.

A few of the specimens were somewhat injured. The exact relative position of

these bones could not always be accurately fixed. In a few cases careful estimates

only could be made, but no specimens were used unless the relative positions

of the bones could be obtained with a fair degree of accuracy. When broken

specimens were used the measurement was marked (" a ") approximate. The use

of the accurate " compas glissiere " for the greater part of the measurements

also tended to reduce error. Nearly all measurements were made on disarticulated

pelves. To hold the bones in proper relative positions the hand and the sand-

box were found rather unsatisfactory. The apparatus seen in Plate V was

therefore devised and used for the entire series. Jt is believed that the margin

of unavoidable error in these measurements is not a great one.

Measurements. Anthropologists differ widely in what they have considered the

essential measurements of the pelvis. These differences probably arose because

the pelvis is such a complicated architectural bony structure.

Topinard (2) gave measurements on 207 pelves of animals and man.

Verneau (3) made a large number of measurements on specimens from many

different races. Turner (4), reducing the number of measurements made by

Verneau, gave observations on specimens of many peoples collected on the

Challenger expedition. From these I have selected only those few measure-

ments which seemed to me to be most essential for comparison, and I have added

a very few observations of interest in regard to one particular region, the pelvic

outlet.

In the last step in the evolution of man either from the primate to man or

from one class of primate to another, whichever anthropological classification of

man is used, the most essential change which concerned the pelvis was the

assumption of the erect posture. The pelvis has carried on the function of

child-bearing probably ever since a pelvis has existed. The function of weight-

bearing, however, by the recent assumption of the upright attitude was transferred

5-2
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from four legs to the hind two. The pelvis, now become a very important girder

in the bridge structure, thus came to bear the weight not only of the fore part

of the body but also of the head, and this head has since increased considerably

in weight. With this large increase in the weight to be carried by the pelvis

has come a marked change in the direction in which that weight is applied.

These three factors, the change in direction, the extra weight, and the shortness

in time since this change has taken place, would lead us to expect changes of

form of considerable importance and with them variations, the frequent accom-

paniment of recent change, in those parts to which this function applies.

The typical " male " pelvis, free from the function of child-bearing, is built

strong, high, close-knit, thick-boned, with a small cavity, the type best adapted

to bearing weight. The typical " female " pelvis is, on the other hand, of lighter

build, lower, more open, and with a roomy cavity, better adapted to child-bearing.

The newly-acquired function of weight-bearing, however, tends to mould the

female pelvis toward the male type, while the child-bearing function resists such

changes in so far as they tend to interfere with its long-established and most

vital function of child-bearing. To see how nature arbitrates between these

opposing forces, in other words how with this change the function of child-bearing

is preserved, was one of the reasons for selecting certain measurements. I have

also included those diameters and indices with which to compare various groups

and races.

Modern pelvimetry, as employed in obstetrics, regards the "obstetric con-

jugate," * the shortest distance between promontory and pubic symphysis, as the

chief factor of pelvic efficiency. Secondary in importance to this diameter and corre-

lated with it, is the breadth of the pelvic " inlet," as shown by the greatest trans-

verse diameter. A comparison of these two dimensions indicates roughly the shape

of this space. Lastly, it has been recently emphasized that the pelvic " outlet

"

is a not infrequent cause of difficulty in labour and, if contracted, its efficiency

may be gauged by the inter-tuberal diameter correlated with the space posterior

to it. The more exact estimate of these two spaces, so essential to child-birth,

and the means of calculating them in the living, are the direct objects of certain

of the measurements taken.

Inlet. In life direct mensuration of the " obstetric conjugate" (Diagram I, A—R,

and Plate II) or the conjugata vera cannot be satisfactorily performed. Calcula-

tions in life from the " external conjugate," the distance from the tip of the spinous

process of the last lumbar vertebra behind to the top of the pubic symphysis in

front, as introduced by Baudeloque (5), though often suggestive are admittedly

unreliable. We have, however, a much more reliable measure for calculation of

this vera, which is the oblique or diagonal conjugate (Diagram I, A—P), extending

from the promontory of the sacrum to the lower border of the symphysis, as

* The "conjugata vera" of the text-books is taken from the promontory of the sacrum to the top of

the pubic symphysis and is a variable amount longer than the " obstetric conjugate," consequently I

prefer this shorter measure though both terms are used synonymously.
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measured in life without difficulty in small pelves by means of two fingers through

the vagina. To calculate the vera after obtaining the diagonal conjugate the inner

surface of the pubic symphysis is palpated and two points observed
;

first, the height

of the point nearest the promontory above the symphysis (Diagram I, R—P);

second, the angle which the line on which these two points lie makes with the

diagonal conjugate (Diagram I, R—P—A). From these data we may calculate

in each case the amount to be subtracted from the diagonal conjugate to give

us the obstetric conjugate or vera (Diagram I, AP - NP'= AR). This difference

(NP) was calculated in the dried specimens, and found to vary from 0'8 cm. to

3'2 cms. in my series.

The following table gives the data used in the living for estimating the

"obstetric diameter" or the conjugata vera. The pubic height was taken from

the point on the pubic symphysis nearest the promontory, as an upper limit, to

the point on the pubic symphysis nearest the tip of the sacrum, as the lower limit,

which space may be called the length of pubic resistance (see Plate VI, 6 and

Diagram I, R—P).

Oblique Diameter
Freq.

Obstetric Diameter
Freq.

Difference
Freq.

Pubic Height

9-4 to 9-9 cms. 4 7 "5 to 8 "9 cms. 14 0-8 to 1-4 cms. 46 1-1 to 1-9 cms. 9

10 to 10-9 „ 17 9 to 9-9 „ 60 1-5 to 1-9 „ 98 2 to 2-9 „ 109

11 to 11-9 „ 74 10 to 10-9 „ 75 2 to 2-4 „ 58 3 to 4-3 „ 95

12 to 12-9 „ 73 11 to 11-9 „ 54 2-5 to 3-2 „ 14 broken 4

13 to 13-9 „ 38 12 to 12-9 „ 10

14 to 14-9 „ 10 13 to 14 „ 4

Average 11 '78 cms.
Maximum 14'9 „
Minimum 9 -

4
,,

10-68 cms.
14
7-5 „

1*76 cms.
3-2 „
0-8 „

2 -8 cms.
4-3 „
1-1 „

The antero-posterior distance being thus estimated, we turn to the measure

of the width of the inlet, the transverse diameter. This distance cannot be

satisfactorily measured in the living. Estimates of this diameter made in the

usual way from the maximum inter-cristal and inter-spinous diameters are suggestive

but unreliable, as demonstrated by Scheffer (6), who reported a difference of

3'3 cms. in the inter-cristal measures of two pelves with equal transverse diameters.

My series contains two rather narrow pelves (#62 and # 200), the comparison of

which bears on this point ; one a generally contracted or " pygmy " pelvis, the

other simply narrow. Three pelves, moreover, with nearly equally broad inlets,

show wide variations in their inter-cristal diameters :—

362 crests 20 '8 cms. spines 17 "2 transverse 10 -

7 obstetric diameter 8*5

8200 „ 23 „ „ 19-5 10-3 11

&30 „ 25-5 „ „ 23-25 14 9-8

5112 „ 29-1 „ „ 25 14-1 12

(143 „ 25-5 „ „ 22 14 9-2
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It may be seen from this table that # 200 with inter-cristal diameter over

2 cms. broader than 1162, yet has a narrower transverse diameter. Again #112,

with a transverse diameter practically identical with #30 and #143, has an inter-

cristal diameter 3"6 cms. greater. By these extreme differences we are forced to

conclude that accurate estimates of the transverse diameter of the inlet cannot

be deduced from inter-cristal and inter-spinous diameters.

Since we cannot measure satisfactorily the transverse diameter in the living,

we are therefore forced to adopt for obstetric use some such rough rule as

Williams (7) gives as follows :

—
" Despite many inaccuracies, the external measure-

ments are of considerable value, in that they serve to indicate with tolerable

certainty the variety of pelves (contracted) with which one has to deal. Normally

the distance between the spines is 2 -

5 to 3 cms. less than between the crests

:

but in rhachitic pelves, owing to the flaring of the iliac bones, this proportion

becomes deranged, and the two measurements approximate one another in length,

the former frequently being equal to, and occasionally exceeding, the latter. If,

however, both measurements are considerably below the normal, but preserve their

usual relation to one another, and at the same time the external conjugate is

also shortened proportionately, it is permissible to conclude that the entire

pelvis measures below normal in all its diameters, or, in other words, is generally

contracted." The following summarising table of these measures may make the

results of this series more graphic :—

Inter-cristal
Freq

Inter-spinous
Freq.

Transverse of Inlet
Freq.

20-8 to 21-9 cms. 2 17-2 to 18-9 cms. 2 10 3 to 10-9 cms. 2

22 to 23-4 „ 10 19 to 20-9 „ 28 11 to 11-9 „ 14
23-5 to 24-9 „ 42 21 to 22-4 „ 67 12 to 12-9 „ 71

25 to 2(5-4 „ 88 22-5 to 23-9 „ 67 13 to 13-9 „ 108
26-5 to 27-9 „ 59 24 to 25-4 „ 44 14 to 14-7 „ 22

28 to 29-1 „ 16 25-5 to 27 „ 9

Average 25 - 76 cms.

Maximum 29-1
,,

Minimum 20 -8 ,,

22 -66 cms.

27
17-2 „

difference 3'1 cms.
6-75 „
1

12 -95 cms.
14-7 „
10-3 „

While the average difference between the inter-cristal and the inter-spinous was

3'1 cms., the variation between the extremes (1 to 6 '75 cms.) of this series free

from disease is wide and would tend to indicate that little reliance could be

placed on deductions from such a comparison.

_ . • t 7
obstetric conjugate (vera) x 100

superior strait Index = —-—r.
,1 transverse diameter

average 79'5, maximum 107 -

7, minimum 61"5.

These data were considered sufficient to give as accurate a measure of the inlet
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as possible- For simplification the oblique diameters of the inlet, which cannot

be measured on the living, were not included.

Outlet. The pelvic outlet is commonly of very secondary importance as

compared to the inlet. The space is a complicated one of irregular outline,

and has received much less attention for these reasons. Occasional extreme

contractions of this space have been recorded, usually, however, only after

disastrous results of labour have occurred. The subject has lately been thoroughly

reviewed historically from an obstetrical standpoint by Williams (8), who gives

also his clinical observations on 1200 women. In analyzing this complex space

a few special measurements were taken in the hope of rendering more simple

and more exact the observations necessary for its estimation (see Plates III, VI, 7,

VII, 8, 9, 10, and Diagrams I, II, and III).

Diagram I (traced from Plate VI, 7, pelvis J 106).

Diameters of the Inlet. Planes of the Outlet.

A. Promontory.

K. Nearest point of pubic symphysis to promontory.

A—E. Inlet, obstetric diameter, or vera.

P. Nearest point of pubic symphysis to sacrum.

K—P. " Height of Pubic Kesistance."

A—P. Diagonal conjugate.

N—E. Perpendicular from diagonal conjugate to obstetric conjugate.

N—P. Amount subtracted from diagonal conjugate to obtain obstetric conjugate.

S. Tip of sacrum.

T. Tuberosity, point of impingement.

S—P. Antero-posterior diameter of the outlet.

0—T. Perpendicular from antero-posterior diameter of outlet to inter-tuberal diameter.

S—T. Posterior sagittal diameter.

P—0. Pubic symphysis to foot of perpendicular.
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Pubic symphysis

Maximum ;

inter-tubers i

14"66 cms.

Diagram II. Outlet.

Circles represent the average fetal head circumference, 9 - 5 cms.

Average inter-tuberal diameter .

Minimum ,, ,,

Maximum ,, ,, indicated.

This diagram shows the effect of the narrowing of the inter-tuberal diameter.

A contracted outlet, as is clearly pictured in Williams' article, means a

narrowing of the space between the tuberosities, accompanied usually by the

so-called " male arch," combined with a short antero-posterior diameter. The

obstruction caused by this narrowing may be greatly increased by a forward

position of the tip of the sacrum, or may be decreased by a backward position

of that prominence (see Diagram III). The determination of the- inter-tuberal

diameter is, therefore, of prime importance, that of the " posterior-sagittal

"

(Diagram I, 8— T), the distance from the tip of the sacrum to the inter-tuberal

line, is secondary to it and correlated with it.

One of the first difficulties met with in estimating the outlet was the

determination of the points on the tuberosities from which to measure. Owing

to the soft parts this difficulty is even greater in the living. While in some

pelves the angle of the tuberosities was such that the points could easily be

selected, in others the rounded and complex curves made this selection a mere

guess. To overcome this difficulty and to obtain consistent results, a circular

sheet of transparent celluloid was marked with concentric circles O'o centimetre

apart (Plate VII, 8). This sheet was applied to the inner edge of the tip of the

sacrum, as one point, and to the two tuberosities as the other essential points
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of resistance (cf. Diagrams II and III). The circle which just touched these

three points was read off as representing the size of the fetal head which might

pass that particular outlet, and the points of contact were marked as the "tuber-

osities." Often the circle was tangent for a short distance to the tuberosities.

The middle of this line of tangency was taken as the point of maximum resistance.

Pubic symphysis

Diagram III. Outlet.

Circles represent tbe average fetal head circumference, 9'5 cms.

Inter-tuberal diameter of 8 cms. requires a posterior-sagittal, 7-3 cms. or more .

Normal sacral movements lengthen the posterior-sagittal, 1-5 cms.

Reduction of the posterior-sagittal to minimum, 6 cms. .

The antero-posterior diameter of the outlet (Diagram I, P—8) was measured

from the nearest point of the inner surface of the pubic symphysis to the tip of the

sacrum. The normal rotation of the sacrum on its axis, usually the second sacral

segment, may during parturition lengthen this diameter, as well as the posterior

sagittal, a variable amount, from 15 to 2 cms. (9). Such lengthening would allow

the head to pass the tuberosities more posteriorly ;
this in turn would bring the

points of resistance on the tuberosities a variable distance back on those curved bony

prominences, and, depending on this curve, the points of impingement of the

head would fall a variable distance further out. Consequently we see that the

moving backward of the tip of the sacrum for this circular passenger enlarges

the available space not merely directly in proportion to the distance backward,

but more nearly by the square of that distance. The figures of the measurements

taken do not include such increase in the outlet space from the mobility of the

sacrum (Diagrams I and II).

Biometrika ix 6
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The following table gives the figures of the outlet in convenient condensed

form :

—

Arch (pubic) Anteroposterior
6<

Inter- tuberal
Freq.

Posterior-sagittal
Freq.

Roomy 71 9- 9'9 cms. 3 8- 8-9 cms. 40 6-6-9 cms. 42
Medium- roomy 4 10-10-9 „ 48 9- 9-9 „ 73 7- 7-9 „ 102
Medium 92 11-11-9 „ 89 10-10-9 „ 85 8- 8-9 „ 62
Medium- narrow 5 12-12-9 „ 58 11-11-9 16 9- 9-9 „ 9
Narrow 44 13-14-66 „ 19 12-12-75 „ 3 10-11-7 „ 2

Average ll
-59cms.

Maximum 14-66 „
Minimum 9

,,

9-79 cms.
12-75 „
8

7-56 cms.
11-7 „
6 „

Small outlets, specimens in which the " fetal head " scale measured 9*5 to

9 cms. in diameter, numbered twenty. As may be seen in the diagrams, the

backward movement of the tip of the sacrum to the normal amount would

enlarge these outlets sufficiently to allow the easy passage of the average fetal

head*, and can thus be considered efficient pelvic outlets.

The ischial spines, commonly the point of narrowest diameter passed by the

fetal head in its descent through a normal pelvis, may well be an important factor

in the mechanism of labour. In my series the attempt was at first made to

measure this diameter, but in so many specimens it was found that this prominence

was broken off in part or entirely, that anything like accuracy was impossible. It

was decided, therefore, that any figures so obtained would be deceiving rather

than helpful, and none are given.

An index of the pelvic outlet was estimated as follows :

—

~ , , T , inter-tuberal diameter x 100
Outlet Index = :

? J ,

antero-posterior of outlet

average 84-26, maximum 108'9, minimum 64.

The two diameters used in this index, however, lie in different planes, and can,

therefore, hardly be considered a true measure of this irregular exit space

(cf. Plate VI, 7 and Diagram I, 8—P and S—T). The distance between these

two diverging planes was estimated at the point opposite the tuberosities by erecting

a perpendicular (0

—

T) with the antero-posterior diameter (P—8), as a base line,

to the inter-tuberosities line (T). The distance from the pubes along the base line

to this perpendicular was also measured to show how far back the tuberosities

were placed (Diagram I, P— 0). The last of these distances (P

—

0) shows approxi-

mately how far posterior to the pubes the broadest part of the fetal head may
be forced to pass, when the tuberosities are sufficiently narrowed. The first

Biparietal diameter 9| cms., sub-occipito-bregmatic 9i cms., Farabeuf and Vernier.
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measure (0

—

T) represents the amount to which the birth canal is prolonged

downward and backward, when the tuberosities are thus narrowed.

In recapitulating our findings in respect to the outlet it is fair to say, first

that this is a complicated space, the points of obstruction being on different and

diverging planes, varying in divergency, thus multiplying the number of elements

in the problem. Some of these factors I have tried to elucidate, but others,

iucluding the ischial spines and the variations in size, shape, and malleability of

the fetal head, must be left for further studies on the living, and for nature's final

test of labour.

By means of the " fetal head " scale the points of impingement on the tuber-

osities have been determined with comparative accuracy on this series of dry bones.

These points on the tuberosities were found usually to be on the inner lip of the

tuberosity at a varying distance from the symphysis. This variation was con-

siderable and depended on three factors, the curve of these bones, their distance

from each other, and their distance from the sacrum. By this means it was

also found that some pelves which appeared to have small generally contracted

outlets were in reality quite passable.

The ischial spines, though not available here, must be considered as probably

an important factor in the mechanism of labour at or near the outlet.

Finally, emphasis is laid on the importance of the space between the tuber-

osities, and, when this is reduced, on the available space behind, measured by the

posterior-sagittal diameter. This combination is probably the most accurate

practical measure to show the significance of the variations of the outlet.

The separate bones of the pelvis were measured. The length of the innominate

bone was obtained by means of the graduated measuring board and block, thus

giving the maximum distance from crest to tuberosity. The width of the ilium was

measured with the " compas glissiere " from the anterior to the posterior superior

. .7 n 1 i n , breadth x 100
spine. An index tor the larger innominate was figured = =

—

—.— -
. Also ar 00 height

_ . . .
7

height (highest innominate) x 100
relvic index = —-—;— , . ,. ±

—

.

breadth (mter-crests)

The sacrum owing to its position of importance and to its great variability

is a most interesting bone. Its shape often modifies markedly the pelvic cavity.

Its height was taken from the middle of the anterior surface of the promontory

to the anterior surface of the tip of the sacrum. The maximum breadth was

taken with the instrument parallel to the anterior surface of the bone.

„ , • , breadth x 100
oacral index =

;
—^-j .

height

Four "observations" were added. 1. The number of sacral segments. 2. The
sacral curvature was estimated as "slight," "moderate," or "pronounced." 3. The

segment noted at which the curve began. 4. False promontories were noted and

used for the measure where the cavity was involved in the measurement.
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Summary. The features brought out by this investigation are : 1. The

variation in the size, shape, and type of the female American Indian pelvis as a

whole. 2. The variation in the pelvic inlet and 3. outlet. 4. The variation in

the number of sacral vertebrae. 5. The frequency of a false promontory.

1. The variation in size of the normal female pelvis is considerable, as is

illustrated in Plate I, 1.

The shape of the pelvic cavity also varies much, as is suggested by Plate II, 2,

comparing a flat inlet with a rounded one ; and Plate VII, 9 contrasting a wide

outlet with a narrow one.

The "male" type or high, narrow-arched pelvis is shown in Plate III, 3, com-

pared with the "female" or extremely shallow, broad-angled pelvis. The "male"

type suggests a birth canal with a small bore, long cylindrical cavity ending in a

narrow-arched small outlet. The effect on the mechanism of labour is to increase

its difficulty proportionately.

The determination of the sex of a pelvis is not always easy, and in a small

percentage (perhaps 1 to 3 °/
0)

of cases is next to impossible, even with the aid

of the whole skeleton. The breadth of the great sacro-sciatic notch was found

to be the most reliable guide. The acuteness of the sub-pubic angle was next in

usefulness. The thickness of the bones and finally the skull and long bones

were referred to in doubtful cases (10). No specimen was included unless deter-

mined by these signs to be female.

2. Considerable variation is seen in the diameters of the inlet. Michaelis (11)

reported 1,000 cases carefully studied as to pelvimetry and the results of labour.

Litzmann(12) continued the work, reporting a second 1,000 cases. The standard

determined by these men has been accepted throughout the world. Litzmann (12)

considers all pelves contracted if the conjugata vera is 10 cms. or less in a generally

contracted pelvis, and 9
-

5 cms. or less in a flat pelvis. By this standard my series

of Indian pelves show 63 "contracted pelves," or 29 %> as follows:

—

Generally contracted 9 to 10 cms. 6 Flat 9 to 9-5 cms. 43
8 to 8-9 „ 1 „ 8 to 8-9 „ 11

„ 7-5 to 7'9 „ 2

A pelvis was classed " generally contracted " if the transverse diameter was

less than 12 cms., at least one centimetre below the average: with, at the same

time, an obstetric diameter of 10 cms. or less. A pelvis was considered "flat"

if the transverse diameter measured 12 cms. or more with the obstetric diameter

9'5 cms. or less.

Three only of the seven generally contracted pelves showed the inter-cristal

and inter-spinous diameters reduced more than 1*5 cms. below the average, and

thus might be said to "suggest" lateral contraction within normal limits. The

other four showed no such suggestion of contraction.
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The fiat pelves, 56 in all, show that at least slight contraction of the inlet

is to be expected in one pelvis in every four, while moderate to serious narrowing

of this all-important space is to be expected about once in twenty pelves.

3. The outlet showed wide variation in size and shape. By the use of the

" fetal head " measure it was determined that no pelvis, in all probability, was

too small to pass the average fetal head. It was found that a narrowing of the

inter-tuberosities diameter was the most important single factor in reducing the

size of the available space. Next in importance was the shortening of the space

behind this line, or in other words a reduction of the posterior-sagittal diameter,

found with but slightly greater frequency in pelves in which the sacrum contained

an increased number of segments. The combination of these two factors, short

inter-tuberosities and posterior-sagittal diameters, was essential to reduce seriously

the efficiency of the outlet. The normal movement of the sacrum, allowing the

tip to swing backward, enlarged the available space considerably. The diameter

of the ischial spines, though probably of great importance in the efficiency of

a pelvis, was not available in this series of ancient pelves.

4. A numerical variation of the sacral vertebrae was noted in 47 pelves

or 21'7 °/
u > or one m every five pelves. The number of segments ranged from

four to six (see Plate IV). By an increased number of segments is meant sacra

in which the six segments were all sacral in character, or those in which there

was a transitional vertebra, whether lumbar or coccygeal in character. Such a

classification, as was pointed out to me by the late Professor T. Dwight, is more

practically useful than anatomically correct. Pelves with small outlets were

found slightly more often among those with an increased number, and it is

possible that this increase in segments may be one small factor in reducing the

size of the outlet. Aside from the possibility of slightly infringing on the outlet

space, in rare cases the numerical variation appears to play no important part in

the variation in size and shape of the pelvic cavity (Plate VII, 9 and 10).

5. False and double promontories were found in twenty pelves, about one

in every eleven pelves. These false promontories varied from a marked prominence

of the second sacral vertebra (Plate VI, 6), an equal prominence of the first and

second sacral segments, to a projection of the top of the last lumbar vertebra

beyond the sacrum nearer to the pubes (Plate V, 5). In nearly all cases false

promontories were associated with transitional vertebrae or an increased number
of sacral segments. The apex of the lumbo-sacral bend falls at a point pro-

portionally distant, in all probability, from the sacro-iliac attachment or the

" vertebra fulcralis " of Welcker (13), and in these transitional cases this distance

brings the point on another vertebra than the usual one. False promontories

occurred in four specimens classed as moderately generally contracted and in one

with a small outlet, but in no other " contracted " pelvis. That is a little more
often than the general average, but in all probability has no special significance.

From the general appearances as well as from the measui-ements it seems fair

to say that the false promontory has no appreciable effect on the pelvic cavity.
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Congenital dislocation of the hip was found in one specimen (t 10). The

displacement, of the right femoral head only, was upward and backward where

a new socket was formed on the ilium. The deformity produced a tilt to the

pelvis of approximately 10 degrees downward to the right. A new acetabulum

was formed, and the femoral head and neck showed practically no change. As

will be seen by the measurements no alteration is found in the pelvic cavity in

spite of this deformity.

In conclusion I would emphasize that a " normal " standard for the pelvis

should include not only an average, but also a series of measures graded from

minimum to maximum. A large series would seem necessary in order to include

the wide variations found among non-diseased pelves. Owing to these great

differences found among the specimens of such a comprehensive series, less stress,

I think, should in future be put by the anthropologist on those small differences

seen in a few or even in a small series of pelves of separate tribes or races, but

rather the close resemblances should be emphasized in contrast to the great

differences noted between animals and man. And the changes might be further

studied and traced which have followed the assumption of the erect attitude.

Such changes as the differences in the sexes are receiving the attention of

the embryologist (14). The anatomist is studying the variations of the spine

and their significance. The obstetrician is constantly seeking more light on

the interpretation of peculiarities of this complex bony structure. It was my
desire, therefore, to suggest to the anthropologist an application which may be

made of his work of collecting and classifying, identifying and interpreting such

valuable material as is here used, and also to direct his attention to the applied

anatomy aud physiology of the pelvis : that is the function of weight-bearing

and child-bearing.

The popular idea has been that the function of child-bearing among the

American Indians was always efficient and easy. Engleman(15) confirms this

idea by saying that labour as a rule among North American Indians is short

and easy, averaging two hours. As civilization is approached, however, labour

becomes more extended. Thus half-breeds, as the modern Mexican Indian,

average three to four hours. He further states that accidents during labour

are rare when women do not marry out of their tribe, for the child's head is

in proportion to the pelvis. But deviation from the natural state, he continues,

brings difficulty. The example is given of the Umpqua tribe, who have inter-

married with whites and have died, it is stated, during labour in consequence

of the disproportion between the larger head and the ordinary pelvis. When
the father of the child, however, was also an Umpqua no such trouble is known

to have occurred.

My series of dried specimens bears out in general this clinical evidence, for

most labours might well have been short and easy so far as the pelvis was

concerned. About one-fourth, however, would require a rather smaller fetal
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8. Celluloid circular scale for Outlet, dark circle diameter 9 cms., string

marks tuberosities. Pelvis £15 California, 13,232, six sacral vertebrae.

10. Six sacral vertebrae, all sacral in character. Roomy Outlet. Tuberosities marked.

10-1 cms. Antero-posterior 1-75 cms. California, 13,232 (same as photo. 8).
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head than the average, as found in civilized countries and peoples, in order for

labour to be short and easy. About one in ten would require a small and

perhaps malleable head to make successful labour possible. Observations on

the heads of new-born pure-blooded Indian infants as to size and malleability

would be a welcome supplement to our present knowledge of pelvic efficiency.
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Table of Pelvic Measurements of

1N0.

Peabody
AVI Ll >it^ LI 111

No.

rn -1
1 ri be ox'

iJUUiu 1 i y

Inter-

crests

cms.

Intsr-

Inlet Pelvic

CD

§
Oblique

Diameter
Obstetric

Conjugate Difference Index
Antero-

posterior
Diameter

Fetal

Head

Inter-tubers

Posterior
Sagittal

Pubes

to

Perpendicular

1 11,970 Tennessee 25-5 23-25 13-1 12-7 11 1 "7 84 12-5 10-75 9 7 3 7
2 57,506 Ohio 27-25 25-25 13-5 12 -5 11-25 1-25 81 10-8 10-5 9 8-3 4-5

3 26,630
j?

26 23-75 12-5 13-25 1T75 1*5 94 11 9-5 8-1 6-8 5-3

4 26,989 11
26-5 23-75 12-75 11-3 9-5 1 -8 74-5 11-6 12 10-3 8-3 4-5

5 13,551 California 24 20 13 12-2 11-2 1 86-2 10-6 11 9-2 7-7 4
6 13,238 n 23-75 20 11-75 11-75 10'75 1 91-4 11-15 11 10 8 4-2

7 13,240 ii 27 24-5 14 11-4 10'1 1
-3 72 11 11 10-1 7-7 42

8 13,239 ii
26-25 22-75 13-25 12-3 10-6 1 -7 80 11 9-5 9 6-7 5-8

9 13,286 ii
25-5 20-7 13-25 12-3 11 1-3 83 10-8 10 8-85 7-4 4-5

10 13,448 ii 25 22 13 12-1 10-4 1 "7 80 10-9 11 9-9 7-6 4-5

11 57,883 ii
27-5 25 13-25 1T5 9-5 2 71-1 13-75 12-5 10 10-5 4-5

12 13,553 " 25-5 20-5 13-75 11-5 10-2 1-3 74-2 13 10 9-1 7-5 4-85

13 13,554 n 26-25 21 14-25 1T5 9-5a 2 66-6 14-66 13 12-75 8-24 36
u 12,248 ii 24 22 12 12-9 10-9 2 90-8 13 12 10-35 8 6-2

15 13,232 ii
26-75 22-5 13-5 11-5 9-35 2-15 69-3 11-75 10-5 10-1 7-1 6-15

1G 13,545 ii
24-75 22 12-75 12-5 10-5 2 82-3 11 10-25 9-9 7 5

17 ] 3,546 ii 27 a 24-5a 13 14-7 13 1 -7 100 12-75 11 10-2 7-5 5-6

18 13,547 ii
25-5 23a 13 12-3 ll a 1-3 84-6 11-25 11 10-1 7-8 4-6

19 13,548 ii
26-25 23 13-5 12-2 11 1 -2 81-4 12 10 9 7-75 6

20 48,009 Mexico 24-75 21 13-9 11 9-8 1-2 70-5 12-25 10-5 9-5 7-3 6-25

21 57,782? California 27 24-25 14 12-2 10 2-2 7T4 10-75 12 11-7 7-2 5-6

2® 58,143 Iroquois, N. Y. 27 25-5 13-25 12-4 10*2 2-2 73-6 9 10 9-8 7-5 4-65

23 8,359] Flat Head 27-25 25-5 14-25 12 10-25 1-75 71 -9 11-1 11 10-3 6-6 5-5

24 57,458 New York 25-25 23-5 12-5 11 -7
a 9

-

5a 2'2a 76 12 11 9-1 8-1 5-1

25 2,347 Kentucky 25-25 22 13 12 10-5 1"5 80-8 12 11
-

5 10-9 8-2 5-1

26 2,346 ii
28-5 26-25 14 13-2 11-5 1-7 82-1 13 10-5 9-5 7-7 6-5

27 2,350,111 „ 27-5 23 13-5 12-25 10-75 1-5 79-6 11-7 10-5 8-8 8-2 4-6

28 11,972 Tennessee 23-5 22 13 1 91 £i 1 o QO I 1 *7'SII i o 1 1 o 10'2 8 -6 4

29 11,861 n 27a 24a 14 12-6 11 1-6 78-6 ii 10
-

75 10-1 7-8 4
30 57,512 ii

i,

25-5 23-25 14 11-5 9-8 1-7 70 12-25 12 10-3a 8-8 4-6

31 27,213 26 24-25 13 11-5 10-25 1-25 78-8 10-25 10 9-7 7 4-15

32 32,435 Massachusetts 26 23-25a 13 11-5 10 1-5 77 11-2 10 8-8 6-5a 5-7

33 10,262 ii 23 20 12 12-5 11 1-5 83-3 9 8-1 6 6-4a

34 47,998 ,i
28-5 27 13-5 13-1 11 2-1 80-4 12 10 8 8 6-1

35 57,779 Arizona 25 23-3 13 9-8 7 '75 2-05 59-6 11 10-5 10 6-5 5-4

36 58 005 Ohio 25 22'5 12 12 11 1 83-3 12 12-5 10-8 9-5 4
37 58'022

ii
27-5 25a 12 14-8 IV

9

0-8 107-7 13 12 10-3 8 5-5

38 58,049 ii
26 24 13 11-7 2-7 69-2 12-5 11 10 -4a 6-5a 7 a

39 58,056 ii 27a 24-25'1 12-75 13-2 11-5 1-7 90-2 11-25 11 9-9 8 4-7

40 58,023 ii
26-25 23 13 14-1 13 1-1 100 12 12 12 7-8a 6

M 58,057 ii 23a 20"75a 12 13-2 10-25 2-95 85-4 10-25 975 8-8 7-6 4-5

42 58,453 ii
25-75 23-5 13-5 11-2 10 1-2 74 12 11-5 10-2 8 5-5

0O,40o ii zo 20 14-5 12-3 10-5 1-8 72-4 12 3 12 10-6 9 5

U. S. N.M.

44 227,463 Alaska 23-1 20-5 11-2 12 9-7 2-3 86-6 10-3 9 10-6 6 5-4

45 225,473 Apache 25-75 23-8 13-9 12-7 10-2 2-5 75-5 12-2 11-5 10-7 8-7 6

46 228,361 ii
25-5 22 11-5 11-9 10-2 1-7 88-7 10-2 9-5 8-5a 7-2 39

47 226,290 Arizona 26-5 23 138 11-8 9-5 2-3 69-5 12-2 9-75 8-4 7-1 6-3

1. One sacral segment probably from coccygeal end. 3. Last lumbar articulates with left

sacral ala. 5. Four sacral segments. No evidence of more at either end. 6. First sacral tran-

sitional. False promontory. 7. False promontory. 10. Congenital dislocation of right hip. Two
sockets. Inlet diagonals, right 12 -

3, left 12'3. 11. Coccyx ossified to sacrum (not included), distorted.

12. False promontory. 13. Wide outlet (Plate VII, 9). 15. Well proportioned symmetrical sacrum
(Plate VII, 8 and 10). 17. Coccyx ossified to sacrum (not included). 20. Tapering sacrum.

(Note: "a" means an approximate measurement often due to a broken bone. Italics signify high or low
value or some peculiarity referred to in text.)
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Outlet Innominate Bone Sactium

Height

of

Perpendicular

Pubic

Height

Sub-pubic
Arch

Outlet

Index

Height, Right
Breadth,

Right Index Height,
Left

Breadth,
Left

Index
Pelvic

IncU

Height
Breadth Number Segments Curve Segment

begins

at

•A

aM

o o oo iVltJUlUEH OU 1 0-81 y 0 1 41 4 70 -g 19'8 24 i i 0 11
L 1 O 0 Moderate 1 ut

1 1st 115
4 O o AT1YX ft

1
*00 0 9f) -ft 1 i 9 21*1 15'6 TK -0

1 0 V i i 4 1 1
-

1

1 9 • A 0 oKx
j

112-6
9-0 N&rrow 10-9L v Z 1

-8
1 0 0 19'4 1 "W /4 0 1 1 -ft 1 1

•
1111 5 Slight ISt 95-7

3 '5 rf fl/ITYl XTXVUUI11 v 88 -ft00 O 1 0-0 15'4 77-4 19 -9 15"4 (Ol 0-0
7 V 11-1114 f\

•j ATM |
1 115-1

"V7 9.0 AT Sfi -800 0 1 8- r
i 1 J. 18 -5 14"3 77 (O $ It O 1 1

1 I 4 Pronounce! 1 174-6
4-'? PXV 80 -KOv V 1 8 -'i 14 '5 18 -

6 14 '4 77 -4 7ft/O O i n p.0 if 100
3 9 -J^ 4 R 01 -8v 1 0 1 O 1 J.-7T 19 -2 14"65 77-R 71 *1 1 n o fi 1 9 -£i1 -S D 0 4 115-1
3 0 *7 SI -8 15'5a 7fi 20 '4 1 15.5a 7*i »Q 1 1 )

-

1

19 9 \1 L ZO 0 q0 QO 121 -2

3 N 81 '801 0 1 8-8 14a 18 -

8 15 70-8 7*i *7 0-7 19-1 O 1

1 124-7
o u R on -8 10-7 1 3 "5 68 -5 iy-4 13 -g 7A -A 0-^v 0 CI

JO 1 127-9
/•TJf o 1 -7 ATATX 7^ 1 0-0 16 80 '4 19 '9 15-g

/ Z 4 8-fi0 \j 1 O 0 "i p.
•J pX 1 1 27 -3

2 *2a AT1»X 89 -Pi 10 14. -4. 75 -8 19 13-75 7/1 -1/4 1 10 '25 I 1
-

1

I I 1
RO 10 4 108-3

3 7 P 87 18 14'5a 18 6 14'5a 79 -ft 7A*0 0-1V L 121 2 P.O Af 0 134-1
q0 Mivx 70 -ftivy) 10-1

1 4'8a 19-8 14'5 ft -7 «Pio_i 0 0 -8
•J O I 1 -OII y P.O •J0 121-4

3"25 9 -ft AT 7?1>X XV 8^ -0 1 0-1IV 1 76 '5 19-1 14-4
t O O 10"6 1 91 z A?

t> ATIVx 11 113-2

3 PXV on 10 1 5-5:1 76 '3 19 14"5 7d *ft/Do I 1 •7 rSII / O P. AT±Yx 11 12T7
3 ATItX Rf)OU 90 15'2 20 "5 15'2a 74-1 7^ -Q 1 1 1 9.9

fj Ari>i 1 107-9
3 9 •'i Af1VX 80-7Ov /

18-K100 I i -4 77 -4 18'6a 14 -4a 8-10 1 1 9 •12 ij
P.O AfiVI 11 151-8

3"5 9.7
1*X /O 18'4 14"6 18 -

7 14"4 77 71
i x Z 8 '4 11 -j 0 P, ATIVX X 146-4

3'25 AT1>X 77 ,F
i 10-91*7 Zi 14 -8 77"1 19 -

2 14"6 77 *^ 9' 1 11 1 D pX i
X 121-9

4 9.7 pXV 1 08-8luo 0 1 0 81 v 0 14'4 79-7 19-7 14-5 7'* 1 9-fi12 0 p. AT1\X 1
X 131-2

3 '25 3a M 108 '9 19'5 72-8 19-5 ;l 14-2 79 *9 10 -

6 12'5 5 a0 2 117-9

3 3 AT±*X 01 -1*71 1 19 15 19"2 15 78-1
1 0 1 70 8-9 LZ 1

p.
•j AI1*1 X 135-9

3'5 0 0 Af1IX 7^-8 18 -6 1
,:

5
>7 19-1 14-1 7'-! -8/'JO /JO 10*5 p, ATl»x X 103-3

3-5 2 R 90-8 17-8 14 78-7 17-8 14 70-5 9-9 10-8 5 s 3 109-1

3 0 1 M / 0 1 20 -8 15"5 2T2 15 -o 79-1 74-4 11 -

6 12"5 5 g 9 107'7
3-75 2-9 M 75-2 19-6 153 78-1 19-6 15-2 7T3 8-4 11-9 5 M 1 141-6
9-fiA* u 1VT 86 '8 19 -

1 14 19-7 13'7 <i0- r
i\JV 0 SS'800 0 9 '9 11 -911 2 M 0 1 13-1

2'5 R 91 "8 21 "1 15"1 2T4 15 -

l a 70 "5 7Q-^ 1 1 "25 1 9-7 5 M 2 112-9

3 9-80 R 84-1 19 "4 15'2 78 "8 19-4 15 -

2a 7R-1 12-9 11 1 (j S 5 86
2-5 35 M-R 94-5 18-4 14-5 73 3 18-4 14-5 — 70-8 13-2* 11-4 6 s 3 86-3
3-5 2-9 N-M 78-6 19-2 13-8a 713 19 13-8 73-8 10a 11-7 5 M 1 117
2-5 3a N 73-6 18 12 18-2 13-8 75-8 79-1 10-6 10-3 5 S 1 97-1

4-35 3-4 N 66-6 20-5 16 78 20-5 15-8 71-6 10-2 12-2 5 M 3 119-6

37 2-5 M 90-9 18-7 13-8 18-8 14-1 75 75-2 9-5 11*4 5 M 4 120
4 2-6 R 90 18-6 15 18-8 14-5 77-2 75-2 11-1 10-9 5 S 1 98-2

3-75 32 M 79-2 22 m2 16-5 22-5 16 -5a 73 3 81-8 11-1 12-b* 5 P 1 113-5
3-5a 3-1 M 84-9 19 13-5a 19-2 13-5 70-3 73-8 10-1 11-2 5/6 s 3 110-9
3-5 2-8 M 88 20-2 15-2 207 15 -2a 73-4 76-7 10-2 12-2 5 M 2 119-6

3 2-6 R 100 21 15-5 21-3 15-6 73-2 81-1 11-1 12 5 M 3 108-1
3-5 2-9 N 85-8 18 13» 72-2 18" 13a 78-2 8-8 11*7 5 M 4 133
3-75 2-7 M 85 19-8 15-4 77-8 19-8 15-2 76-9 12-1 1T3 0 M 4 93-3
3-5 3 3 R 86-2 21-3 16 75-1 21-2 16 76-1 11 13-7 5 M 3 124-5

3 2-6 N 79-6 19-5 14-5 73-8 19-5 14-5 84-4 10-35 10-25 5 S 2 99
4 2-7 M 87-7 21-0 15-6 21-2 15-75 74-3 82-3 7-7 12-2 5 P I 158-4
3-5 3-5 N 83-3 20-1 15 74-6 20 15-1 78-8 9-5 10-8 5 M 3 113-7

3-7 3-0 N 68-9 19-4 13-2 68 19-1 13-7 73-2 10-9 11-45 5 S 4 105

21. Ossification, left ilio-sacral synchondrosis,

one from coccyx (?). False promontory. 31.

33. Small pelvis, coccyx ossified to sacrum.

35. Narrow flat inlet. 37. Large pelvis.

articulates with last lumbar,
pelvis. " Male type." 46.

Biometrika ix

26. Large pelvis, heavy bones. 30. Six sac. vert.,

Six sac. vert., one from lumbar. False promontory.
34. Sacral angle acute (3rd vertebra) (Plate VII, 9).

38. Left sacral ala rises to 3"! cms. above body and
42. Six sac. vert., one from lurnbar(?). False promontory.

' Male type " (Plate III, 3). 47. " Male type
"

44. Small
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A Study of the Variations in the Female Pelvis

Table of Pelvic Measurements of

Inlet Pelvic

Peabody Intc-r-
later

1
No. Museum T -

J crests

cms.

1

tal

Hei Ja °.l
No. Localityoca.y spines >

J"! ffere

= ~ i

3
SJ

ostei

"a

°5 OO a O.Q £
P.

1 11,970 Tennessee 25-5 23-25 13-1 12-7 11 1-7 84 12-5 10-75 9 7-3 7

S 57,506

26,630
26,989

13,551

Ohio 27-25 25-25 13-5 12-5 11-25 1-25 81 10-8 10-5 9 8-3 4-5

S 26 23-75 12-5 13-25 11-75 1-5 94 11 9-5 8- 1

103
9-2

6-8
8-3

7-7

5-3

4
5 ( 'alifornia

26-5

24

23-75

20
12-75

13

11-3
12-2

9-5

11-2

1-8

1

74-5
86-2

11-6

10-6
12
11

4-5

4

6 13^238

13,240

1 23-75 20 11-75 11-75 10-75 1 91-4 1115 11 10 8 .

7-7

4-2

7 » 27 24 '5 14 11-4 10-1 1-3 72 11 11 10-1 4-2

8 13,239

13,286

22-75 13-25 12-3 10-6 1-7 80 11 9-5 9 6-7 5-8

9 ;;
25-5 20"7 13-25 12-3 11 1-3 83 10-8 10 8-85 7-4 4-5

I" 13,448

57,883

25 22 13 12-1 10-4 1-7 80 10-9 11 9-9 7-6 4-5

11 27'5 25 13-25 11-5 9-5 2 71-1 13-75 12-5 10 10S 4-5

12 13,553
"

25-5 20-5 13-75 11-5 10-2 1-3 74-2 13 10 9-1 7-5 4-85

ts 13,554 20-25 21 14-25 11-5 9-5" 2 66-6 14-66 13 12-75 8-24 3-6

H 12,248 24 22 12 12 i) 10-9 2 90-8 13 12 10-35 8
7-1

6-2

6-15
!:'. 13,232 211-75 22-5 13-5 11-5 9-35 215 69-3 11-75 10-5 101

13,545

1 3,546

2-1-75 22 12-75 12-5 10-5 2 82-3 11 10-25 9-9 7 5

n 27" 24-5" 13 14-7 13 1-7 100 12-75 11 10-2 7-5 5-6

IS 13,547 25-5 23s 13 12-3 11' 1-3 84-6 11-25 11 10-1 7-8 4-6

}•> 13,548 „ 20-25 23 13-5 12-2 11 1-2 81-4 12 10 9 7-75 6
6-25

SO 48,009 Mexico 24-75 21 13-9 11 9-8 1-2 70-5 12-25 10-5 9-5 7-3

SI 57,782? California 24'25 14 12-2 10 2-2 71-4 10-75 12 11-7 7-2 5-6

££ 58,143 27 25-5 13-25 12-4 10-2 2-2 73-6 9 10 9-8 7-5 4-65

SS 8,359] plat Head 27 '25 25-5 14-25 12 10-25 1-75 71-9 11-1 11 10-3 6-6 5-5

'-'{ 57,458 25"25 23-5 12-5 11-7" 9-5" 2-2» 76 12 11 9-1 8-1 5-1

2,347 Kentucky 25-25 22 13 12 10-5 1-5 80-8 12 11-5 10-9 8-2

7-7

5-1

2G 2,346 28-5 20'25 14 13-2 11-5 1-7 82-1 13 10-5 9-5 6-5

;.'?' 2,350,111 27-5 23 13-5 12-25 10-75 1-5 79-6 11-7 105 8-8 8-2 4-6

JS 1
1
,972 Tennessee 23-5 22 13 13-5 12 1-5 92-3 11-75 11-5 10-2 8-6 4

11,861 27" 24" 14 12-6 11 1'6 78-6 11 10'75 10-1 4

SO 57,512 25-5 23-25 14 11-5 9-8 1-7 70 12-25 12 10-3» 8-8 4-6

SI 27,213 26 24-25 13 11-5 10-25 1-25 78-8 10-25 10 9-7 7 4-15

SS 32,435 Massachusetts 26 23-25" 13 11-5 10 1-5 77 11-2 10 8-8 6-5» 6-7

10,262 23 20 1-5 9 e 6'4B

84 47,998
Arizona

28-5 .'! 13-5 131 11 2-1 80-4 13 10 8 s 6-1

35 57,779 25 23*3 13 9-8 7-75 2-05 59-6 11 10-5 10 6-5 6-4

30 58,005 Ohio 25 22-5 12 12 11 1 83-3 12 12-5 10-8 9-6 4

58,022 27-5 25° 12 US U"
9

0-8 707-7 13 12 10-3 8 5-5

38 58,049 26 24 13 11-7 2-7 69-2 12-5 11 10-4" e-5» 7'

39 58,056 27" 24-25' 12-75 13-2 11-5 1-7 90-2 11-25 11 9-9 8 4-7

-i"

41

58,023 26-25 23 13 14'1 13 11 100 12 12 12 7-8' 6

58,057 23' 20-75- 13-2 10-25 2-95 85-4 10-25 9-75 8-8 7-6 4-5

& 58,453 25-75 23-5 13-5 11-2 10 1-2 74 12 11-5 10-2 8 6-5

-'<• 58 463 28 25 14-5 12-3 10-5 1-8 72-4 12-3 12 10-6 9 5

U.S. N.M.

u 227,463 Alaska 23-1 20-5 11-2 12 9-7 2-3 86-6 10-3 9 10-6 6 5-4

Ji5 225,473 Apache 25-75 23-8 13-9 12-7 10-2 2-5 76-5 12-2 11-5 10-7 8-7 6

46 228,361

226,290

25-5 22 11-5 11-9 10-2 1-7 88-7 10-2 9-5 8-5" 7-2 3-9

47 Arizona 26-5 23 13-8 11-8 9-5 2-3 69-5 12-2 9-75 8-4 7-1 6-3

1. One sacral segment probably from coccygeal end. 3. Last lumbar articulates with left

sacral ala. 5. Four sacral segments. No evidence of more at either end. 6. First sacral tran-

sitional. False promontory. 7. False promontory. 10. Congenital dislocation of right hip. Two
sockets. Inlet diagonals, right 12-3, left 12"3. 11. Coccyx ossified to sacrum (not included), distorted.

12. False promontory. 13. Wide outlet {Plate VII, 9). 15. Well proportioned symmetrical sacrum
(Plate VII, 8 and 10). 17. Coccyx ossified to sacrum (not included). 20. Tapering sacrum.

(Note: "a" means an approximate measurement often due to a broken bone. Italics signify high or low
value or some peculiarity referred to in text.)
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American Indian Squatvs.

'S
"5

~%
Ti =

X
~

1i

33

tu

£'"'

OQ

"a

3
o

Height,

I

Right Breadth,
Eight Index

3-3 3 Medium 80 19-8 14 70-8

4 3-3 M 83-3 211-0 15-2

3-3 2-9 Narrow 73-6 19-2 13-8

34 Roomy 88-6 19-9 15-4 77-4

3-7 2-3 M 86-8 18-5 14

2-6 4-3 R 89-6 18-3 14-5

3 2-4 R 91-8 19 14*75

3 3'5 N 81-8 20'4 15-5- 1 76

3 3-4 N 81-8 18*8 14a

3-6 2G5 R 90-8 19'7 13-5 68-5

J,-5 1-7 M 75 19-9 16 80-4

2-75 2-2- M 82-5 19 14-4 75-8

3 1 S=f*3; 87 IK 14-5"

3-75 3 M 79-6 19-1 14-8"

3-25 2-8 M-R 85-9 19-1 14-6 76-5

3 3-25 R 90 19 15-5" 76 3

3 2-75 M 80 20 15-2

3 2-5 M 89-7 18-6 I4'4 77-4

3-5 2-7 M 75 18-4 14-6

3-25 2-35 M 77-5 19-2 14-8 77-1

4 2-7 R 108-8 19 8 14*4 72-7

3-25 3" M 108-9 19"5 14-2° 72-8

3 3 M 91-1 19 15

3-5 3-6" M 75-8 18 -6 13*7

3-5 2 R 90-8 17'8 14 78-7

3 3-1 M 731 20-8 15-5

3-75 2-9 M 75-2 19-6 15'3 78-1

2-6 2-5 M 86-8 19-1 14

2-5 3-3 1! 111-8 21 -1 15*1

3 2-8 R 84-1 iy-4 15-2 78-8

2-5 3-6 M-R 94-5 18-4 14*5 73-3

3-5 2-9 N-M 78-6 19-2 13-8« 713
3« N 73-6 18 12

4-35 3-4 N 66-6 20-5 16 78

3-7 2-5 M 90-9 18-7 13-8

4 2-6 R 90 18-6 10
3-75 3-2 M 79-2 16-5

3-5" 31 M 84-9 19 13-5"

3-5 2-8 M 88 20-2 15-2

3 2-6 R 100 21 15-5

3-5 2-9 N 85-8 18 13" 72-2

3-75 2-7 M 85 19-8 10-4 77-8

3-5 3-3 R 86-2 21-3 16 75-1

3 2-6 N 79-6 19-6 14-5 73-8

4 2-7 M 87-7 21 0 15-6
3-5 3-5 N 83-3 20-1 15 74-6

3-7 3-0 N 68-9 19-4 13-2 68

Innominate Bonk

1 -A
l! ^

lvic

Ii

a |
&

|p •S

m
a

Ps £ O « .0

19-8 14 — 77-6 10 11-5 fi Moderate 1st 115

211 16-6 73-9 77 "4 11-1 12-4 5 M 3rd 112-6

19-4 13-7 70-6 74 "6 11-6 11-1 5 Slight 1st 95-7

19-9 15-4 — 75*1 9-9 11-4 5 M 1 115-1

18-5 14-3 77-3 78-7 6-S 11 4 Prononucec 1 174-6

18-6 14-4 77-4 78-3 10-5 10-5 5 M 100
19-2 14-65 77-6 71-1 10-95 12-6 5 S 4 115-1

20-4" 15-5" — 73*9 10-1 12 25 5 S 121-2

18-8 16 79-8 73 "7 9-7 12-1 5 S 1 124-7

10-4 13-8 — 74-4 9-3 11 -9 5 S 1 127-9

19-9 15-6 — 72-4 8-6 10-95 5 P 1 127-3

19 13-75 — 74'1 10-25 III 5 s 4 108-3

18-6 14-5» 72-6 9-1 12-2 5 M 134-1

19-8 14-6 73-2 K2-5 9-8 11-9 5 • M 3 121-4

19-1 14-4 — 73*6 10-6 12 6 M 1 113-2

19 14-5 — 76-8 9-65 11-75 5 M 1 121-7

20-5 15-2" 74-1 75 '9 11-3 12-2 5 M 1 107-9

18-6" 14-4" — 72'9 8-1 12-3 6 M 1 151-8

18-7 14-4 77 71*2 8-4 12-3 5 M 1 146-4

19-2 14-6 — 77 '6 9-1 11-1 5 P 1 121-9

19-7 14 5 — 73 "3 9-6 12-6 5 M 1 131-2

19 5" 14-2 — 72-2 10-6 12-5 5 S 117-9

19-2 15 78-1 70-5 8-9 12-1 5 M 1 135-9

19-1 14-1 73-8 75-6 10-5 10-85 5 M 1 103-3

17-8 14 — 70'5 9-9 10-8 5 S 3 109-1

21-2 15-5 72-1 74'4 11-6 12-5 5 S 2 107-7

196 15-2 — 8'4 11-9 5 M 1 141-6

19-7 13-7 69-5 m;j-8 9-9 11-2 5 M 3 1 13-1

21-4 151" 70-5 79-3 11-25 12-7 5 M . 2 112-9

19-4 15-2» — 76'1 12-9 11 1 a S 5 8fi

18-4 14-5 — 70-8 M-«> 11-4 6 S 3 80-3

19 13-8 73-8 10" 11-7 M 1 117

18-2 13-8 75-8 10-6 10-3 5 S 1 97-1

20-5 15-8 — 71

4

10-2 12-2 5 M 3 119-6

18-8 14-1 75 2 9-5 11-4 M 4 120

18-8 14-5 77-2 75-2 1 1 -

1

10-9 5 S 1 98-2

22-5 16-0" 73-3 81-8 11-1 12-6 5 P 1 113-5

19-2 13-5 70-3 73-8 10-1 11-2 5/6 s
M

3 110-9

20-7 15-2" 73-4 76-7 10-2 12-2 2

3

119-0

21-3 15-6 73*2 81-1 M 108-1

18" 13" 78-2 8-8 11-7 5 M 4 133

19-8 15-2 76-9 12-1 11-3 M 4 93-3

21-2 16 76-1 11 13-7 5 M 3 124-5

19-5 14-5 84-4 10-35 10-25 5 S 2 99

21-2 15-75 74-3 82-3 7-7 12-2 P 1

3

158-4

20 15-1 78-8 9-5 10-8 5 M 113-7

19-1 13-7 73-2 10-9 11-45 5 S 4 105

21. Ossificate left Uio-sacral synchondrosis 26 J^^^tSLr. false^oo^.'
one from coccyx ? . False promontory. 31. bix

£ ' ,\ '

,;;,,[ vert,|„, (Ilit. VII, 9).
33. Small pelvis, coccyx ossified to sacrum.

_
34 Sa ,.1.., k ., ut

. UAy Ji
35. Narrow fiat inlet. 37. Large pelvis. 38. Lett i.iu4*ij.

44 Small
articulate* »,tl, la.,t lunAar. 42. Six sac. vert., one from 1 urnbar ( .

*al« promontory. 44. small

pelvis. "Male type." 46. " Male type" (Plate III, 3). 4,. 'Mala typo

^
Biometrilia ix



50 A Study of the Variations in the Female Pelvis

Table of Pelvic Measurements of

Inlet Pelvic

Inter-
Inter- OD

CDNo. U. S. N. M.
Tribe or crests

CD
01

CD
03 a 13

No.
Locality

cms.
spiues

t»

a
03
M
H

Oblique
Diamete

Obstetri

Conjuga

B
CD

iS

5

Index

. 0 CD

^ H CD

»5 a
a X =3

Fetal

He

Inter-tub

Posteric Sagitta

Pubes

ti

Peipeudic

48 213,331 Arizona 26 '1 22"7 "12-8 11 9-3 1-7 72-0 10-6 9-5 9-5 6-75 5-3

49 229,303 11
28 '2 26 '0 14-7 12-2 10-2 2 09-4 13 13a 12-7* 8-5 5-7

50 239,201 » 27 '5 25 14-3 12-2 10-6 ]
-6 74-1 12-0 12 10-9 8-2 6

51 239,202 26 22'5 13-3 11-1 8-9 2-2 07 12-3 11 10-5 6-6 6-5

5..' 239,203 28 23'5 13 12-1 10-2 1-9 78-5 11-4 11 10-2 8-2 4-85

53 239,204 » 25*75 23-5 12-4 10-4 9-3 1-1 75 12-0 10-5 9-2 8 6-2

54 239,215 » 25 22 '25 13 12-2 10-25 2 78-5 10-9 1 1-5 10-7 8 5-8

55 239.291 25 "25 22 '25 12-25 12-3 10-85 1-5 88'5 10-5 10-5 9-2 7-5 4-4

56 239,293 26 -25 24-75 13-2 12-4 10-7 1-7 81 12 11-5 10-7 8-1 5

57 239,298 " 25 '5 20 "5 13-1 12-5 10 2-5 76-3 10-9 12 10-9 8-3 3-75

58 239,305 JJ
25 '75 22 13-4 10'8 q.q 0-9 73 -Q1 0 0 11-25 11-5 10 "3 0 1 4 -

5

59 239,309 11
27 a 22 -

75a 12-3 13-2 11 -5 a 1-7 93-7 12-5 10a Sa 7-5 5-7

60 239,318 11 23 21*25 12-3 10-1 8-5 1-6 69-1 10-25 11 9-7a 8-3 2-9

61 239,333 11
28"5 24-75 14-2 1 Ji 1

in.-i1U I 2 7 1 • 1
/ 1 1 11-7 1Z 1 1 A / 0 K 'A

62 239,348 11 ^O'S 17 '2 10-7 10-5 8-5 2 79-4 10-25 9-3 8-3 6-8 4-6

63 220,292 11 26 22 -

5 13 11 9-2 1-8 70-7 11-4 11 9-8 7-5 4-8

64 239,385 11
24'25 21-5 12-3 12-3 9-1 3-2 74 10-6 10-5 9-6 6-6 5

65 239,446 25 "75 20 13-0 11-4 9 2-4 60-2 10-5 10-5 10-4 6-2 5-8

66 239,453 11
27-5 24-25 13-7 11-3 10 1-3 73 12-3 11-5 10-3 7-7 5-5

67 239,474 11 26 24 13 9-9 Sa T9 61-5 1

1

9-5 8-5 6-7 5-2

68 255,129 Arkansas 27-5 25-5 13-5 13-8 11-5 2*3 85-2 12-9 12-5 10-6 9-1 37
69 258,768 11 26 "5a 21 -5 12-1 12-8 11 1-8 91 11-5 11 9-8 8 5-5

70 259,301 25-15 21-8 13-6 12-8 11 1-8 80-9 11 12 11-4 7-6 3-9

71 225,253 Choctaw 26-9 24-5 12-6 13 10-7 2-3 84-6 11-9 10 9 6-5 6-6

72 49,735 Colorado 26-75 23-75 13-3 11-2 8-7 2-5 65-4 11 12 11-4 7 4-4

73 225,214 (Jomanche 26"1 23 '4 13 111 8-3 2-8 63-8 9-4 9 8-5 6-6 3-7

74 248,579
iiiSkimo (Cit

1

Michaels)
\

27-75 21 13-6 14 »> 11 O 2-5 OD O 13'4 in..") -
1U AO 0.7c:

0 io 0 AO 0 0

75 12,804 Tennessee 25 22 -

3 12-8 13-5 11 -5 2 89-8 11 -4a 11 10-2 7-6a 4-6

U. S. N. M
76 227,434 Illinois 22 21 12-2 10 8-6 1-4 70-5 10-8 9-5 9a

1

7 5-3

77 227,440 11
24'5 22a 12-5 11-6 9-4 2-2 75-2 11-8 10 9-35 7 5-9

78 227,441 n 21-9 17'25 11-5 11 9-7 1-3 84-3 11 10-5 8-85 8-1 4

79 227,445 11 24 -35 20-5 13 3 14 12a 2 90-2 12 11 10-3 8-8 5-2

80 227,448 11 25 21 -75a 12-1 13-6 11-8 1-8 97-5 11-5 10 9-1 7 6-1

81 227,450 11
23-75 20'75a 12-8 13 3 11-75 1-6 91-8 11-5 10-5 8-85 8 5-1

82 225,420 Kentucky 26 -8 23-8 12-8 11-6 lo-i 1-5 78-9 11-8 9-5 8-5 7 6-5

83 225,422 n 28 - 3 25-7 13'4 11-1 9-8 1 3 73-1 12 -

1 11» 9 8a 6-9

S4 225,421
11 24 "2 20-5 12-6 11-7 10-4 1-3 82-8 11-9 11 -5 10-85 8-7 4-5

85 225,423
11

26-3 23-9 12-6 11-9 10-2 1-7 81-3 10-6 9-5 8-6 6-9 6-4

86 225 425
11 26 "5 22 "5" 12-8 13-5 12 1-5 93-3 13-1 12 10-8 8-1 5-8

87 255^105 Louisiana 28-5a 25a 13 3 11 9-2 1-8 092 11 10-5 9-8a 6-7a 6-3

88 255,214
11

26-5 24 13-1 1.3-1 11-3 1-8 86-2 10-9 10-5 10 7-2 5-2

89 255,210 n 25'75 22 13-8 12-4 10-6 1-8 76-8 12-2 11-25 10 8-1 6-1

90 216,213 Mexico 24 -5a 19-5 11-5 13-2 11-1 2-1 96-1 11-2 10-75 10-2 7-1 5-1

91 228,925 New Mexico 26* 24 13-5 12-2 10-8 1-4 80 11 11 10-35 7-5 4-6

92 228,950
11

26a 21-5 12-4 11-9 10 1-9 80-6 12-3 11 10 7-3 6

93 228,967
11 27 a 24a 13 12-8 10-4 2-4 80 12 10-25 9-1 7-5 5-3

51. (Plate IV, 4) sacrum. Transitional vertebra. 53. Six sac. vert., one from coccyx (?).

57. Double promontory (Plate IV, 4). 59. Narrow arch. Exostoses on sacrum. 60. Four sac. vert.

Extreme " female type " (Plate IV, 4). 62. Pygmy or very small pelvis (Plate 1, 1). 67. Small pelvis.

68. Six sac. vert., one from coccyx (?). 71. Coccyx ankylosed to sacrum (not included). 72. Spinal
canal open from 1st sacral down. 73. Rather flat pelvis (Plate II, 2). 74. Six sac. vert., one from
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Outlet Innominate Bone Sackum

Height

of

Perpendicular

Pubic

Height

Sub-pubic

Arch

Outlet

Index

Height, Bight
Breadth,

Bight
Index Height,

Left
Breadth,

Left
Index

Pelvic

Ind

Height
Breadth

Number Segments
Curve

Segment

begins

at

Index

6 Ci Xi 0 at at
JN -1V1 by 0 18'4 14'2 18 "6 13 '9 72'2 71 .0

/ 1 z 9 '7 10"9 5 a r
1VI

i
1

i i 0 1
1 1Z 4

O . KO 0 O A3 4 90 o 20'4a 15"5 20 "4 15'5 75 '9
"?•) -'3 10"8 1 1 '5a 5 S 4 l CiCIUO •)

3"75 2 "7 K 86 '5 19 "3 15'5 19'4 15'5 79 -

9
^A •/U 0 9 "6 11 "6 5 a rM >.} 1 OA *Q

3'5 3 '5
AT
1V1 OO .} 18 -

7 14'1 ~ 1
9

' 1 14"1 73 '8 to 4 1

1

-

4 10"8 5/4 ft 9 Q 1 -T94 /

A .ok4 ZO O Z uo.r,89 0 2S(J Z 15'4 76 "4 .')A • OIV 1 15 '2 1 z 1 9 1

1

-5 5 a r
1 IZ 1 b

.5 250
Cl • AA 4 rC-lYL

TOro 18 7 13 '9 /9 7
10,':18 / 13"8 1 J, D 10"9 10'9 6 is

Q
<5

i aaluu
O £1

K

O ."7
Z 1

x>il 9b i lb 0 13'4 1 n.f:
lb a 13 "7 74 1 4 1 1

'1 10'9 5 AT 1
1

f».i .0yz 0

3-25 2 -

6 R 87-6 18'8 13 9 19-1 13 '6 71 '2 75 '6 9-9 10-6 M 3 107

3 5 32 M 89-2 18*5 13-8 74-6 18-5 13-8 70-4 9-9 11-3 5 S 2 114-1

35 2-6 R 100 19-6 14-2 19-8 13-7 69-2 77-6 10-9 11 '3 5 M 2 103-7

4 2 R 92-4 19a 14 19 14 73-7 73 -b 8 1 1
-1 5 M 1 138-8

3 2-7 N 04 19-4 14-3 73-7 19-4a 14-3a 7T3 10-9 11-5 5 M 1 118-1

3 5 2-6 R 94-6 17'2 13 17-3 12-9 74-5 75-2 7-25 10 -9a 4 M 1 150-3

•5 0
•?
.5 It y4 y l n o

LI) a 15 -

3 1 Ci .(1iy y 15'4 77'4 09 b 10'5 1 2 '4 5 \ 1 1 1 Q • 1
1 lo 1

2-8 2-7 M 80-9 16 11-3 70-6 15-7 11-15 76-9 7-9 9-2 5 s 3 116-5

o 5 Z 0 at
1VI oO 1 loo 13 "5a 1.5 O l b ,5 13 "5a *7Ci \/0 4 9 "4

\ 1 5 QO 1 1 T
1 L 1

Z id o Z yo b lb b 14 b 78 7
10.7lb / 14"7 77'5 9 -

7 10 7 5 A I 1 1 M 'i
1 LU »>

4 o 1
AT QQyy 1(1*1 13'9 in,-.iy 0 13 '9

77 r\ • Q
IVi b 75*7 9"4 12 '1 5 M

1V1 1 1 Zo i

4 Z o \T AT ^7 «7 18 / 14 1 (i .7lb 7 14
" 1 75'4 a Q

()b 8*5 1 1 '6 5 IVl Z 1 'i ft • ~i.loo ->

d70 »5 O*
1 XT 77 •*} 1 O.l

lb 1 13*6* 1 Q . 1lb 1 13*6 75 -

l oy o 8"2 10"8 5 1VI 1 1 't 1 «7lol /

QO Q .OO O p oZ Z on .Q
SsU b 10 550 J, 1 15 -5 i'i 8 /O 4 10 '8

m,712 / 6 IVl
0 11/ U

o 0 AT D OO Z l o .oiy z 14 u l (i •*? 14'6a 75'6 /z b 9*2 1 1 '45 5 p
1 1Z4 O

oo O Z a r LUo 0 20"7 1 4 "4a 20 / 14'4 69 "5 82 -3 10 '3 1 1
'7 5 a r

1 L 1 0 0

o 250 O 0 AT
IVl /0 0 lb Z 15'

3

04 1
10.1lb 1 15 "2 o7 7 10'9 1 1

'5 5 L
1 Aa1 ' >> 0

2
1>
IV i aq «r*lUo 0 i n

] 4"1
1(1,119 1 1 4 • 1 73'8 70./1

10 0 10 11 "2 5 A I 1 1 Iz

O ZO o Z AT
IVl yu 4 1(1,1la 1 14'4 75'8 1 ft19 1 4 1 72 "8

1 1 "8 1 1
*3 5 a r yo 0

3*5 3-8 N 65*3 21-9 15-7 71-3 21-7 15-1 78-9 10-9 11-4 6 M 2 104-G

O 1 z z It oy o lb b 14'1 1 Ci
1 y 1

3

-8 72 -6
77a
1 b 10 -9a 11 "5 6 a r

IVl
(T) IUO O

3-75 2-85 ? 83 3 17-5 121) 17-7 12-75 72 80-4 7
-75 10 '3 5 P 1 132-9

3-5 3-6 N-M 79-2 19-2 14 19-5 14 11 79-6 75-5 8-2 11-3 6 P 3 137-8

3 2-9 N-M 80-4 18"4a 13-9 lb-4 13-9a 70-1 84 7-8 10 -5a 5 M 2 134-6

3-5 ? M 85-8 20-5 15-2 74-1 20-4 15-2a 84-2 11 11-5 5 + ? M 3 104-5

3 3-4 N 79-1 18-6 14-5 18-6 14-5a 77-9 74-4 8-5 10-35 5 P 3 121-8

3-5 3-6 N 76-9 20-8 15-4 74 20-6 15-4 874 10-2 11-4 5 M 1 111-7

3 5 3 N 72-1 19-3 13-5 19-4 13-5 69-6 72-4 10-3 12-7 5 M 1 123 3
2-7 31 R 74-4 20a 15-5 77-5 20 15-3 70-7 12-5 11-7 5/6 S 4 93-7

2-5 2-6a R 90-8 18 14-6 il 18-6 14 "6a 78-5 76-8 10'2a 11-7 5 M •>
1 1

1-7

3-75 3 M 81 19-2 14-7 76-5 19'2a 14-7 73 io-i a 11 -2 5 S 1 110-9

3-5 3-5a R 74-8 20 15-9 79-5 20a 15-9a 75-5 10-3 10-7 5 M 1
103-9

3-75a 3-2 M 89-1 18-1 14"7 :l 81-2 18-l a 14-7a 63-7 9a 12 -l a 5 M 2 134-4

3 3 M 91-7 19-2 14-5 19-3 14-5 a 75-1 72-8 10-5 12 6 iM 2 114-3

4 3-3 M 81-9 20 15-15 75-7 19-9 15-4 77-6 1 1
-5 12 6 M 2 104-4

3-25 3-4 R 91-1 18-9 14 19-2 13-8 71-8 78-4 10-8 10-5 r> M 3 97-2

3-25 31 M 94-1 19-4 13"8a 71-1 19 -4a 13-8 74-6 10'9 11-6 5 M 3 106-4
3-4 3-1 M 91-3 18-9 13-65 72-2 18-9 13 -6a 72-7 8-4 11-1 5 M

!

132-1

3 3 M 75-8 19-3 13-la 67 -8 19-3a 13"l a 71-5 9-7 11-1 5 M 114-4

lumbar (?) (Plate IV, 4). 75. Six sac. vert., all sacral in character. 77. (Plate V, 5), six sac. vert.,

one from coccyx. 1st lumbar forms false promontory. 78. Small pelvis. 79. Suggestive of

six sac. vert., one from coccyx. 82. Coccyx ossified to sacrum. 83. 5th lumbar sacralized left,

free, right. False promontory. 86. Round pelvic inlet (Plate II, 2). 88. Six sac. vert., one from
coccyx (?). 89. Six sac. vert., one from coccyx(?). 92. Coccyx ossified to sacrum.

7—2





50 .1 Study of the Variations in the Female Pelvis

Table of Pelvic Measurements of

48 213,331

49 239,363

50 239,201

51 239,202

53 239,203
53 2311,204

54 239,215

56 230,293
57 239,298
58 239,305

59 239,309
60 839,318
61 239,333
62 239,348

68 226,292

64 239,38:)

65 239,-14(1

66 239,453

67 239,474

68 255, 1
2:i

t;u 258,708
70 259,301

71 225,253

72 49,735

73 225,21 1

74 248,579

p , ...

75 12,804

U. S. N. M.'

76 227,434

77 227,440

78 227, HI
::i 227,445
XII 227,448

81 227,450
82 225,420

88 225,422

84 225,421

85 225,423
86 225,425
s, 255,105

88 255,214
89 255,216
Ml 210,213
91 228,925

92 228,950
n: 228,967

Choctaw
Colorado
Comanche

Eskimo (St I

Michaels)
(

Kentucky

Mexico
New Mexico

24'25

25-75
27-5

25
23-75
20-8

28-3
24-2

26-3
26-5

In j:,

1085
10-7

£ : z

r- S' <
Plate n'> 4

> MCram- Transitional vertebra. 53. Six sac. vert., one from coccyx (!).
57. Double promoDtory (Plate IV, 4). 59. Narrow areh. Exostoses on sacrum. GU Four sac vert
Extreme 'female type "(Hate IV, 4). 02. Pygmy or very small pelvis (Plate I, I). 07. Small pelvis.
o». Six sac. vert., one from coccyx ('ft. 71. Coccyx ankyioscd to sacrum (not included). 72. Spinal
canal open from 1st sacral down. 73. Rather Hat pelvis (Plate II, 2). 74. Six sac. vert , one from
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American Indian Squaws (continued).

O0TLBT Iknohihatb Bone
t

Saordh

at

of

1
Iicular

j
'5

a

y
IS

CO

-£ -

r I1

3 *
<u

"a

&
.2

'5 S

u ™
1 =

a a

uient

ins

at

a 5

a e
&

.2

a
Outlel

|p
a

H
ta
J M & m a i M

_

—

2'5 N-M 89-6 14-2 18"(1

i

—

13*9 72"2 71 -2 9-7 10-9 r, M 112-4
3
3-5 3-4 R lies - 15-5 7 '>•'.) TJ-:: 10-8 11-5" jj S 106-5

3-75 2-7 R NG--j 19*3 15v 70-5 9*6 11-6 M 120-8

3-5 36 M 85.3 14-1 tui -j-s 7:'-'
1 1 1 4 10-8 5/4 S 94-7

4-25 3-2 R 89'5 15-4 .in-.i 1" -

2 72-1 9 11-5 M 127 8

3-25 2*4 R-M 73 13-9 ls-- 13'8 72-6 10"9 10-9 e S 3 100

3-25 2-7 98-1 13-4 is- r
> 13 '7 74 74 11-7 10-9 5 M 1 92-3

3 25 2-fl R --7 -li 1K-K 13-9 ['.)] 13 "6 71*2 7.V6 9-9 10-6 M 3 107

3-5 3-2 89-2 |o.e 13-8 74*6 18'o 13 "8 70*4 9-9 11-3 s 2 1141

3-0 2*6 i? 100 lo-i* 14-2 19*8 13'7 69 '2 77'0 10-9 11-3 y M 2 103-7

4 *
I? 92-4 1 1 19 14 73'7 7:t - 8 11-1 M 1 138-8

3 2-7 64 14- i 73-7 19*4n 14 3" 71'3 10-9 11-5 5 M 1 1181

3-5 2-6 1J 94-6 l--> 13 17-3 12'9 74-5 75-2 7-25 10-9" t M 1 150-3

3-5 R 94-9 19-8 15- 1
19 '9 15"4 77

-4 69'8 10-5 12-4 5 M 1181

2-8 2'7 M 16 113 70 0 15-7 11-15 70-11 7-9 9-2 5 S 3 116-5

3-5 2-5 M 85-1 18-3 13-5" 73-8 18-3 13-5* 70-4 9-4 11 s 3 117

2-75 3'2 M 18-8 14-8 78-7 18-7 14-7 _ 77'5 9-7 10-7 5 M 2 110-3

4 31 M 99
<J

19-4 13!) 19'5 13 9 70'8 75-7 9'4 M ] 128-7

4 2-8 N-M 87 "7 18-7 1 1
18-7 14-1 75-4 8-5 11-6 M 2 136-5

3-25 3'6« N 18-1 13-6- 18-1 13-6 75-1 69-6 8-2 10-8 5 M 1 131-7

3 3*3 li
«.'>'.!

15 25 73 '8 70-1 10'8 12-7 6 M 117-6

3-75 3-5 M-lt 19-2 14-6 19 3 14-15" 72-8 9-2 11-45 P 1 124-5

3 3-2 M In-tr 14-4"

TrtJ
69*5 82-3 10-3 11-7 M 1 113-6

3-25 3 "5 M -f .,.

20-
1^ 15-

1
15*2 67-7 10-9 1 1 5 5 s 105-5

vs R 1m -r [a 14-1 19-1 14'1 73 -8 73-6 10 11-2 5 M 112

3-25 32 M 1J-1 14-4 -77Rto 0 19 14 1 72-8 11-8 1 1
"3 5 M 95-8

J 3-8 N 65 3 21-9 15 7 71"3 21-7 151 — 78-9 109 11-4 6" M 2

3-7 2'2 R fl 18 14-1 1Q 13-8 72-fi 76 10-9" 11-5 0 M 105-5

3-75 2-85 ? 83-3 17-5 12-9 7.17 „ 80-4 7*75 10-3 r
} P

„
132-9

3-5 3-6 N-M 79-2 19-2 14 IC - 11 79 '6 75 '6 H-3 6 1> '

9

137-8

3 2'9 N-M 801 184 13 9 1^-4 1 3 -9» 70"1 84 7-8 10-5" ,\1 134-6

3-5 " M 85-8 211-5 15 2 74 'I '-

,

- . ;, rl 84-2 11 11 '5 5+1 M 3 104-5

3 3-4 N 79-1 18-0 14
l l .Ml 7^*9 74-4 8'5 10-35 5 P 3 121-8

3*6 N 76-9 15 4 74~ or 1

' '4 87-1 10"2 11-4 5 M 1 111-7

s 3 N 72-1 19-3 13 5 19-4 13*5 69 G 72-4 10-3 12-7 M 1 123-3

31 li 74-4 20" 15 5 77-5 20 15'3 70-7 12-5 11-7 5/6 S 4 93-7

i» R 90-8 18 14 0' 18'6 14 0" 78-5 76-8 10*2n M 3 114-7

3-75 3 M 81 19-2 14 70 -5 19*2 14-7 73 101" 11-2 5 s
,\1

1 110-9

3-5 3-5" R 74-8 20 l.-i 9 79 '5 -20" 15-9* 75-5 10-3 10-7 5 1 103-9

3-75- 3-2 M 891 18-1 14 Bl'3 18-1 14-7" 9" 12-1" M 134-4

3 3 M 91-7 19-2 l-l 19'3 14-5" 75-1 72-8 10-5 12 6 M 1143

4 3-3 M 81 -9 20 15 15 75 "7 19-9 15-4 77-6 11-5 12 6 M 104-4

3-25 3-4 R 91-1 Is-: 14 19-2 13 8 71-8 78- 1 10-8 10-5 5 M 3 97-2

3-25 31 M 94-1 in 1 13 •8» 71'1 19-4 ' 13-8 74-0 10-9 11-6 5 M 3 106-4

3-4 3-1 M 913 18-9 13 65 72 '2 18 9 13-(i" 72-7 8-4 111 SI 1321

3 3 M 75-8 19-3 13 1» 07 -b 193 ' 13-1" 71-r 9-7 11-1 5 M 111-4

luiiibar(J) (Plate IV, 4). 75. Six sac. vert., all sacral in character. 77. (Plate V, 5), six

^J^;.
one from coccyx. 1st lumbar forms false promontory ,8. Small pelvis.

j

- V=o
six sac vert aic from coci vx 82. Coccyx ossdicd to sacrum. 83. 5th lumoal saciauzcu icn,

toZty£^V%J\ZLm&. 86. Ilouno pelvic inlet (Plate II, 2). 88 S,x sac. vert., one from

coccyx (1). 89 Six sac. vert., one from coccyx(?). 92. Coeeyx ossified to saerum.

^
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Table of Pelvic Measurements of

Inter

-

Inlet Pelvic

No.
U. S. N. M. Tribe or Inter- CD

Li CD

Fetal

Head

Sh Li

No. Locality
ems.

spines

Transver

Oblique Diamete

Obstetrii

Conjugal Difterene

Index Antero-

posterioi

Diamete

Inter-

tube

Posterio

Sagittal

Pubes

t(

Perpendici;

94 246,968 New Mexico 27-5 23-8 14'4 13"3 10'8 2'5 7"i 12"6 1 1 10 8 5-75

95 225,215 Pah Ute 25-5 22-2 LA 1
12"5 10"5 2 89 -7 13 -5 1 1, 1 1 "1 1 1 -7 2-8

96 204,254 Peru 27-3 21-5 13 "8 12'2 9 "25 ft7 11 "3 10'25 g 1 0 5-3

97 225,213
jj

26"-5 22-25 12-5 10-4 8a 2-4 64 11-9 10 8-6 8-1 5-5

98 225,250 11
25 20-5 12-9 12 95 2-5 73-6 12-5 11 10-3 7.7a 6

99 227,006 11
24-6 20 12 12 "3 10'8 1 "5 90 1 1 '1 10 9 "6 6"3 5 7

100 227.007 11
27 24-5 13 '5 14 1 1 0 2'4 86 11 10 12 1

1

-75 7 4 0 /

101 227,01

1

11
25-3 23 3 12 "3 12'1 10'5 1 u O.J ~h 12"5a ll a 9'5a 8"4a 4'la

102 227,014 11
26 22 13'2 12 -8 1 1 "25 1 "6 8^-9 11 "3a lla 10 7a 5-5

103 227,024 27-3 26-5 14 -3 13 1

1 1

1

-35 1 "8 13 -6 12'5 11 -5 8'8 6'1

104 227,432 11
24-5 22-3 12 11"4 9a 2'4 7<i ll -5 9*5 8"1 5-6

105 242,513 11
25 21-5 1 1 T> 1 1 "2 O 1 9-1 11 "5a 1 1 "5a 11 7.9a 5-3

106 242,568
11

24-5 22 11 "8 ll'O 9'4 2"2 7Q-7 ir*i 9 8 -3 6'3 6 -4

107 225 217 Sioux 27"1 23 13"! 13 "2 1 1 "6 l -fi 88-^ 11 '4 12 10-7 8"5 3-9

108 225^218 28-5 25 13 -9 1 3 "3 10'1 3'2 79 -7 11 -8 1

1

Q-7O i 8
"

5"1

109 225,221 27-8 24-1 12'1 133 1 1 [ 2 -2 Q1 -7 1

1

9
-

8 7 "6 4"7

110 225,242 ii
28 25-5 12 "6 13 "2 11 '2 2 88 -8OO o l2

-4 11 '5 Q-7 8"4 5-1

111 225,261 ii

•>i

27 23-5 13 12 "3 10 2"3 10-8 11 9"5 7.2a 4'1

112 225,415 29-1 25 14'1 14"4 12 2*4 OO 1 13 "2
1 1 '25 10"6 7

-6 6 '5

US 225,416
169,672

ii
28 24-1 12'75 11 '8 10'15 1 -7 7Q.fi 12"5 10'5 9 '4 7-75 6 '4m Virginia 28a 24 -5a 13'2a 11 "8 10"2 !l

1 {> 77.0
1 t 0 1 1 "1 11 9"9 7-2 4\5

115 98,470 Wisconsin 25-5 22-6 13'25 1 10"85 1 81 -Q 10 -8 10 "3 9"25 7"15 53

A.M.N. H.,

N.Y.

116 H, 3658 Pueblo, N.M. 27 23-25 13 13-31.5 .5 11 "2 2'1 8fi-9 12'7 12-5 11 9"2 5

117 „ ii
24-5 21-8 12 "5 12 "2

1 1 1 '2 88 10 -6 10'5 10-2 6"5 5-5

118
'5 ii

25-2 23 LO 1 12 "5 10-7 1 -a 70, -Q 1 1
'8 12 -5 11*1 7-6 5-3

119
55 „ 24-9 23a 13'1 11 '4 9*5 1 -Qi tj 79 12 10 9 7-4 5-9

120
,, ii

27-3 25-4 13-3 12-3 10-4 1-9 77-4 12 10-5 8-5 7-5 5-2

121 H, 103 South Utah 23-8 19-3 12-4 11 9 2 72:6 11-6 12-5 11 9-4 4

122 H, 191
11 22 20 12 11-8 10-4 1-4 86-7 11-3 11 10-4 7-7 4-8

123 H, 271
11

26-5 23 131 11-8 10-1 1-7 77-1 11-8 10 9-6 7-2 5-8

124 H, 307
11

„

27 23-4 14 12-1 10-6 1-5 75-7 11-6 10-5 9-7 7-1 6-2

125 H, 321 25-7 22-9 13-1 10-2 9 1-2 68-7 10-3 10-5 9-7 6-8 4-7

126 99/2393 Mexico 24-5 22 12 11-6 9-9 1-7 82-5 11-2 10-5 9-5 7-1 5-7

127 99/2230 ii 25 20-5 12-9 13-3 11-8 1-5 9T5 1T4 10 9 7 5-5

128 99/2165
ii

26 23-7 12-5 11 '5 10 1-5 80 11 10-5 8-9 7-5 5

129 99/305 ii
25-6 22 13-2 11-2 9-6 1-6 72-7 10-3 10 9-2 6-6 4-6

130 99/2506 ?•> 27 24-1 12-1 13-1 115 1-6 95 11-8 9-5 8-2 7-3 6
lot yy/i!4ztj

ii
26'9 24 b 13-1 12-1 10-5 1-6 80-1 10-2 9-5 9-2 6-1 5-3

132 99/2542 25-6 22 12-8 13-2 11-9 1-3 93 11-2 10 9-2 6-7 5-4

133 99/2330
!)

25-1 23-5 13 14-9 13 1-9 100 12-6 11 9-5 8-5 5-3

134 99/2325
11

25-1 21-4 13 12-8 11-3 1-5 86-9 11-6 11 10 7-7 5-2

135 99/2539 11 28 24 13-5 12-8 11 1-8 81-5 12-7 11 9-1 8-1 5-8

136 99/2329
11

25-1 23-1 131 13-7 11-6 2-1 88-5 12-5 11 9-4 8-3 4-5

137 99/2544 11
26-1 21 12-5 12-9 11 1-9 88 10-3 10-5 9-7 8 4-4

138 99/2486 11
23-2 22 12-6 11-9 10 1-9 79-4 11-5 10 9 7 4-6

94. Six sac. vert. (Plate IV, 4). False promontory. Spinal canal of sacrum open. 95. Shallow-
pelvis, wide outlet (Plate III, 3). 98. Six sac. vert., one from coccyx(?). 99. Six sac. vert., all

sacral in character (Plate IV, 4). 100. False promontory (Plate VI, 6). 102. Six sac. vert., one from
coccyx (?). 104. Six sac. vert., one from coccyx (?). 105. Last sacral segment missing.
106. Transitional vertebra. No false promontory. Small pelvic cavity (Plate IV, 4, Plate VI, 7).

107. Large pelvis (Plate I, 1). 108. Large pelvis. 109. Transitional vertebra, left= 6, right = 5
segments (Plate IV, 4). 111. Coccyx ossified to sacrum (not included). 116. Wide outlet (bones dark
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American Indian Squaws (continued).

Innominate Bone
dex

Sackum

Sub-pubic
Arch

Outlet

Index

Height, Bight
Breadth,

Bight Index Height,

Lett
Breadth,

Left
Index

Pelvic

In

Height
Breadth

Number Segments Curve Segment

begins

at

Index

M 79-4 20-8 15-35 73-8 20-7 I5'25 72 11-9 11-9 6 P 2 100

R 82-2 19-8 14-8 19-9 14-J 74-9 77-6 7-5 11-6 5 P 1 154-7

N 79-6 20-7 15-2 20-7 15-3 73-9 76-2 10-7 12-4 5 M 3 115-9

N 72-3 18-4 14-5 73-4 18-3 14-2 69-4 8-85 10-7 5 M 2 120-9

M 82 -4 19"8 15 20 15 "1 75'5 80 10 -5 a 11 -9 6 S 2 113'3

M 86-5 18-7 14-4 77 18-4 14-4 76 9-7 10-5 6 M 1 108-2

M 100 20-1 14-5 20-2 14-8a 73 3 74-8 10-6 11 -7 5 M 3 110-4

M 76 18-2 14 76-9 18-2 14 — 70-2 9a 11-5 5 M 1 127-8

M 88-5 18-7 14-6 18-7 14-7 78-6 71-9 9.4a 11-5 6 S 1 111-7

R 87-4 20-2 15-6 20-4 15-1 74 74-7 10 11-7 5 M I 117

jst 70-4 18-6 13-75 73-9 18-3 13-75 — 75-9 9 11-2 0 M 2 124-4

R 95-7 17-4 13-25 17'4a 13 6 78-1 69-6 8-7a 10 5 M 1 114-9

M 74-8 18 14-1 78-3 18 14-1 — 73-5 9-8 10-5 5/6 M 2 107-7

R 93-9 20-4 16-1 20-5 16-1 78-5 75-6 9-9 13-2 5 M 1 133-3

N 82-3 21-3 16-6 21-4 15-8 73-8 75-1 9 6 11-3 5 P 1 117-7

N 89-1 20-1 15-6 77-6 21-1 15'5 — 75-9 10-8 11-5 5/6 M 3 106-6

N 78-2 20-2 15-5 — 20-5 15-3 74-6 73-2 10-5 12-1 5 S 1 115-2

M 87-9 20 15-1 75-5 19-9 15-1 — 74-1 9-8 11-5 5 M 1 117-3

N 80-3 21-5 16-9 78-6 21-5 IS -8 73-8 12 12-15 5 M 2 101-2

N 75-2 20 16 80 19-4 15-85 — 71-4 8-1 12 5 P 1 148-1

M 89'2 18-8 15 19-1 15a 78-5 68-2 9-9 11-9 5 M 3 120-2

N 85-6 20 14-7 73 -5 19-7 14-4 — 78-4 10-5 11-8 5 M 2 112-4

M 86-0 20-1 15-4 20-1 15-5 77-1 74-4 10-1 11-4 5 S 3 112-9

M 96-2 18-5 14-1 18-5 14-3 77-3 75-5 9-7 11-5 5 M 2 117-5

R 94-1 18-8 15-4 18-8 15-6 77-7 74-6 10-4 11-5 5 M 3 110-6

M 75 18-9 14 - 2a — 19 14 -2a 74-7 76-3 10a 11-9 5 M 1 119
M 70-8 18-2 14-7 19-1 15-2 79-6 70 11-3 11-7 5 S 2 103-5

R 94-8 18-3 13-3 72-7 18-2 13-3a 76-9 9-2 11 5 i\l 3 119-6

M 92 19-6 14-2 19-8 14-2 71-7 90 8-2 10-4 4 M 1 126-8

R 84-8 19-2 14-8 77-1 19-2 14-8 72-5 11-3 11-3 5 Reverse 5 CO 100
M 83-6 20 14-3 20-3 14-6 71-9 75-2 10-8 12-1 6 M 2 112
M 94-1 18-3 13-8 75-4 18-1 13-8 71-2 11-8 10-7 6 S 5 90-7

R 84-8 18 13-7 76-1 18 13-7 73-5 9-1 10-4 5 M 1 114-3

N 79 19-4 14-9 19-7 14-7 74-6 78-8 11-1 11-5 5 M 3 103-6

M 80-9 19 14-1 74-2 18-9 14-3 73-1 9-7 11 5 S 3 1134
M 97-1 18-9 13-6 19-1 13-4 70-1 74-9 10-1 10-8 5 M 1 106-9

iV 69-5 19-6 14-4 73 "5 19-4 14-3 72-6 10 12-1 5 M 1 121

N 90-2 19 15 78-9 19 14-8 70-6 9-1 11-3 5 P 1 124-2

M 82-1 19-3 14-3 74-1 19 14-3 75-4 11-2 11-7 5/6 M 2 104-5

M 75-4 20-6 15 72-6 20-4 15 82-1 10-1 12-2 5 M 2 120-8

M 86'2 18-8 14-7 78-2 18-8 14-5 74-9 9-6 11-5 5 M 1 119-8

M 86-6 19-9 15-5 20-4 15-3 75 72-9 10-6 12-5 5 S 4 117-9

M 75-2 20 14 20-1 14-1 70-1 80-1 10-2 12-5 5 M 2 122-5

M 94-1 19-9 14-5 72-9 19-9 14-5 76-2 10 12-1 5 P 1 121

M 78-2 18-9 14-1 79-9 18-8 14-3 81-4 10-4 10 -7
a 5 M 1 102-9

Outlet

CD CL

Ph

3-25

375
4-25
3-25

3

3
3-25

3-25 1

3-25

3-25
3-1

3-25
2'75

3'75

4-75
3-5

4
3-25

3
3-4

2-75

2-8

4-3

3-7

3 3
3-8

3

4
4
3-5

4- 1

3-5

3-6

4
3-8

3
4
3-5

2- 7

3-2
4- 7

3-7

3-8

3
2-5

3
3-1

3-15

2-4

2-2

33
3-2

3a

2- 8
3-5

4

3

3

3

3
3

3
2

3
3

3
3 25

colour, identification). 117. Bones light colour, identification. 118. Sacral canal open
1st and 2nd sac. vert, behind. 119. Exostoses, 1st sacral vert. left. 120. 3rd, 4th and 5th sacral

segments broken on right. 122. Four sac. vert., sacrum complete. 123. False promontory.
Slight reverse curve of sacrum. 124. Six sac. vert., all sacral, double promontory. 125. Six sac.

vert., all sacral, false promontory. 127. Double promontory, " Male type " of pelvis. 130. Small
outlet. 132. Transitional vertebra, right sacralized, left free, false promontory.
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Table of lJehic Measurements of

Tribe or

Locality Spill, -S

240,90s

225,215

204,234

225,213

22.1,2.10

227,006
227.UU7

227,011
227.IH4

242/i 13

242,'i68

«M1«
225,221
225,242

225,201

220,415

225,416

169,072

98,470

lie H, 3658
117
us
119
ISO
1S1 H, 102m H, 191

its H, 271

H, 307
125 H, 321
ins 99/2393
127 99,2230
us 99/21(15

119 99/305
ISO 99/2500
1S1 99/2420
1S2 99/2542
1SS 99/2330
1,14 99/2325
1S5 99/2539
1S6 99/2329
1S7 99/2544
1SS 99/2486

New Mexico
Pali Ute
Peru

23-8

— — —

21-5
22-25

24-5
25-2

24-9

27-3

25-6

251
25-1

144
127
13-8

12 5

12-9

131
13-9

12-1

IS -6

13

141
12-75
13-2"

13-25

1.1-4

131
13-3

12-4

12-1

12-8
131
11-4

11-2

116
13-2
13-3

13-3

12-1

131
12-8

13

13-1

12-5

12-6

11-8

11-8
12- 1

10-2
11-6
13-3
11-5

11-2

131
12- 1

13-2
14-9
12-8

12-8

10-4

10-1

10-6

11-1

11-4

11-8
11

12-4

10-8
13-2
12-5

11-1

10-8

11-6

11-3

11-8

lie
10-3
11-2
11-4

11-25

10-5

^v^wid^oStmaKlI
1^ 4

'- ™»!>'™°"tory. Spinal canal of acpum open. 95. Shallow

isfeHHr^ -* stfunt. ran?t
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American Indian Squaws (continued).

OOTLliT Innominate Bone Sachum

d

gig

Height

j;
t

Index

„-
rr

-a

-= *
-a

elvic

In

ja S3
"

-2 £
n *
-. '-

If z

a
O

x x !«A
2~
K P)

a* £
pq

f ii
2 &

p
r. _E

3-25 3 M 78'4 20-8 15-35 73-8 20-7 15-25 — 72 11-9 11-9 6 P 2 100

3-75 3-1 B 82-2 19-8 14-8 — 19-9 14-J 74-9 77-6 7'5 11-6 5 P 1 154-7

4 25 315 N 79-6 20-7 15-2 — 20-7 153 73-9 76-2 10-7 I2'4 5 M 3 115-9

325 2-4 N 72-3 18-4 145 73-4 18-3 14-2 — 69-4 8-85 10-7 5 M 2 12H-9

3 2-2 M 82 4 19-8 15 — 20 151 75-5 80 10 -5» 11-9 6 S 2 1133
3 33 M 86-5 18-7 14-4 77 18-4 14-4 — 76 9-7 10-5 6 M 1 108-2

3-25 3'2 M 100 20-1 145 — 20-2 14-8" 73-3 74-8 10-6 11-7 5 M 3 110-4

3-2o" 3« M 76 18-2 14 70-9 18-2 14 — 70-2 9" 11-5 5 M 1 127-8

3-25 2-8 M 88-5 18-7 14-6 — 18-7 14-7 78-6 71-9 9-4" 1 1
-5 0' S 1 111-7

3 25 3-5 H 87'4 20-2 15-6 — 20-4 15-1 74 74-7 10 11-7 5 M 1 117

4 N 70-4 18-6 13-75 73-9 18-3 13-75 75-9 9 11-2 G M 1244
3-20 3 11 95-7 174 13-25 17-4" 13 6 78-1 69-0 8-7" 10 M 1 114 11

3 74-8 14-1 7_3 14"! 73-5

3-75 31 K 93-9 20-4 161 20-5 161 78-5 75-6 99 13-2 5 M 133-3

4-75 34 N 82-3 21-3 16-6 21-4 15-8 73-8 75-1 9-6 11-3 5 P } 117-7

3-5 3-3 N 89-1 20-1 15-6 77-6 21-1 15-5 — 75-9 10-8 11-5 5/6 M 106-6

4 3-2 N 78-2 20-2 15-5 — 20-5 15-3 74-6 73-2 10-5 12-1 5 s 1 U5-2
3-25 2-9 M 87-9 20 151 75-5 19-9 15-1 — 74-1 9-8 11-5 5 ii 1 117-3

3 3-7 N 80-3 21-5 16-9 78-6 21 -5 lli-S — 73-8 12 12-15 5 M 2 101-2

3-4 3-8 N 75-2 20 16 80 194 15-85 — 71-4 81 12 5 P 1 148-1

2-75 3 M 89-2 18-8 15 — 191 15" 78-5 68-2 9-9 11-9 5 M 3 120-2
2-8 3-25 N 85-6 20 14-7 73-5 19-7 14-4 — 78-4 10-5 11-8 5 M 2 112-4

4-3 3-3 M 866 201 15 -4 — 20-1 15-5 77-1 74-4 101 11-4 5 S 3 112-9

37 2-5 M 96-2 18-5 141 — 18-5 14-3 77-3 75-5 9-7 11-5 5 M 2 117-5
3-3 2 It 94-1 18-8 15 4 — 18-8 15-6 77-7 74-6 10-4 11-5 5 M 3 110-6
3-8 i D M 75 18-9 14-2- — 19 14-2" 74-7 76-3 10' 11-9 5 M 1 119
3 1-6 M 70-8 18-2 14-7 — 19-1 15-2 79-6 70 11-3 11-7 5 b 2 103-5

4 2-6 H 94-8 18-3 13-3 72-7 18-2 13-3" — 76-9 9-2 11 5 M 3 119-6

4 1-2 M 92 19-6 14-2 — 19-8 14-2 717 90 8-2 10-4 4 M 1 120-8

3-5 2-1 li 84-8 19-2 14-8 77-1 19-2 14-8 — 72-5 11-3 11-3 5 Reverse 5(i)

2

100
4-1 M 83-6 20 14-3 — 2U-3 14-6 71-9 75-2 10-8 12-1 0 M 112
3-5 2-9 M 94-1 18-3 13-8 75-4 18-1 13-8 — 712 11-8 10-7 G S 5 90-7
3-6 K 84'8 18 13-7 761 18 13-7 — 73-5 91 10-4 5 M 1 1143
1 2-7 N 79 19-4 14-9 19-7 14-7 74-6 78-8 111 11-5 M 3 103 6
3-8 2-9 M 80-9 19 14-1 74-2 18-9 14-3 731 9-7 11 5 S 3 1134
3 M 97-1 74-9
4 2-4 (V 69-5 196 14-4 73-5 19-4 14-3 72-6 10 12-1 5 M 1 121
3-5 2-1 N 90-2 19 15 78-9 19 14-8 70-6 9-1 11-3 5 P 1 124-2
2-7 / M 821 193 14-3 74-1 19 14-3 75-4 11-2 11-7 5/6 M 2 104-5
3-2 2-5 M 75-4 20-6 15 72-6 20-4 15 82-1 10-1 12-2 5 M 2 120-8
4-7 2-8 M 86-2 18-8 14-7 78-2 18-8 14-5 74-9 9-6 110 M 1 119 8
3-7 2-5 M 86-6 19-9 15-5 20-4 15-3 72-9 10-6 12-5 S 4 117 9
3-8 2-6 M 75-2 20 14 20-1 141 701 80-1 10-2 12-5 M 2 122-5
3 2-2 M 94-1 19-9 14-5 72-9 19-9 14-6 76-2 10 121 5 P 1 121

3 3 M 78-2 18-9 14-1 79-9 18-8 14-3 81-4 10-4 107" 5 M I 102-9

colour, identification). 117. Bones light colour, identification. 118. Sacral caual open
1st and 2nd sac. vert, behind. 119. Exostoses, 1st sacral vert. loft. 120. 3rd, 4th and 5th sacral

segment*) broken on right. 122. Four sac. vert., saeruui complete. 123. False promontory.
Slight reverse curve of sacrum. 124. Six sac. vert., all sacral, double promontory. 125. Six sac.

vert., all sacral, false promontory. 127. Double promontory, " Male type " of pelvis. 130. Small
outlet. 132. Transitional vertebra, right sacralized, left free, false promontory.
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Table of Pelvic Measurements of

A. M. N. H.,
No. N. Y., No.

139 H, 15075
140 H, 15098

141 H, 15124
±1, 10U»4
IT i e 1 e a
11, 10 1 04

7 1, 1,144 FT 1
ril -)S1.1, 1 > > 1 ^-h

lJlt} ri, 1DU0O

146 QQ/ 1 OR
>)*J I 1 v^O

1 1,7

7 l,X QQ/^7^7'JO/ 0101

IJ/if >>)/ 1014

150 99/3756
101 yy/

1

1 zu
10.4 yy/ j / 0

1

100 yy/i / -i <

10 If,
QO '1 "

1 1

10O yy/ LD/t'

1O0 <1( l / 1 £i7 1yy/ 10/4
lO i yy/ 1 0 / 0

U. S. N. M.

lOa QOK. 1/17

1 /tolOJ -iZ0,41.S

1 Ail10U Z_S.»,4 14

1 ft J
QOr. fno
.s_;o,4Uo

104 ^^•>,4uy
1 ft®lOu ^-iO,4U0
1 1' t10 Jf

OCT 0 1 .-~k

100 i01,oZ4
J fit > ^1, 0
10/

1 0 0
1

1
'( 1lohf OA* 1 1 Q Q-Jo4,4oo

1 i (

f

0^ 1 ,1 tin~j04,4oy

1 1

1

* lo

1/Z /u

I/O
1 ( Jf

* J D

1

*2

176 *3
177 *104
178 *112
179 *82
LSI) *7

181 *71

182 *5

183 *Cave 3

184 *152

185 *52

Inlet Pelvic

Tribe or

Locality

1 liter

-

crests

cms.

Inter-

spines

Transverse

1
Oblique Diameter

Obstetric
Conjugate

Difference Index
Antero-

posterior
Diameter

Fetal

Head

Inter-tubers Posterior
Sagittal

Pubes

to

Perpendicular

Apache (Arizona) 27 21-4 13 3 14-3 11-5 2-8 86-5 12-8 12-5 10-5 8-9 5-2

Pueblo 26-5 23 '5 a 14 11-3 9-5 1-8 67-8 12 11-5 10 8-5 5-5

Arizona. 27 23 7 13 1 11-1 9-4 T7 71-7 10-8 11 10-2 7 5

24 21 12 1 12-4 10 -.5 1-9 86-8 11-9 11 9-9 7-9 4-6

» 25-5 22 14 10-8 9-2 1-6 65 7 12a lla 10-2 7 3 5-3

25 22-2 13 10-6 9-2 1-4 70-7 11-4 10 10 6-6 6-3

S.E. Utah 24 19 11 6 11-8 10-9 0-9 93-9 10 9 8-4 6-6 4-5

Eskimo 24-5 21-8 12 1 9-4 7-5 1-9 61-2 11-6 11 8-8 8 4-1

Brit. Columbia 28 24'l a 14 13-6 12-3 1-3 87-9 13-4 11-5 11-2 6-6 7-5

25-4 23 13 5 13-5 11-8 1-7 87-4 11-4 11 10-5 7-5 5

1
Queen ( 'harlotte

1 Island
24 20-5 1

1

12 '3 10'8 rs 92-3 10 -6 10'5 10 7
-

l 5

Brit. Columbia 27-6 24-4 13 12-4 10-5 1-9 80-8 13 11-5 10-1 8-5 6

Fort Rupert, B.C. 23-7 195 13 11-3 9 2-3 86-9 12 12 10-3 8-2 5-2

25-8 24 13 s 11-8 10-5 1-3 76-1 10-8 10-5 10-3 6-3 6

» 24 22 13 1 13-4 11 2-4 84 12-8 12 9-9 9 5
24"8 22 13 4 11-8 10-1 1-7 75-4 12-5 11-5 10-1 7-5 5 '5

Ximpkish, B.C. 25-5 23 13 14-3 12-9 1-4 99-2 10-9 11 10-1 7 4-7

•n
24-5 22 -

5 13 1 13-1 12 1-1 86-9 13 11-5 10 3 8 6

'> 2G ;l 24 -2a 14 12-4
1 1 1-4 78-6 14-2 13 11-2 9-5 6-1

Sioux 25-8 22 11 8 12-4 10-8 1-6 91-5 11 -5a 9-5" 8-5" 6-5a 5-3

2b" 22 13 3 11-7 9-5 2-2 7T4 10-4 10 9-2 6 -75 46
1)

26-5 24 13 5 13-1 11-8 1-3 87-4 11-3 10-5 9-3 7-9 4-8

Dakota 26-8 22 13 1 13-3 11 2-3 84 10-7 11 10-1 7-8 4-4

25-3 2T5 13 1 12-7 10-5 2-2 80-1 11-7 12-5 11-4 8-8 3-75

Cheyenne 25"5 21 13 12-9 11-3 1-6 86-9 12-1 11 10-3 7-4 6-1

Arkansas 27 25 14 2 10-8 9 1-8 64-1 11-8 9 8-4 65 5-8

28-2 23 -5a 14 5 12-7 11 1-7 75-9 13-2 11 10-5 7-5 7

Argentina 26 22 12 8 13-5 12 1-5 93-8 12-7 10-5 9-7 7 6-6

Arkansas 26-75 23 13 5 12 10 2 74-1 11-8 11 9-7 7-6 4.7

27 23 7 12 5 12 '7 1

1

QQHo 1 1 6 10"5 y / 0 4 O

Peru 26-1 23-5 1|3 13-5 11-5 2 88-4 10-6 10-5 10-2 6-8 4-8

26-6 23 9 12 5 12-3 10-3 2 82-4 12-3 1 1 -5 10-8 73 6-6

Arizona 25 23 11 9 10-9 9-1 1-8 76-4 10-8 9 8-8 6-3 5-6

23-2 19-1 12 8 10-8 9 1-8 70-3 11 10 8 3 7-5 4-3

25 23-5 11 8 11-1" 9 2-1 76-2 11 '6 10-5 9-4 7-3 5-3

11 Jl-i: -± 10*1 13 10-4 8-3 2-1 63-8 10 11 10 6 4-7

27-1 24-5 12 8 11-2 9-1 2-1 711 12-4 10-5 £ 8-5 5-2

24-5 22 12 5 11-3 9-5 1-8 76 10"8a 11 9-4 7.5a 4-6

11 26 23 5 12 8 11-4 9-2 2-2 7T9 11 -4 9-5 8-6 7'3a 5-2

11
25-5 22-3 12 9 11-7 9-9 1-8 76-7 11-2 10-5 9 7-5 5

11
25-3 23-5 13 5 11-8 9-7 2-1 71-9 11-8 105 9-7 7-2 6-2

25 22-5 12 9 11-5 9 2-5 69 -7 10-1 10-5 9-7 7 4-1

11
23-8 ;l 20-9 12 11-4 9-1 2-3 75-8 10-3 11 9 9 7'7 5-8

11 25 23 12 1 11-1 9 2-1 74-4 10-8 11 9-7 8-3 4-4

11
27-8 24 13 9 11-5 9-2 2-3 67 10-5 10-5 10 7-2 4-8

11
25-9 22 13 5 12-5 10-5 2 77-8 11-1 11 10-2 7-7 4-7

11
24-5 22 '2 13 10-1 8-4 1-7 64-6 10-4 10-5 9-4 7

-5 4-1

139. Transitional vertebra, left sacral, right free. Large pelvis. 145. Small pelvis. 146. Flat

pelvis. 147. Large pelvis. Last lumbar articulates with right wing sacr. 148. Six sac. vert., 1st

tends toward lumbar type. False promontory. 156. Six sac. vert., last tends toward coccyx.

157. Transitional vertebra, right free, left sacralized. 158. Six sac. vert., one from lumbar. False

Original number. Specimen not yet permanently catalogued.
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American Indian Squaws (continued).

Outlet Innominate Bonh

Pelvic

Index

Sacrum

Height

of

Perpendicular

Pubic

Height

Sub-pubic
Arch

Outlet

Index

Height, Breadth,
Bight Index Height,

Left
Breadth,

Left
Index Height c3

QJ

CO

Number
Segments

Curve
Segment

begins

at

Index

1-2 3 M 82 20-4 16 20 -G 15 -3 74-2 76-3 11-6 12-6 4/5 M 3 108-6

4'5 2-7 M 83-3 19-5 14-8 75-9 19-5 14-8a 73-6 8-2 1 1 9 5 M 1 145-1

3-3 3 R 94-4 19-2 15-2 79-1 19-2" 14-5 71-1 11 11-8 5 M 3 107-3

3 4 2-1 R 83-2 18 13 3 18-2 13-2 72-5 75 10 -2 1 1

! 5 S 4 109-8

3 3 R 85 18-4 13-8" 75 18-3 13-8 72-5 10-5"
1 1

-4 5 s 1 108-6

3 3 2-6 M 87-7 18-2 13-8 18-3 13-7 74-8 73-2 10-2 ll'l 5 s 1 108-8

3 2-1 M 84 17-7 13-4 17-9 13-6 76 74-6 8-2 10-6 5 M 1 129-3

3-5 3 M 75-9 17-8 13-5 — 18 13 3 73-9 73-5 9-3 11-6 5 s 3 124-7
•2-8 3-2 M 83-6 20-5 16-2 — 20-7 16'2a 77-8 73-9 L0-1 12-3 5 M 3 121-7

3 3 2 R 92-1 20 14-8 — 20-4 14-6 70 80-3 12-6 12-7 <; M 2 100-8

9 -ft Z 1 it
llo 1.3 O 1 ft •(<ID U Lo Z to y 7 i

"5 a iVl
•>

o yo /

3-8 2-5 M 77 7 21-9 1G-6 75-8 21-0 io-i 79-3 10 11-7 5/6 M 2 117

3 3 1-8 R 85-8 18-6 14-o — 18-7 14-8 78-9 9-4 11-4 5 M 1 121-3

3 2-5 R 95-4 20-5 15-4 75-1 20-3 15-4 79-4 9-2 12-2 5 • P 1 132-6

3 3 2-4 R 77-3 20 14-1 70 L9-7 15 83-3 11-1 11-9 5 M 3 107-2

3-2 3-1 R 80-1 19-6 14-6 74-5 19-5 14-7 79 8-5 12-3 5 P 2 144-7

33 2 3 R 92-7 19-8 14-7 19-9 15 75-4 78 9-6 10-3 5 S 4 107-3

3-7 2-9 R 79-2 20 14-6 il 70-3 19-8 14-6 81-6 7-6 11-9 5 M 2 151-1

33 2-7 R 78-9 20 -6a 15 -5a — 20-6 15-5 75'2 79-2 10-4 12-3 5 M 1 118-3

3 2-6 N 73-9 19 14-7 19-2 14-5 75 "5 74-4 12" 11-8 6 M 2 98-3
3-25 2-9 M 88-4 19-6 15 76-5 19-6 15 75-4 10-1 11-3 5 M 1 111-8

3 5 3 3 M 82-3 20-5 16-2 20-6 16 77-7 77'7 10-9 10-7 5 M 3 98-2

3-75 2-7 R 94-4 20-3 16-4 20-4 15-7 77 76-1 10-2 12 5 S 1 117-6

3 3-4 R 97-4 19-4 14-8 19-7 15-1 75 '6 77-8 10-6 11-4 5 M 2 107-6
3-5 3 3 M 85-1 20 15-6 73 19-9 15-4 — 78-4 9-1 1 1

'2 5 P 1 123-1
2-5 2-9 N 71-2 20-2 14-3 70-8 19-8 14-3a 74-8 12-1 12-1 6 M 1 100
3-5 3-4 M 79-5 21-4 15-5 a 21-6 15-5 71-8 76-6 11'7 12-4 5 M 3 106
3 2-8 N 76-4 20 15-3 20-3 15-1 78-3 78-3 1 1

-9 11-8 6 M 3 99-1
3-5 2-8 R 82-2 19 15-1 79-5 19 14-9 71 11-6 12-5 0 M 1 107-8

3*5 2 -9 N (9 b 20 14-6 73 19-9 14-7 74-1 10 -8 12-7 5 M 2 1 17 "6

3-25 2-4 R 96-2 19 14-2 74-7 18-8 14-8 72-4 9-9 11-1 6 M i 112-1

3-75 2-8 M 87-8 20 14-9 20 15 75 75-2 9-4 11 -2 5 M 2 119-1

3 3 2-5 N 81-5 17-7 13-2 74-6 17-7 13 -2a 70-8 8-5 10-1 5 M 3 118-8
2-5 3-2 M 75-4 17-4 13-6 72-4 17-3 13 -6a 75 9-6 11 5 S 4 114-6
3-2 2-4 N 81-0 17-1 13-4 78-4 17-2 13-4 68-8 10-2 10-8 5 s 4 105-9

3 3 2-3 R 100 17-2 13 75-6 17-2a 13* 70-5 9-2 10 '4 5 M 2 113
3-6 3-1 N 64-5 19 13-5 71-1 18-7 14-5 70-1 8-4 11 5 M 2 131
3-6 3 M 87 18 13-7 18-1 13 -7

a 75-7 73-9 9-2a 1 1-1 5 M 2 1207
3 3 3-1 N 75-4 18-9 14-6 77-2 18-9a 14-6a 72-7 8-5a 12 5 M 2 141-1

3-6 2-3 N 80-4 18-4 133 18-7 13-2 75-9 73-3 10-1 11-1 5 M 1 109-9

3 6 3 N 82-2 19-6 14 19-8 14-3 72-2 74-3 10-5 11-6 5 M 2 110-5
3-2 2-9 R 96 18-1 13a 71-8 17-8 13a 72-4 9-3 11 5 M 2 118-3

3 4 2a R 96-1 17-7 13 17-7 13-2 74-6 74-3 9-8 10-7 5 S 3 109-2

4 2-9 R 89-8 18-3a 13-7 18-4 13-9 75 -5 73-6 9 10 -2a 5 M 1 113-3

4 3 M 95-2 19-5 14-2 19-5 14-3 73-3 70-1 9-7 12 5 S 4 1237
3-7 2-6 R 91-9 20 14-5 72-5 19-9 14-3 77-2 9 3 12-1 5 M 1 130-1
3-5 2-2 R 90-8 17-8 13-7 78-1 17-5 13-6 72-7 9 10-7 5 M 3 118-9

promontory. 160. False promontory, 1st sacral has lumbar characteristics. 162. Wide outlet.

Coccyx ossified to sacrum (not included). 164. Six sac. vert., one from coccyx (?). Small outlet.

166. Six sac. vert., all sacral. Double promontory, rounded. 167. Six sac. vert., all sacral. 169. Six
sac. vert., all sacral in character. 174. Flat pelvis. 175. " Male arch." 181. Youth. Sacral
bodies not quite united.





54 A Study of the Variations in the Female Pelvis

Table of Pelvic Measurements of

Iuter-

Inlet Pk

No.
A. M. N. H., Tribe or ITfSlS

eras.

Inter- a -a 2

N. Y., No. Locality sil, nus £

a

ObBtetri
Co&jugai |

ig

5

M
-a

75

Antero-

posterio:
Dinmete

EG

$
£

%
•i

M
M

.2 Jj

3

139 H, 15075 Apache (Arizona) 27 214 13-3 14-3 11-5 2-8 86-5 12-8 12-5 10-5 8'9

140 H, 15098 Pueblo 26-5 23 0" 14 11-3 1-8 67-8 12 11-5 10 8 "5

141 H, 15124 Arizona 27 23-7 13-1 li-i 9-4 1-7 71-7 10-8 11 10-2 7

142 H, 15094 " 24 21 12-1 12-4 10 0 1-9 8rj-8 11-9 11 9-9 7-9

I4S

144

H, 15154 25-5 22 14 10-ts 9-2 1-6 65-7 12' 11" 10-2 7*3

11, 15124 n
S.E. Utah

25 22-2 13 10'G 9 2 1'4 70-7 11-4 10 10 6'6

145 11, 16035 24 19 11-6 11'8 10'9 0-9 93-9 10 y 8-4 6-6

140 99/106 Eskimo 24 5 21*8 12-1 9 -4 7-5 1-9 61-2 lie 1

1

8-8 8

147 99/3743 Brit. Columbia 28 24-1" u 12-3 1-3 87-9 13-4 11-5 11-2 6-6

I48 99/3737
Queen 1 'hailottc

1
Island

25 '4 23 13-5 13-5 11-8 1
-7 87 4 11-4 11 10-5 7-5

149 99/1614 24 20'5 11'7 12-3 10 "8
1

92-3 10-6 10-5 10 7-1

150 99/3756 Brit. Columbia 27-G 24-4 13 12-4 10-5 1-9 80-8 13 11 :> 10-1 8'5

151 99/1720 Kurt Rupert, B.C.

i>

23-7 195 13 11-3 9 2-3 8ti-9 12 12 10-3 8-2

152 99/1731 25 -a 24 13-8 11-8 105 1-3 76-1 10-8 10-5 10-3 6-3

153 99/1727 n 24 22 13-1 13-4 11 1-
1 84 12-8 12 9-9 9

154 99/1741 » 24 -8 22 13 4 11-8 10-1 1-7 75-4 12-0 11-5 10-1 7-5

155 99/167H

99/1674

Mimpkish, B.C.

11

2a'.) 23 13 14 '3 12-9 1-4 99-2 109 11 101 7

150 24 -5 22 -5 13-4 13-1 12 1-1 86 -9 13 11-5 10 3 8

157 99/l(i76 " 26" 24-2" 14 12-4 11 1-4 78-6 US IS 11-2 9-5

U. H. N. M.

153 225,407 Sioux 25 -8 22 11-8 12-4 10-8 1 -tl 91-5 11-5" 9-5' 8-0" 6-5u

15'.l 225,412
1' 26 22 133 11-7 9'5 1-1 71-4 10-4 10 9-2 6-75

160 225,4 14 » 26 -5 24 13-5 131 11-8 1
:: 87-4 11-3 10-5 9-3 7'9

101 225,408 Dakota 26 -8 22 13-1 13-3 11 2*3 84 10-7 11 101 7'8

102 225,409 » 25*3 21-5 131 12-7 10-3 11 80-1 11-7 12-5 11-4 8-8

163 225,406 Cheyenne 25'5 21 13 120 11-3 1
-11 86-9 12-1 11 10-3 7 '4

164 21) 1,810 Arkansas 27 25 14-2 L0'8 9 l-s 64-1 11-8 9 8-4 6-5

165 261,824 »
Argentina

28-2 23 '5a 14-5 12-7 11 1 7 75-9 13-2 11 10-5 7-5

lUU *1, 0 26 22 12-8 13-5 12 1
:, 93-8 12-7 10-5 9-7 7

167 262,577 Arkansas 26-75 23 135 12 10 1 74-1 11-8 11 9-7 7 '6

103 262,570 » 27 23-7 12-5 127 1
'7 88 10-5 9 7-5

l®„
264,488 Peru 26*1 23-5 13 13-B 11 '5 — 88-4 10-6 10-5 10-2 6-8

.'J!
264, 4 SI) » 26 '6 23 9 12'5 12-3 10-3 2 82-4 12-3 11-5 10-8 7'3
*18 Arizona 25 23 11-9 10-9 9-1 1-8 76-4 10-8 '.I 8-8 6-3

ITS 70
1.

23 '2 191 12-8 10-8 9 1-8 70-3 11 10 8-3
17S *83

11 25 23-5 118 111" 9 21 76'2 110 10-5 9-4 7 '3

161 24*4 1

9
' 1 SS 2"1 (»:i'S 10

27 -

l 24 -5 12-8 112 91 2-1 711 124 10-6 S SS
170 *3 24-5 22 12-5 11-3 9-5 1-8 76 10-8" 11 9-4 7-5»

177 •104 26 23 5 12-8 11 -4 9-2 2-2 71-9 11-4 9-5 8-6
173 *112 25-5 22-3 12-9 11-7 99 1-8 76-7 11-2 10T) 9
179 •82 25-3 23-5 135 11-8 9-7 2-1 71-9 11-8 10-0 9-7 7-2
180 25 22-5 12-9 1 1

-5 9 2 5 69-7 10-1 10 -,i 9-7 7
131 *71 23-8" 20-9 12 11-4 9-1 2-3 75-8 10-3 11 9-9 7-7
182 #5 25 23 12-1 III 9 2-1 74-4 10-8 11 9-7 8-3
133 *Cave 3 27'8 24 139 11-5 9-2 2-3 67 105 10-5 10
131, •152 25-9 22 13-5 12-6 10-5 2 77-8 111 11 10-2 7-7
185 *52 245 22-2 13 101 8-J, 1-7 64-6 104 10-5 9-4

139. Transitional vertebra, left sacral, right free. Large pelvis. 145. Small pelvis. 146. Flat
pelvis. 147. Large pelvis. Last lumbar articulates with right wing sacr. 148. Six sac. vert., lat
tends toward lumbar type. False promontory. 156. Six sac. vert., last tends toward coccyx.
157. Transitional vertebra, right free, left sacralized. 158. Six sac. vert., one from lumbar. False

" Original number. Specimen not yet permanently catalogued.
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American Indian Squaws (continued).

Outlet Innominate Bonk Sachum

Height

of

Perpendicular

Pubic

Height

s X
J> <
CO

Outlet

Index

m a 1^
Breadth,

Left
Pelvic

Inc

K
it Q

1

Segment

begins

at

4-2

4-5

3-3

3-4

3
3-3

3
3-5

2-8
3-3

3
2-7

3
2-1

3
2-6

2- 1

3
3-2

11

M
r
R
11

M
11

M
M
11

82
83-3
94-4

83-2

85
87-7

84
75-9
83-6

92 1

20-4
19-5
19"2

18
18-4

18-2

17-7

17-8

20-5

20

1(1

14-8
15-2
13-3
13-8-

13-8

13 4

13-5
16-2
14-8

75-9
79-1

20-6

19-5

19-2"

18-2

18-3

18-3

17-9

18
20-7
20-4

15-S
14-8"

14-5

13-2

13-8

13-7

13-6

13-3
16- 2»

14-6

74-2

74-8

71!

73-9

77-8

70

76 3
73-6
71- 1

72-5
73- 2

74- 6
73-5

73-9

80-3

no
8-2

11

10-2

10-5"

10-2

8-2

0-3

lo-l

12-6

12-6

110
11-8

11-2

11-4

111
10-6

11-6
12-3

12-7

4/5

5

1;

11

11

11

s
s
s
51

ti

M
M

3
1

3
4
1

1

1

3
3

2

108-6
145-1

107-3
109-8
108-6
108-8

129-3

1247
121-7

100-8

2-8 2-1 B 94-3 18 13-5 18-0 13-2 70-9 77-5 11-7 11-2 fi M 3 95-7

3-8

3-3

3-3

3-2

3-3

3-7

3-3

IS
2-5

2-4

31
2-3

2-9

2-7

M
a
it

11

E
R
Ii

11

77-7

85-8
95-4

77-3
80-1

92-7
79-2

78-9

21-9

18-6
20-5

20
190
19-8
20
20-6"

16-6

14
- .5

15-4
141
14-6

14-7

14-6"

15-5»

75-8

75-1

70
74-5

70-3

21-6

18-7
20-3

19-7

19-5

19-9

19-8
20-6

16-1

14-8
15-4

If.

14-7

15
14-6
15-5

75-4

75-2

79-3

78-9
79-4
83-3

79
78
81-6

79-2

10
9-4
9-2

111
8-5
9-6
7 6

10-4

11-7

11-4
12-2
11-9
12-3
10-3

11 a
12-3

5/6

5

5

5

M
M
P
M
P
S
M
M

2
1

1

3

2

4

1

117

121-3

132-6

107-2

144-7

107-3

1511
118-3

3
3-25

3-5

3-75

3
3-5

3-5

3
3-5

3-5

3-25

3-75

3-3

3-2

3-3

3-6

3-6

3-3

3-6

3-6

3-2

3-4

4

4
3-7

3-5

2-6

2-9
3-3
2-7
3-4
3-3

2-9
3-4
2-8

2-8

2-9

2-4

2-8

2-5
3-2
2-4

2-3
3- 1

3
31
2-3

3
2-9

2«

2-9

3
2-6

2-2

N
M
M
11

It

M
N
H
N
R
N
R
M
N
M
N
R
iV

M
N
N
N
It

E
B
M
R
R

73-9

88-4
82-3

94-4
97-4

85-1

71-2

79-5

76-4
82-2

79-6
90

-2
87-8

81-5
75-4

81 0
100
64-5

87
75-4

80-4
82-2

96
961
89-8
95- 2
91- 9
90-8

19
19-6
20-5

20-3

19-4

20
20-2
21-4
20
19

20
19
20
17-7

17-4

17-1

17-2

19

18
18-9
18-4
19-6
181
17-7
18-3'

19-5
20
17-8

14-7

15
10-2

16-4

14-8

156
14-3
15-5"

15-3

151
14-6

14-2
14-9

13-2

13-6

13-4

13

13-5

13-7
14-6
13-3

14
13"

13
13-7
14-2
14-5

13-7

76-5

73
70-8

79-5

73
74-7

74-6
72-4

78-4

75-6
71- 1

77^2

71-8

72-5

78-1

19-2

19-6
20-6
20-4

19-7

19-9

19-8
21 -6

20-3
19
19-9

18-8

20
17-7

17-3

17-2

17-2"

18-7

181
18-9"

18-7
19-8
17-8

17-7
18-4
19-5

19-9

17-5

14-5

15

16

15- 7

151
15-4

14-3-

15-6
15-1

14-9

14-7

14-8

15
13-2"

13-6"

13-4
13"

14-5
13-7"

14-6-

13-2
14-3

13"

1.1-2

13-9
14-3
14-3

13-6

75-5

77-7

77
75-6

71-8
78-3

75

75-7

75-9

72-2

74 0

73-3

74-4
75-4
77-7

76- 1

77-8
78-4
74-8

76-6
78-3

71

74- 1

72-4
75- 2

70-8

68-8

70-5

70-1

73-9

72-7
73- 3

74-3
72-4
74-3

73-6

70-1

77-2

72-7

12"

10-1

10-9

10-2

10-6

91
12-1

11-7
11-9

11-6

10-8

9-9

9-4

8-5
9 0
10-2

9-2
8-4
9-2-

8-5"

101
10-5

9-3
9-8

9
9-7

9-3

9

11-8

11-3

10-7

12
11- 4

11- 2

121
12-4
11-8
12-5
12-7

111
11 -2

101
11
10-8

10-4
11

111
12
11- 1

116
11

10-7

10-2'

12
12- 1

10-7

6

li

li

ti

5
6'

5

5

5

5

5

5

5

5

5

5

M
M
M
S
M
P
M
M
M
M
M

,

M
H
11

S
S
M
M
11

11

11

M
ft

a
11

s
11

11

2

1

3
1

1

1

3
3
1

1

3

4

4

2
2
2

1

2

2
3
1

4
1

3

98-3

111-8

98-2
117-6
107-6

123 1

100
106
99- 1

107-8
117-6
1121
119- 1

118-8
114-6

105-9

113

131
120-7
141-1

109-9

11 II -7.

118-3

109-2

113-3

123-7

130-1

118-9

promontory. 160. False promontory, 1st sacral has lumbar characteristics. 162. Wide outlet.

Coccyx ossified to sacrum {not included). 164. Six sac. vert., one from cnccyx(?). Small outlet.

166. Six sac. vert , all sacral. Double promontory, rounded. 167. Six sac. vert., all sacral. 169. Six

sac. vert., all sacral iu character. 174. Flat pelvis. 175. "Male arch." 181. Youth. Sacral

bodies nut quite united.
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Table of Pelvic Measurements of

Inter-

crests

j

cms.

Inlet Pelvic

No. U. S. N. M.
No.

Tribe or

Locality

Inter

-

spines

CD
CO

V
>

s

H H
o -2
"S cSC ao
cd

°3

CD

0)

CP

3

CD

a

6 2 2« 'i_ CD

2.2 a
G «i aJ

< as

cS
CD

K

CD

GQ

CD

.2 "3

<D

« 2Po S

3

^ CD

CD

Ph

186
187
188
189
190
1 > L

192

193
194
195
196
197

*21

*128
*68
*73
34
*15
*28

I
*57

*l,b
*64
*79

Arizona

)j

11

M

JJ

71

11

J)

11

11

11

11

24- 7
25-5

24

27
24 -3a

lb
26-6
26-1

26-5
24-2

26-2

24*

22
22-7

21a

22-4
21-4 ;>

23
23- 1

24-4
20
21-5

20

12-2

12-5

12- 1

13
11-9
13

13
13-9

13
12-3
13-2
12-2

11-4

10-8
11-8
11-3

13-3

11
9-6

10- 7

1 1 -3

11-5a

13
11-7

9-6

9
9-2

9
11-9

8-8

8-1

9
9-4
9-5a

10-9

10-2

1-8

1-8
2-6

23
1-4
2-2
1-5

1-7

1-9

2
2- 1

1-5

78-7

72

76
69-2

100
67-2

61-8

64-7

72-3

77-2

82-6
83-6

11-7

10-6

12
11- 5

12

1 1 -4a

11-4

11

10-8
11

- 7a

11-1

10-3

11
9-5

9-5

11-5

9-5

9-5a

10-5

10-5

10-5

10-5

10
9-5

9-7

8-5

8-6

10-7

8-7 a

8- 1

9- 1

9-7

10-3

10
9-2

8-3a

7-8

6-2
7- 1

8

7

7a

8

7
6-6

6-3

6-5

6-8

4-7

5
5-4
4-5

6
4-6

4-2
5-8
5-2

5 6
5-6

43

A. N. H. M.,
N. Y.

198
199
200
201
202
203

20k
205
206
20

1

208
209
210
211
212
213
214

99/1677
99/1672
99/1668
99/1669
99/101
a 2"

99/1619
99/1620
99/1623
99/162o

99, 1626
99/2637
99/1699
99/1520
99/2632
99/2666
22,183

Nimpkish, B.C.

ii

ii

ii

Kwakinlt
N. W. Coast
Nanaimo V. C.

ii

ii

11

N. Samich, B.C.

Victoria, B.C.

N. Samich

Wallula, Oreg.

26-9

25-1

23
26
24-9

25

23
26
24
27 '8

24-9

25
25-9
26-5 !l

25a

24
24-9

24-2

23-8

19-5
21-8

23
21-5

21-3
24

21

z4
22- 1

21-6
22-8

22a

21 -5a

22- 4

20-8

13-4

13-1

10-3
12-6

12-9
13- 1

12
13-7

13-5

14

1.3 0
12-9

13

13- 1

13

13
12-9

12-6
13-6
12-8

12-8

11- 7

12
12-5
12-3

11-4

12-6

J 1

11-3
13-8

12
12-2
10-8
11-4

11- 2

12-3

11

11-5

10
10-5

11

10

10

10-5

10 4
9-8

12
10-4

11

9-5

9-9

1-4

1-3

1-8

1-3

1-7

1-5

1-5
2-3
1-4
2- 1

1 '6

1-5

1-8

1-6

1-2

1-3

1-5

83-6
93-9

106-9

91-3

77 -5

80-9

91- 7

73
74-1

75

70
76
92-3
79-4
84-6
73-1

76-7

13-2

12-6

11- 7

12
12-5
12-2

9-5

11

12-5

13

11 -5

12-7

12-9

11- 2

12- 6

133
11-1

11

12-5

11-5

11-5

12

11

11

11

12
12-5

L 1

11

11-5

11-5
10-5a

12-5

12

9-5

10-8

10-8

10-6

10
9-6

10
10-5

11

11-5
10'2

10-3

10-5 a

10-9

10-4

10-6

10-1

8-2

8-3

7-5

8

93
8

7
7-5

7-7
8-5

7

7

8

7

7-2

9
8-8

6-2

5-4

5-5

5 6
4-6

4-8
3-5
5-4
5-7

5-5

5
-3

6- 2

6-3

4-6
6-1

5

3-8

1~T Q VT TITU . C5. IN . 1YL.

215
216
217

*60
*149
*148

Arizona 24-2

26

27

21

23
23-5

11-8

13
12-4

1

11-4

12

11

10
10-3

9

1-4

1-7

2

84-7

79-2

72*6

11-7

10-5

10'7

10
9-5

9

8-5

8-8

8-2a

7

6-5

6-3

5
4-8
5-5

Average t 25 -76 22-66 12-95 11-78 10-68 1-76 79-75 11-59 10-82 9-79 7-56 5-21

Largest j 29-1 27 14-7 14-9 14 3-2 107-7 14-66 14 12-75 11-7 7-5

Smallest 20-8 17-2 10-3 9-4 7
-5 0-8 61-5 9 9 8 6 2-8

188. "Male type." 189. Sacral canal open all but 0d cm. in middle. 190. Narrow,
somewhat asymmetrical pelvis. 191. Six sac. vert., one from coccyx ? " Male type." Narrow outlet.

192. Flat pelvis. Small outlet. 194. Transitional vertebra, left sacral, right lumbar type. False

promontory. 196. Six sac. vert., one from coccyx (?). 198. Six sac. vert., all sacral character.

* Original number. Specimen not yet permanently catalogued.
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American Indian Squaws (continued).

Outlet Innominate Bone Sacrum

.SPg
W
0
)S
3
CM

02

X
OJ

13
a

0?

O

' II ^ "S

pq

•A
<u
T3
aM

To "a!

H PQ

-A
w

•73

a

a
t—

1

0
'>

Ph

%

M
C3
CJ

pq

S a

a a

^ CO

>
5
0

a *

a s

rn v
OJ

•A

a

0
t>

3
2- 7

3-5
2-8

2-8
33
3- 5

2-8

3 4
3-2

3

9-8

3
3-1

2-8

2-2
3-2

3

2
3-8

2-5

2-7

3

1U

M
N
R
N
N
N
M
R
M
M
M

80-2

71- 7

93
72-5

71-1

79-8
88-2

95-4

85-5

82-9

80-6

1

, I 0 0

18-3

18-6

18-3
19

-5a

19-2

18-7

18-1

20-4
18-5
20-2

19- 1

10 0
14
14-2

15

14a

13-8
14-4
13-8

15
14-2

14-6

14-2

76-5

76-3

82
71-8

73- 5

76-8

74-3

1 ft '1

18-2

18-4

18-3
19-3
19-3

19
18-3

20-3
18-4
20-7

19- l a

1
-:
? -ft

13-6
14a

14-6
14»

13-4
14-6

135
14-8

14-3

14-6

14 -2a

7*3 -O

69-4
76-4

73-7

70-5

74-1

71-8

77-5

67-8

80-2

74-2

71-4

70-1

77
76-4

79
79-6

y 1

9-6

11

9-6

9-8

iw<
10

9
9-7

9-4

11-4

9-7

11-3

11-1

11-6

11-6

11-1

11 -1

10-9

10-8

10-4
11- 4
11-3

O

5

5

5

5

6
5

5

5/6
5

6
5

JxL

M
S
M
M
M
S
M
M
M
M
M

1

2

3
1

1

2

1

1

2

3

3

1

1 1 7 -ft

117-7
100-9

120-8

118-4

100m
101

111-3

110-6

100
116-5

3 2

3 3
3-8

3-7

3-2

3-5

2-8
3-4

3 2
3-4

33
2S
3
2-8

2-8
3-5
3-1

2-8

2-8

1-4
2-5
2-6

3 3

3
3
2-3

2-6

1-8
2-5

3
2-3

2-1

2 3
1-8

M
R
M
M
R
N
R
M
R
R
R
M
R
R
R
M
R

72
85-7

92-3

88-3

80
78- 7
105-3

95-5

88
88-5

88-7

81-1

81-4
97-3

82- 5

79- 7

91

19-3
20-3

19
20-1

18-3

20-2

18-3

20-8

17-9
20-7

18-5
18-6
20-1

19-2a

20
-8a

18-3

18-7

15-2

15-8

14- 1

15-8

14
14-8

13-6
14-6
14-2
15-8
14-7

14-9
15

-8a

14-5

14-8a

13- 7

14-2

74-2

76-5

70-2

79-3

80- 1

—

74-9

76-5

19- 5

20-5

18-7

20-3

18-3
19-7
18-9

20-4
17-8
20-8

18-9
18-2

20-1

19-2
20-8
18 -3a

18-6

15-2

16- 1

14
15-6

14-4

14-6

13-8
14-5
14- 1

15-8
14-9

14- 1

15-8
14-5a

14-8

13-6
14- 1

77-9
78-5

76-8

78-7

73-0

76
78-8

78-6

75-5

71-2

72- 5

81-7
82-6
78-1

735
80-8

82- 2

80
74-6

74-8
75-9
74.4

77-6

11 4
83- 2

76-2

73-5

10-9
12-3

11-4
9-8

9-1

8-2

10
9-8
9-3

11-5

10-6
9-7

11-6
9-3

9-1

8-2
9-6

12-3

12-3

12

12

11

11-3

11-3

11-5

11-6
12-7
12-5

10-3
12

11

11-7

10-7
11-6

6'

5/6
5

5

5

5

5

5

5

6

5

5

6
5

5/6

6/5
5

S
M
S
M
S
M
M
M
S
M
M
S
S
M
M
M
M

4
3

4

1

1

1

1

1

2

1

2

2

2

1

2

3

1

112-8

100
105 -3

122-4

120-9

137-8

113
117-3

124-7

110-4

117-9

106-2

103-4

126-9

128-5

130-5

120-8

3
2-4

3

2-6

2-5

2 -4

N
M
"NT

72-6

83-8
7ft -ft

18- 1

19- 1

La O

13
14-2

It: 0

18- 6
19-2

i-ij *±

12-8

14-2

1 J. -7

68-8

74-5

76-4

73-8

72-2

9-7

10-8
11

11-7
5

6

S
M
MIVL

3

1

3

113-4

108-3

X'-/U o

' N-44 4 segs. = 3 1st=90

3 35 2-81 N-M-5 84-26 19-27 14-52 74-6 19-32 14-5 75-2 10 11-5 4/5= 2 S 52 2nd =59 115-8

4-5 4-3 < M-92 108-9 22-2 16-9 84-1 22-5 16-8 90 13-2 13-7 5=169 M 146 3rd = 49 174-6

2-5 1-1 M-R-4

R-71

64 16 11-3 67-8 15-7 11-15 63-7 6-3 9-2 5/6= 11

6= 32

P 18

reversed 1

4th = 16

5th = 3

86

199. Transitional vertebra, free on right, one from coccyx. 200. Narrow pelvis. 207. Six sac.

vert., all sacral. No false promontory. 210. Six sac. vert., all sacral. No false promontory.
21 2. Transitional vertebra, right free, but articulates with ilium, left sac. False promontory. 213. Tran-
sitional vertebra, left free, right sacralized. False promontory. 216. Six sac. vert., one from coccyx.

217. Transitional vertebra, right sacralized, left free. No false promontory. t False promontory = 18.

| Double promontory = 2.
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Table of Pelvic Measurements of

Inlet Pelvic

No. U. S. N. M
No.

Tribo or

Locality

L']*eStS

spines
Transverse

3 2

°l °3
Difference Antero-

posterior
Diameter

Fetal

Head

Posterior Sagittal

Pubes

to

1

ISO
187
188
18!)

100
101

ui
108
104
105
ion
ior

*21
•128
•68
•73
*31

•IS
•28
•1

•57
•l,b
•64
•79

Arizona 24-7
25-5

24
27
24-3"

26
26'6

26- 1

26'5

242
26-2

24'

22
22-7

21»

22-4
21-4"

24

23
23- 1

24-4
20
21-5

20

12-2

12-5

121
13

11-9

13

13
13-9
13
12-3
13-2

12-2

11-4

10-8
11-8
11-3

13-3

11

9-6

10- 7
11-3
1

1

13
11-7

9-6

9
9-2

9
11-9

8-8

8-1

9
9-4
9-5"

10-9

10-2

1-8

1-8
2-6
2-3

1-4
2-2
1-5

1-7

1-9

2

21
1-5

78-7

72
76
69-2

100
67-2

61 -8

64-7

72-3

77-2

82-6

S3 -6

11-7

10-6
12
11-5
12
11-4"

11-4

11

10-8
11-7*

111
10-3

11

0-5

9-5

11-5

9-5

9-5>

10-5

10-5

105
10-5

10
9-5

9-7

8-5

8-6

10-7
8-7"

8- 1

91
9-7
10-3

10
9-2

8-3»

7-8

6-2
7- 1

8
7

8
7
0-6

6-3

6-5

6-8

4-7

5-4
4-0

6
4-6

4-2
5-8
5-2

5-6

i;

4-3

A. N. H. M.,
N. Y.

S10/1677

99/1672
99/1668
99/1669
99, 101
"2"

99/1619
99/1620
99/1623
99/1625

99,1626

99/2637
99/1690

99/1520
00/2632

99/2666
22,18.3

10S
109
200
201
202
208

201,

205

IW
207
.'08

am
iw
ni
212
213
211,

Nimpkiah, B.C.

Kwakinlt
N. W. Coast

Naiiaiujo V. C.

N. Samich, B.C.

Victoria, B.C.
N. Saruich

Wallula, Oreg.

26 0
25-1

23
26
24'0

2a
2.3

26
24
27-8
24-9
25
25-0
26-5"

20"

24
24-0

24-2

23-8

19-5

21-8

23
21-5

21-3
24
21

24
22- 1

21- 6
22

-B

22n

21-5'

22-4
20'8

13-4

131
WS
12-6

13 1

12
13-7
13-5

14

13-5

12-9

13
131
13

13
12-9

12-6
13-6
12-8

12-8

11- 7

12

12-5
12-3

11-4
12-6
12

11-3
13-8
12
12- 2

10-8
11-4

11 -2
12-3
11

11-5

10
10-5

11

10
10

10-5

10-4

9-8

12
10-4

11

9-5

9-9

1-4

1-3

1-8

1-3

1-5

1-5
2-3
1-4
2- 1

1-6

1-5

1-8

1-6

1-2

1-3

1-5

83-6
93-9

106-9

91-3

77-5
80-9

91-7

73
741
75

70
76
92-3

79-4
84-6
731
76-7

13-2

12-6

11- 7

12

12-2
9-5

11

12-5

13
11-5
12- 7

12-9

11-2
12-6
13-3
11-1

11

12-5

11-5

11-5

11

11

11

12

12-5

11

11

11-5

11-5
10-5"

12-5
IS

9-5

10-8

10-8

10-6

10
9-6

10
10-5
11

11-5
10'2

10-3

10 5»

10-9

10-4

l(l-li

10-1

8-2

8-3

7-5

8

8

7
7-5

7-7
8-5

7

7

8

7

9
"

8-8

6 2
5-4
6-5
5-6

4-8
3-5

5-4
5-7

5-5

5-3
6-2
6-3

4 6

61
5

3 8

215
210
217

U. S. N. M.

•60
•149
•118

Arizona 24-2

26
27

21

23
23 5

11-8
13

12-4

11-4

12

11

10
10-3

9

1-4

1-7

2

84-7

79-2

72-6

11-7

10-5

10-7

10
9-5

9

8-5

8-8

8-2"

6-5

6-3

5
4'8

5-5

Average t 25-76 22-66 12-95 11-78 10-68 1-76 79-75 11-59 10-82 9-79 7-56 5-21

Largest J 201 27 14-7 14-9 14 3-2 107-7 14-66 14 12-75 11-7 7-5

Smallest 20-8 17-2 10-3 9-4 0-8 61-5 9 9 8 6 2-8

188. "Male type." 189. Sacral canal open all but 0-1 cm. in middle 190 Narroiv
somewhat asymmetrical pelvis. 101. Sis sac. vert., one from coccyx ? "Maletync." Narrow outlet'
192. Flat pelvis. Small outlet. 194. Transitional vertebra, left sacral, riglit lumbar typo False
promontory. 196. Six sac. vert., one from coccyx(l). 198. Six sac. vert., all sacral character.

* Original number. Specimen not yet permanently catalogued.
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THE INTENSITY OF NATURAL SELECTION
IN MAN.

SECOND PAPER.

By E. C. SNOW, M.A., D.Sc.

The present paper is a supplement to the memoir of the same title issued last

year*. It is not proposed to give here any account of the work which has been

done in the attempt to elicit information on the more difficult subject of the nature

of selection in man, but only to publish the correlations and regressions obtained

by using an alternative measure of environment, and by varying the periods in

which the effects of a selective death-rate can be detected.

The adoption of another method of correcting for environment implies not the

slightest shaking of my confidence in the adequacy and validity of that employed in

the first memoir, but the further work was entered upon because the importance of

the subject renders the comparison of the results reached by the use of the various

possible methods particularly desirable. The only criticism I have seen of the

mode of measuring environment used in the earlier work is that by the Editors of

the Journal of the Royal Statistical Society. Had there been a tithe of evidence

supporting the view adumbrated in that criticism the memoir would have been

practically valueless. Fortunately, however, no arguments whatever have been

put forward in favour of the view held by the statistical critics, and very cogent

facts against that view have already been given f. It is quite beside the point to

show that the corrected standard deviation of the total mortality in the two

periods considered is only 5°/
0

or 6%. That standard deviation is in a number

of cases appreciably of the same magnitude as the corresponding measure of

dispersion in the earlier of the periods used, and, moreover, is many times its

probable error. It matters not whether that standard deviation be 6°/
0
or '06

o

/o

or 60°/
o
of the mean value.

* Drapers' Company Research Memoirs, "Studies in National Deterioration," No. VII. Dulau
and Co. 1911.

t Biometrika, Vol. vm. p. 456, 1912.
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The notions used to indicate environmental conditions for this new work are

very simple. Shortly, they consist in making the mortality of a cohort of one sex

the measure of the environment for the corresponding cohort of the opposite sex

on which it is desired to ascertain the possible effects of selection. Thus if we
wish to investigate the selective effect on the male mortality of the third, fourth

and fifth years of life of variations in that mortality in the first two years, in

addition to fixing the size of the male cohort we fix the size of the corresponding

female cohort and also the total female mortality in the first five years of life. We
can thus suppose that we are dealing with districts in which the female mortalities

up to five years of age for the cohorts born in a particular year are the same. For

these districts we find varying male mortalities in each of the periods considered

(see Table below), and the mean values of these male mortalities in both periods

throughout the whole series of districts can be found. Do the mortalities in the

second period of those districts whose mortalities in the first period deviated in

the positive direction deviate, on the average, in the positive or negative direction?

Districts with the same female environment will possess varying proportions of

male weaklings. If these weaklings are killed off in the earlier period, the popula-

tion which survives to the later one is stronger and likely, therefore, to have a

smaller mortality, and this would be indicated by a negative correlation between

the mortalities in the two periods (with the proviso dealt with in § xxxiv of the

memoir). To the criticism that the total male mortality is highly correlated with

the total female mortality, and that by making the latter constant we are

practically fixing the former, we can reply by pointing to the considerable

standard deviation of the total male mortality when correction is made for

constant female mortality (see Table below). Evidence of a more general

character, too, can be gathered by turning over the leaves of any of the Registrar-

General's valuable Decennial Supplements to his Annual Reports. Pick out a

few of the registration districts in which the mortality of one sex for any of the

age-groups given is practically the same and compare the mortalities of the other

sex among those districts for the same age-group. Quite appreciable variation in

the numbers will be found to exist. Not many of such districts can actually be

found, but the method of partial correlation essentially consists of a contrivance

by which we can for statistical purposes reduce all districts to a constant type.

No method of measuring environment can be theoretically perfect. Districts

under the same environmental conditions would not have the same mortality, but

the latter would be distributed in some way due to random causes. Of two districts

under the same general environment one may in a particular year suffer to a

greater extent from epidemics of measles, scarlet fever or summer diarrhoea, and

part of the problem of selection consists in ascertaining if these epidemics strike

more at the weaker children than at a random sample of all children, and this is

ascertained by inquiring if the surviving population is more immune in a subsequent

period. The two methods which are employed in this paper to measure environ-

ment are quite distinct and bear no physical relation to each other. In the one

8-2
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method the mortality of the cohort corresponding to the cohort whose history is

being traced but of the opposite sex, is fixed. In the other, the number of deaths

of the same sex and between the same age limits in the period under notice,

apart from the deaths occurring within the cohort, is rendered constant. Neither

of these, of course, allows for the fact that under a perfectly uniform environment

the mortality which is taken to indicate that environment should be distributed in

some way due to random causes. But the general similarity which will be shown

to exist between the results reached by using the two distinct methods is some

justification for the claim that each is a satisfactory approximation to the theo-

retically best method.

The investigation which is now being described was directed throughout to

ascertaining the extent of selection in the mortality of the first two years of life.

In the earlier work of which an account is given in the memoir other periods were

taken, but later some evidence was adduced to indicate that the first two years

of life was a natural interval to adopt, as embracing roughly the whole of the

mortality of infancy and overlapping but very little that of childhood. For the

second period, on the mortality of which the selective character of that of the

earlier period is indicated, the next three years of life are taken both for the

English and Prussian data ; in the case of the latter, also, the next eight years are

employed as a second period. We thus reach results obtained from English and

Prussian data by working at the same periods in each case, and the comparison of

these results is of interest. The notation employed throughout is :

x0
= Births of the male or female cohort considered, in, say, year t.

ajj = Deaths in the cohort in the two years, t and t + 1.

x2
— Deaths in the cohort in the next three years, or next eight years.

xA
= Remaining deaths of same sex as cohort in the five years or ten years (see

Memoir, § vill).

x4 = Deaths in the corresponding cohort of opposite sex in the five years or ten

years considered.

xs = Births of the corresponding cohort of opposite sex.

Previous experience suggested that the correction for a constant value of xs in

addition to constant values of x0 and xx would have little effect on the correlation

between x1
and x2 . The first case worked out supported this view ; in that (the

Prussian male cohort of 1881, dealing with the first ten years of life) the correlation

was only altered in the sixth figure by the extra correction, viz. from — '944206 to

— '944209. Thus the considerable labour involved in making this further correc-

tion is not justified by the extra value it gives to the results, and in all the other

cases it was omitted.

The partial standard deviations, correlations and regressions with their probable

errors for the various sets of data are given below, the other standard deviations

and correlations on which they are based being shown at the end. In the table
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on p. 61, o:iO"i+2 denotes the partial standard deviation of the total mortality in the

sum of the periods considered, 03ew denotes the expected (partial) correlation if

there were no selection (see § XXXIV of the memoir), and 03b2] denotes the (partial)

regression of the mortality of the second period on that of the first.

Dealing first with the results from the English data, we notice that the regres-

sions by the two methods for males are fairly similar, but for females they are, on

the whole, smaller by the new method. Having regard to the probable errors we
can draw no inferences concerning the differences. The correlations for females,

however, are in two of the three cases considerably smaller by the new measure of

environment, and this difference appears to be significant. The partial standard

deviations by the two methods occasionally show fairly large differences, but in no

single case is the disagreement significant. For all the six cases, however, is

less than but 04o-2 is greater than
0:s

o-2 . The mean of the male regressions by

the first method of measuring environment is —'142 and by the other —'143, the

corresponding figures for females being —'179 and —'117. The mean regressions

of the mortality of the 4th and 5th years of life on that of the first three years

are — '085 and — 172 respectively*. Thus, so far as males are concerned, the

intensity of selection appears greater when measured by the regression of the

mortality of the 3rd, 4th and 5th years on that of the first two years of life than

when measured by the regression of the mortality of the 4th and 5th over the first

three years, but the same conclusion does not so definitely hold for females. It may

be, as was suggested in the memoir, that the age division between infant and child

mortality is not the same for females as for males, and the inference is put forward

tentatively that the ailments of infancy (as distinct from those of childhood)

attack females to a rather greater age than they do males. It will be noticed, too,

that the regressions and correlations for the 1872 cohort are smaller than for the

other cohorts, and that this is accompanied by the fact that the mortality of that

cohort was smaller in the first period. On the whole, so far as the data for the

English rural districts are concerned, the adoption of a new measure of environ-

ment leads to no alteration of view as regards the existence of selection, nor,

roughly, of its numerical intensity.

When we turn to the results from the Prussian data in which the same periods

(the first two years and the next three) are used as for the English data, the

most marked feature to be noticed is the considerably larger correlations and

regressions which are obtained. The mean value of the regressions for males

* I take here the opportunity of correcting a mistake which occurred in connection with the work of

the first memoir, through an error in transcribing from the schedules containing the raw data. In

§ xvni, in the portion of the Table for the 1872 cohort referring to females, the following alterations

should be made :

^ = 487, 0^ = 119-7,

rm = -812328, r12 = -718137, n3 =-944379, 3r0i= + -464859, 3^=- -168670, 103»-i2= - -184068.

These entail the following corrections in the Table on p. 33 for the same cohort: 030-1 = 34-844 and

partial regression=- -0591. These alterations reduce the correlation and regression but make the

results more consistent, and necessitate little modification of the conclusions drawn from them.
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is —'794 by the first method and —"64)7 by the second, while for females the

figures are — -798 and - -

878, these comparing with corresponding values for the

English districts ranging from —-12 to -18. Thus the criterion which we take

as the measure of the intensity of selection was for the Prussian cohorts of 1881

and 1882 about five or six times as large as that for the English cohorts of 1870,

1871 and 1872. We can assert with some confidence a considerably greater-

selective effect of the mortality of the first two years of life on that of the next

three in the case of Prussian rural districts than of the English rural districts in

the epochs considered, and this fact is concomitant with a far greater stringency of

infantile conditions in the former than in the latter. This is seen from the follow-

ing figures.

Mean Number of Deaths in

First Two Years divided by
Mean Number of Births

Mean Number of Deaths in

the nest Three Years divided

by Mean Number of Births

minus Deaths in First Two
Years

Male Female Male Female

f
1870

England
\ 1871
I 1872

r, • I 1881
Prussia

-j 18g2

•185

•174

•164

•241

260

157
•146

•139

214
•228

037
•038

041
•069 (T02)
•075 (-107)

•036

037
•041

•067 (T02)
•074 (-107)

The figures in brackets give the corresponding numbers for Prussian districts

for the mortality in the eight years following the first two.

The data for English rural districts do not allow us satisfactorily to follow the

cohorts beyond their first five years of life, so that we cannot assert that the

intensity of selection is generally less in England than in Prussia for the popula-

tions considered, but we can point out definitely that the effect of selection in the

first five years of life was much greater in the latter country than in the former.

Whether or not the English cohorts make up the leeway at later ages can only be

a matter of speculation. We can at present merely state that whereas a district

in England which had an excess of 100 male survivors above the mean for all

districts at the end of the first two years of life had, on the average, about 14 of

these survivors killed off in the next three years, a similar district in Prussia lost

more than 70 of the 100 in the same period.

When, for the Prussian data, we come to deal with the results of including the

eight years following the first two, we find that the regressions for the 1881 cohort

have increased appreciably, but those for the 1882 cohort have not done so. There
is nothing incongruous in this, as in one cohort selection might well be felt more
in the 3rd, 4th and 5th years than in the other, and in this latter the effect would
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then probably come in later years. The tendency of the partial standard devia-

tions for the Prussian data is opposite to that for the English, viz. for males ^a-j

is greater than
l)3
a

1
and Mo-2 is less than 03cr2 . For females, however, these are

reversed, except for the 1882 cohort in the ten-year period. Another feature of

the Prussian results is that the regressions for males are smaller by the new

method of measuring environment, but for females the reverse is the case. This

is also true for four out of the six examples from English data, and arises chiefly

from the differences in the male and female variability in mortality in the second

period compared with the first. In the first two years of life the (partial) standard

deviation for males is always greater than for females, but for the second period

the female (partial) standard deviation is in some cases the larger, the mean
mortality in this second period being about the same for the two sexes.

In the memoir (§ xxiv) a short discussion is given to the question of what

amount of correlation between the mortalities should be expected if selection were

entirely absent. This has been referred to as 03e12 and oieu in the present paper.

These values are only intended as approximations, and it would undoubtedly be an

advantage if by direct correlations we could obviate the use of such corrections.

These direct values could be obtained by correlating the mortality rate of the first

two years of life (based on the number of births) of the cohort with the mortality

rate in the 3rd, 4th and 5th (or 3rd to 10th) years of life (based on the number of

survivors to the age of two), correction being made in some manner for a constant

environment rate. This would entail a correlation between such variables as -
y

and and in my opinion might involve an element of 'spurious' correlation,
x — y

and for this reason alone rates were not used in the memoir. So far as I can

understand, however, the critics of the memoir do not hold this opinion, so that to

them the corrected correlation between two variates of the above type is probably

as satisfactory as a partial correlation of the third order. The employment of such

correlations saves considerable labour and requires no discussion of the question

of ' expected ' correlation if selection were inoperative. Accordingly, for a few

cases, the following new variables have been taken :

z0 = Male or Female Deaths in the first two years of life divided by Male or Female

Births,

z
l
= Male or Female Deaths in next three (or eight) years of life divided by number

of survivors to the age of two,

z., = Total Female or Male (i.e. of opposite sex to z0 and zx) Deaths in the whole

five (or ten) years divided by Female or Male Births,

and the values of zr01 worked out. The statistical constants on which they are

based are given below :
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English Rural Districts

for 1870

Prussian Rural Districts tor 1882

Five Years Ten

Male Female Male Female Male r e llltllV

184 •156 •241 •209 •241 •209

•037 •036 •069 •069 100 •103

h •187 •214 •264 292 290 315
°"0 •0201 •0184 •0541 •0508 •0541 0508
0"! •0079 •0092 •0263 •0241 •0291 •0253

°"2 •0232 •0219 0611 0653 •0595 •0647

»*01 •271543 •463227 •634918 633825 596721 576631

»02 •854400 877328 951975 •975109 •937904 •967319

ru 528884 •567130 817686 •755164 •811763 723951

2
r01 - 409 - -087 -•814 - 705 - 813 - -707

2""0 •0104 •0088 •0166 •0113 •0188 •0129

2°"1 0067 •0076 •0151 •0158 •0170 0174

2^10 -•262 - 075 - -744 - -990 - -734 - -958

If the values of 2r01 here are compared with the values of Mr12 in the earlier

tables for the corresponding cases we find very little difference. Thus :

Correlations obtained without using Rates,

-•415 -158 — 917 -'768 -'920 --789

Corresponding Correlations by use of Rates,

-•409 --087 - -814 - -705 - -813 — *707

If we reduce the figures in the first of these by the values of 04e12 we have the

sequence
-•347 -'105 --809 -710 -781 -'701

The agreement between the last two lines of figures is surprising and remarkable.

In all cases we get approximately the same numbers as before, a quite unexpected

result,

Lest these results should hastily be pointed to as evidence against the possi-

x z
bility of spurious correlation arising when such variables as - and are

•> r ° y & — y
correlated, it should be pointed out that the deviations from the mean values of

the variables are in some cases considerable, and that the third and fourth powers

of those deviations cannot be neglected in comparison with the corresponding

powers of the means. Thus the formula which is usually exhibited to show the

possibility of spurious correlation does not apply to this case. Whatever the

magnitude of the 'spurious' element, if any, involved in the correlations just found,

they can only be construed as supporting those previously found and as evidence of

the existence of selective mortality in the populations dealt with.

Professor Pearson, also, has pointed out to me another possible mode of

attacking the problem. This is to render constant x0
— xt instead of x0 ,

and in

Biometrika ix 9
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addition to x3 or xi} as before. This would fix, not the number of births, but the

number of survivor's at the end of the first two years. Then the population liable

to mortality in the second period would be the same for all districts, but the

districts with the larger number of births would be exposed to the possibility

of greater mortality in the first period, and therefore to the possibility of greater

mortality of the kind which is taken to measure environment (the mortality in

the first two years being much greater than in the next three or next eight).

Thus an 'expected' (negative) correlation if selection were absent would not arise

in the same manner as before, but would probably be entailed in the partial

correlation. A priori, however, it does not appear that this method would pro-

duce a correlation, if selection were inoperative, of the same magnitude as that

indicated in § xxiv of the memoir, since the population rendered constant stands

in an intermediate position to those at the beginning and end of the periods

considered. The correlations under these new conditions have been worked out

only for the case of the 1884 Prussian cohort, both male and female. The results

differ but very little from those reached before, and must, I think, be taken

as supporting the substantial accuracy of the interpretation put upon the earlier

ones. If xs denote xa —

w

lt the following are the additional correlations:

Males Females

0-5 3117-6 3175-1

r6i •924739 •928746

'•52 •847138 •851981

?
-

53 •924711 •942791

>54 •927020 •934079

5:iri2
918 -•747

54*12 - -780 -•806

The values previously found for 03r12 and 04r12 were —'917 and —'786 for males,

and — -768 and —"797 for females. It appears therefore to be of little account

whether we make xc or x0
— x1 measure the size of the populations; we should

probably, too, get similar results if we put x0
— x-± — x2 , i.e. the size of the cohorts at

the end of our survey, constant.

On the whole, the work of which this paper gives a short account has justified

itself by the confirmation and emphasis it gives to the results previously obtained.

The general impression received by a study of the results reached by the employ-

ment of the new method of measuring environment alone is much the same as

that derived from a survey of those by the earlier one, though individual differences

of appreciable magnitude, occur. Apart from the emphasis it gives to the results

of the memoir, the present work has discovered, I think, a significant difference in

the operation of selection on the mortality of the first five years of life in Prussian

and in English rural districts, and suggests (but, at present, no more than suggests)

that there is some differentiation in its effect upon the two sexes. But the

existence of a selective death-rate in the general populations dealt with admits of

no doubt.
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List of Statistical Constants on which the Partial Correlations

and Regressions are based.

English' Rural Districts.

1870 COHOKT 1871 Cohort 1872 Cohort

Males Females Males Females Males Females

3227 3090 3226 3114 3291 3150
'"'3 26(59 2240 2635 2205 2634 2189
•'"4 579 694 550 663 548 650
O-0

488-3 467-8 506-6 480-8 520-3 477-0

°"l
127-7 105-6 130-0 102-6 126-0 107-4

°"2 27-5 30-6 23-1 28-4 33-0 31-3

0-3 581-0 508-0 582-3 527-2 605-9 545-1

«"4 128-6 146-1 120-7 145-8 133-5 153-8

»"01 884086 856073 •850467 •834253 •793680 •814537

r02 •637792 •643144 •609366 •513438 •716133 •662323

»03 •852236 •831001 •835223 •797029 •807817 752425
r0i •849348 •881602 •838168 836549 •824623 •777569

rV2 •608255 •688624 638919 •581274 •804386 791884

n-i •930579 925657 931412 •934695 •945229 932208
•952680 •958944 947168 970562 •969370 •965413

? 23
•775362 •845435 •799258 •757490 886385 •874839

'24 •706226 •749785 776551 •627105 838194 •842120

3r01 + •475208 + •412648 + -362379 + •415864 + -156490 + 475066

4r01 + •467000 + 079683 + -323442 + T69218 - -040919 + •389982

3
?-
02

•069637 •199985 - -176081 •229035 + -000352 + 012762
4»"02 + •101579 •057213 - -120807 026164 + -080835 + •022190

3r12
•490155 •464969 - -482395 •546204 - -221368 135040

4''l2
•299955 •161886 - -478055 •145896 - -060726 150136

Prussian Rural Districts (Five-year period).

1881 Cohort 1882 Cohort

Males Females Males Females

9407 8917 9297 8793
'"3 11723 10083 12047 10363

2384 2760 2510 2938
4586-9 4398-1 4689-5 4504-8

<n 1502-2 1276-4 1654-1 1397-1

°"2 343-2 324-2 375-6 360-7

°"3 7758-1 6734-5 8044-8 6997-8

or4 1558-6 1794-5 1716-2 1981-5

n.i 964196 •963495 •967685 •965286

?02 •844586 846971 •860460 •869316

•964747 •961005 •967523 967466
?*<>4 963378 970151 •963954 •973849

817746 •844333 •841894 •864055

990456 •990191 •995000 •995279

m •988301 •994536 •989235 •995822

r-23 •884689 903554 •881938 •901711

''24 •891353 •882250 906736 •897541

3»"01 + -238636 + -308402 + •198035 + •097214

4*01 + -295597 - -053527 + -362344 - -216609

3r02 - -072672 - -196905 + -060222 - -027966

ir0<l
- -116186 - -078351 - -121140 - -047446

3»
-

12 - -910479 - -919631 - -756884 - -795986

4»'l2
- -913825 - -673466 - -892589 - -738506

9—2



68 The Intensity of Natural Selection in Man

Prussian Rural Districts {Ten-year period).

1881 Cohort 1882 Cohort

Males Females Males Females

>'o 9407 8917 9297 8793
•'"3 28277 24650 28137 24480

2625 3000 2733 3156
4586-9 4398-1 4689-5 4504-8

<fl 1502 -2 1276-4 1654-1 1397-1

a2
461-0 445-0 470-7 449-9

°3 18056-8 15723-8 18015-8 15645-2
""4 1672-8 1901-3 1806-8 2073-1

>\n •966797 •963495 •967684 965285
»02 •867956 •871859 •895378 •913858

•'•113 •971578 •968570 •975529 978221

>\H •969132 •973037 •968885 •977710

>\2 •825960 854617 •860826 •883242

Tvi •991230 •991070 •995812 •995626

rU •983883 •993559 •988210 •994336

r-23 •889151 •909771 •890463 •911441

•909835 •902419 •923618 •921165

3>'m + 119558 + 107783 - -186994 - -221147

ir0l + -301348 - -125303 + -271614 + -161865

3r02 + -037627 - -090243 + -266908 + -260740

*»'02 - -134827 - -062670 + -005249 - -308612

3'
-

12
- -916019 - -849620 - -622720 - -629876

4^12 - -932723 - -860001 - -884404 - '790688

Also for the 1881 male cohort

:

r05 = -999225, r15 = -965417, r„ = -866632,

rS5 = -967678, 3r05 = + -987800, 3r1B = + -295690,

3r25 = - -131819, 03r15 = - '013340, 03r,5
= + -008833,

085r12
= - -944209.



ON ERRORS OF RANDOM SAMPLING IN CERTAIN
OASES NOT SUITABLE FOR THE APPLICATION OF
A "NORMAL" CURVE OF FREQUENCY.

By M. GREENWOOD, Junr.

{From the Statistical Laboratory of the Lister Institute of Preventive Medicine.)

I.

Introduction.

Those who believe that the more closely a branch of knowledge adapts itself

to the principles of quantitative reasoning, the more justly it merits to be ranked

as a science, have been gratified by the improved standard adopted in the treat-

ment of medico-statistical results. It is true that even now medico-statistical

writers fall short of the attainments regarded as essential in some other depart-

ments of natural knowledge, and that a few prominent investigators vaguely

denounce " mathematicians "—by which term is to be understood any one trained

to employ modern biometric methods—as presumptuous intruders within the

sphere of experimental medicine. Despite these obstacles, progress has been

marked within recent years and we may have considerable confidence that future

discussions as to the value of such procedures as vaccination or the determination

of an opsonic index will be conducted with due regard to the claims of exact

science.

It is, however, in the nature of tilings that a reform of this magnitude should

be accompanied by certain disadvantages which tend to impede the march of

ideas. For instance, reformers may urge that the employment of certain argu-

ments requires for logical validity the application of some specific test. After

much discussion, the point is conceded and then the test is in danger of being

applied in other and unsuitable instances.

The particular illustration which has prompted these remarks is the employ-

ment of some consequences of the current theory of errors of random sampling in

certain cases which frequently arise in medical and pathological work. At one

time it was customary to base conclusions as to the efficacy of some method of

treatment upon short series of cases without any statistical test being employed.

A practitioner might find, for example, that of 100 cases of typhoid fever treated

without any special precautions as to diet, six had died. Of a subsequent 100,

dieted in a particular way, but two succumbed and a conclusion very favourable

to the new method of treatment might be ventured. Owing to the partial
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permeation of medicine by quantitative methods, it is widely felt that this proce-

dure is questionable and that the " probable error " of the result must be found.

The medical writer who has attained this level accordingly refers to a text-book

and tests his proportions upon the basis of a " normal " curve of errors with the

binomial standard deviation Jnpq.

The specialist in mathematical statistics is aware that the time-honoured

theory of the "probable error" rests upon certain assumptions of a quite definite

character not adequately fulfilled in the imaginary case described. Warnings as

to this are given in the better text-books, and are indeed unnecessary for those

who care to read the proofs of the usual formulae.

We must, however, bear in mind that not every medical man has either the

time or the training requisite for the comprehension of mathematical analysis and

many will be inclined to consult a book which, while giving formulae without

proofs, contains explicit instructions as to their practical employment. Such a

book as, for instance, Professor Davenport's Statistical Methods, seems admirably

adapted to the needs of the laboratory worker. On p. 14 (2nd edition) he will

find the following sentence :—" The probable error of the determination of any

value gives the measure of unreliability of the determination; and it should

always be found." The statement is commendably clear but, unfortunately, quite

incorrect in many cases which come under the notice of the medical inquirer.

The present memoir is an attempt to make the limitations of the process

recommended by Professor Davenport arithmetically obvious to the medical

reader, and to provide the latter with some assistance in the exceptional cases.

To the trained mathematician or biometrician I have nothing to offer which is

novel and little which is of interest, while the medical reader may find some

difficulties in following every step of the inquiry. I hope these difficulties have

been reduced to a minimum, but a risk of falling between two stools has to be

faced by any writer dealing with a subject not new in itself but relatively so in its

applications. My biometric colleagues will recognise the difficulties of the task,

and are alone competent to determine the measure of success or failure achieved.

II.

The chance of an event happening is p and of it failing, q (p + q = 1). What is

the "probable error" of pin successes in m trials'?

In the problem stated the probability for the occurrence of an event and the

independence of the happenings are supposed to be known. This either means

that they have been ascertained by long experience or that their values (i.e. the

value of p and the zero correlation between the results of successive trials) are

defined by an hypothesis which we desire to verify. Accordingly the distribution

of successes in m trials is given by the expansion of the binomial (p + q)
m

. If m
be moderately large and p"~q small, the ordinates of a "normal" curve with

Standard Deviation *Jrnp~q are a close approximation to the terms of the binomial
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and the "probable error" of mp is + '67449 \/mpq. This is the classical text-book

case. Its limitations are obvious. If either p or q be very small unless m is very

large indeed, and for all values of p and q wheti m is very small, the normal curve

does not approximate closely to the binomial.

Consider this problem. A certain bacillus is stated to occur in the mouths of

2 per cent, of all normal persons. Twenty persons have been examined and the

bacillus was isolated from two of them. Is this observation consistent with the

truth of the hypothesis ?

Let us find the chance that in 20 trials two or more successes would be met

with if p = -02, q = -98.

By direct calculation we find this chance to be about 1 in 17. If we use a

"normal" curve with Standard Deviation ^20 ("02 x '98), the chance proves to

be rather less than 1 in 25, or the probability determined in this way is only

68 per cent, of the real value. Of course when the number of trials is so

small we could not expect a continuous function effectively to represent the

binomial expansion, but even for m large the inadequacy of the " normal " curve,

in the case of p ~ q not small, must be insisted upon. I think the best way of

making this clear arithmetically is from a consideration of the moment coefficients

of the binomial (p + q)
m

.

With the ordinary notation we have :

—

yu,2
= c'mpq,

fjL3 = &mpq (p -q),

/a4
= cimpq (1 + 3 (m — 2)pq\,

and /?1= *L, & =%
In cases like the present, c may be taken as unity.

For a " normal " curve to be a good fit to the binomial, /3, should be very small

and /32 nearly equal to 3.

Take as an illustration the values of fix and /3.2 for different values of m where

p = m, q = -9S.

We obtain

:

m ft

100 4702 3-4502

WO •2351 3 2251

300 •1567 3-1501

400 •1176 3-1126

500 •0940 3-0900

600 •0784 3-0750

700 •0672 3-0643

800 •0588 3-0563

900 •0522 3-0500

1000 •0470 3-0450
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From these figures it is plain that even comparatively large values of m do not

admit of the binomial being closely approximated to by a " normal " curve.

Since, however, direct evaluation of the terms of the binomial is very tedious

when m is at all large, we need a curve which bears the same relation to the skew

binomial that the normal curve does to the symmetrical binomial. Such a function

was provided years ago by Pearson*, viz. his Skew Curve of Type III,

4
where s = —: 1,

\mpq mj

2
ry = -

—

= (taking the unit of measurement c = 1 as before),

r(* + i)

To use this curve with the rapidity possible in the case of a "normal" curve,

wre need tables not at present published.

In any particular case, however, the curve may be calculated and the area

between assigned ordinates approximated to with little labour.

To sum up, we have the following rules for practical work when p is known or

assumed.

(1) When m is small, say less than 25, the binomial expansion should be

directly evaluated.

(2) When m is moderately large and p or q not small, say not less than "1,

the ordinary method based on the " normal " curve can be trusted.

(3) If m is moderately large and p or q less than '1, a skew curve of Type III

should be fitted from the momental constants of the binomial and the areas

between assigned ordinates estimated with the help of quadrature formulae.

III.

If in n trials an even t happened p times and failed q times, what is the probable

distribution of successes and failures in m subsequent trials and what are the

respective chances of 0, 1, 2, ... m successes in m trials, it being assumed that the

occurrences are independent and that the " universe " of events is indefinitely greater

than n + m ?

This problem is of fundamental importance. We note at once that when the

last condition is imperfectly fulfilled an important special case may arise, for we

then have :—
n ~\~ m

finite where N is the number of events comprising the " universe

"

* For a recent precis of the relevant facts, see Pearson, K. " On the Curves which are most suitable

for describing the Frequency of Eandom Samples of a Population," Biometrika, 1906, Vol. v. p. 172.
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or " population " from which the samples come. This problem of drawing from

a " limited universe" will not be considered in the present memoir; it has been

discussed in the paper of Pearson last cited*.

The class of problem to which attention is now directed may be typified as

follows :

—

Fifteen " control " rats have been inoculated with a constant dose of a standard

culture of plague bacilli and twelve succumbed in a certain time. Ten similar rats

have been immunised by a method it is desired to test and five of these died after

inoculation with a dose of culture similar to that employed upon the "controls."

What is the probability that the deviation from the rate of mortality obtaining

among the " controls " is a chance event ?

Evidently the methods of pp. 69—72 cannot be used. To state that the a priori

chance of dying is "8 is to ignore the fact that the size of the "control" sample

does not justify us in assuming that its proportional yield approximates at all

closely to that of the whole population.

Let us, then, start from first principles, merely assuming (an assumption based

on or supported by the fairly wide practical experience of civilised humanity) that

all possible events are, in the absence of any grounds for inference, equally likely

(Bayes' principle).

On this assumption, we have, by Bayes' Theorem for the chance Px that the

true probability of an event, observed to happen p and fail q times in n trials, is

between x and x + Sx

:

xp (1 - x)i dx
"as --

ji
•

xP(l-x)idx
J 0

A second trial of m being made, the total chance of its yielding r successes

and m — r failures is:

\
x?+r (l - x)i+'"- rdxm !

r ! (m - r) !

"

f
1

f x* (1 -x)*dx
.(1).

This is, in modern notation, the result contained in the 7th of Condorcet's

problems published in his Essai, 1785
"f",

but Laplace had, eleven years previously,

m !

given the theorem with the omission of the term — —— (i.e. working on the5 r ! (m - r) !

&

standard model of an urn from which balls are drawn, he assumed the drawings to

have been made in an assigned order).

To Pearson \, whose symbols will be used, belongs the credit of emphasizing the

enormous statistical value of the theorem. The usual method of treating (1) has

* See Pearson, op. cit. pp. 173— 5.

t See Todhunter's History of the Theory of Probability, p. 383, and for a similar result obtained by

a different process in 1795 by Prevost and Lhuilier, op. cit. p. 453.

X Karl Pearson, "On the Influence of Past Experience on Future Expectation," Philosophical

Magazine, 1907, p. 365.

Biometrika ix 10
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been to show that, under certain conditions, the probabilities of different values of

r can be represented by the ordinates of a "normal" curve*. The nature of the

assumptions involved will be placed in the clearest light by the following

considerations.

Substituting 0, 1, 2, ... m for r successively in (1), reducing to B and then to

r functions and finally evaluating each term, we have for the chances of 0, 1, 2, . . . m
successes in a sample of m after a first sample n = p + q

:

C f
1 + - p + 1 + m (m ~ 1 )(j) + 1)(P + 2 ) I (2)J

"\ l\q + m 2l(q + m)(q + m-l) "') y h

where = T(q + m + l)T(n + 2)
0 r (q + 1 ) r (n + m + 2)

We may notice that, if p and q are both very large as compared with m,

(2) reduces to

ffY" ( X +m + + etc.

q 1 ! 2 lq

-) fl + -1 = (» + q)
m

, where jo = - and « = - (2) Us.
nj \ qj

r 1 r n n

The conditions for the approximation of this binomial to the " normal " curve

have already been noted.

More directly, the approach of (2) to a " normal " form can be examined by

treating the series in brackets, which is a hypergeometric series having as

parameters

a = — m, ft =p + 1, y = — (q + m), 8 = 1,

by the method of moments and then noting the conditions under which the

momental constants /31 and fi2 approximate to the values 0 and 3 respectively.

This method was adopted by Pearson who had, several years before the date of

the publication last cited, obtained the moment coefficients of a hypergeometric

series f.

The results are that

:

fl + 2
(w " 1)Y

Pl m(p + l)(q + l) m — 1
W '

A = 3 1

1 +

n + 3

m-1 /, 8

n -f 4 V m — 2 n + o

w — 1
1+

,7T3

(» + 2)
2 n + 4 V 7i 4- o , .

(

m(j)4 l)(g+ 1) , vi -I
n + 3

* See, for instance, Czuber's Wahrscheinlichkeitsreehnung (1903 Edition), pp. 151 etc.

t Karl Pearson, "On Certain Properties of the Hypergeometrical Series, and on the fitting of such
Series to Observation Polygons in the Theory of Chance," Philosophical Magazine, 1899, p. 236.
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If we write p = , q
n

we find for (3) and (4)

n

p-q
n+2 and if m and ?t are both absolutely large,

(q - pf
l+2

m
n

m (p + e)(q- e)
1 +

m (3 A),

in1+6—1 +
= 3 + m (jo + e) (J

- e)
.(4 A).

1 +

If now m be small relatively to n,

(q-pT
m(p + e) (q - e)

If n be small relatively to m,

and /32 = 3 +
1

m (p + e)(q- e)

4(g-j>)a

n(p + e){q-e)

6
Milld /32 = 3+—

—

?i(
jp + e)(^-e)

After exhibiting these results, Pearson remarks* :
" Both forms result-

...(5).

.(6).

-for n or

m large and the product of either with p and q not small—in /3 X
= 0 and /32 = 3,

i.e. in the symmetry and mesokurtosis, which are for practical purposes closely

enough represented by the Gaussian curve. But if m and n be commensurable,

and either p or q moderately small, this result by no means follows."

It is accordingly plain that in all cases of m and n both small the use of

a "normal" curve with s.D. = \lmpq is inappropriate. When p = q the condition

of mesokurtosis is fulfilled and the divergence from "normality" reduces itself

to the difference between the Gaussian and Pearson Type II curves. The

accompanying table illustrates this in a particular example.

A Second Sample of 10, after a first Sample of 100
; p = q

Comparison of Series with Curves (Totals = 100).

50.

Successes
Hypergeometric

Series

Normal Curve

S. D. \l:nM
Normal Curve

S.D. sj[n+ l)pq

Curve of Type II

/ xs \ 1022177

0 •146 221 •333 •188

1 1-243 1 -122 1-408 1-331

2 4-931 4-349 4-843 5-091

3 12-017 1 1
-447 1 1 -702 12-107

4 19-922 20-452 19-728 19-729

5 23-480 24-817 23-972 23-105

6 19-922 20-452 19-728 19-729

7 12-017 11-447 ] 1 -702 12-107

8 4-931 4-349 4-843 5-091

9 1 -243 1-122 1 -408 1-331

10 •140 221 •333 •188

Op. cit. (1907), pp. 371—2.
10—2
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A few arithmetical results may now he given.

Let n = 100 and m = 50.
Area* of "Normal"

From Series ('2) Curve, with S. D. \^mpq

p='4, q= -6

Chance of 20—22 Successes "255t -271

Chance of 5—7 Successes -3193 -4739

0—2 „ 1311 -1145

^=•01, q = -Q9

Chance of 0—2 Successes '8938 -9202

„ 3—5 „ -1007 -0022

We see how the liability to error increases with p ~q.

An interesting special case may be discussed here which emphasizes the

importance of the problem indicated.

Suppose the first sample has given all successes or all failures, so that p or

q = 0, how are we to measure its reliability ?

Many unsophisticated users of formulae must have been puzzled by this case,

since, construing the formulae au pied de la lettre, it would appear that after

n successes in n trials, we ought to get m successes in m with a probable error

o/O!

The paradox vanishes if we consider (2). Put in it n — p and we have

m!(» + l).
( 1 + >1+1 (»+!)("+ 2) + et

I

(7) .

(n + m + 1) ! { 1 ! 2

!

From this we see that the ratio of the (m + l)th term to the whole sum (i.e. the

n + 1
chance of m successes in m trials) is — ; from which we conclude :

n + m + 1

(a) Only when n is very large as compared with m does the chance of

obtaining 100
3

/ 0
successes in m trials approach unity.

(6) In particular if n = m and both are large, the chance is about "5.

For instance if we have had 100 °/
0
successes in 200 trials the chance of getting

the same proportion in a subsequent 50 is about 4 to 1. If, on the other hand,

n = 50 and m = 200 it is 1 to 4.

In view of what follows it may be worth noticing that a closed expression for

the sum of any number of terms of (7) can readily be given.

* Taking for area corresponding to x successes, the area between the ordinates x - - 5 and x + -

5.

t Approximate only, obtained by using Stirling's theorem in the expression

m ! (p + r-1) ! (q +m-r + 1) !

(m-r + 1) ! p ! (q + m) ! !

'

to find the ?'th term of series (2).
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Write in Euler's identity*

1 - <Zj + ft] (1 - da) + C^OaO - Os) + ••• + <h<-h •• (1 - "«+i) = 1 ~ «i«-.a3 •• «»+i>

x x + pi
a, = -

. cio = — etc.

y y +pi

v
Multiply by —-— and subsequently put y = 0.

y x

We have 1 + ± + mJZ±ti + ... . (*+&) (l±£i) ... (*±£*) (8).
fx + \

\ P-2
)' "\ Pn JPi PlP-2

Putting n + 1 = a;, ^ = 1, p2
= 2, ... pm = m,

1 + +
+ ... J'ff

f!
+ «±1) (9 ).

1 2! y=1 \ y J

Reverting to the general case, we note that for testing the divergence between

first and second samples the formula (2) must always be employed when m and n

are commensurable and p~q not small. This rule certainly applies to all cases of

m and n less than 300 or 400 and p (or q) < 1. If m and n be large the best

plan will be to fit to (2) the curve indicated by the momenta] constants, using its

proportional areas (obtained by some convenient quadrature formula) precisely in

the manner adopted with the tabled areas of the " normal " curve.

Such a method is, however, not convenient for laboratory workers nor specially

appropriate when m is a small number, since in that case the terms of the dis-

continuous series are not closely represented by a continuous curve.

Evidently what one needs is a tabulation of the series (2) for different values of

m, n and p.

Were it possible to obtain a simple formula for the sum of any assigned

number of terms of (2), the computation of such a table would be a rapid process.

In the particular case p = 0 or n, such a formula has been given above. In the

general case I have not reached any resultf and more widely trained mathematicians,

who have kindly allowed me to consult them, do not regard the problem as a

simple one.

I therefore fell back upon the method of direct calculation. This is a straight-

forward but irksome task
J.

* See Chrystal's Algebra, Vol. n. p. 392, Ed. 1889.

f Formulae are available in certain types of Hypergeometric Series. Vide M. J. M. Hill, " On a

Formula for the Sum of a Finite Number of Terms of the Hypergeometric Series when the Fourth

Element is equal to Unity," Proc. Loud. Math. Soc. 1907, Series 2, Vol. v. p. 335 ; and 1908, Series 2,

Vol. vi. p. 339. The methods of these papers cannot be used in the present case.

J Sir Konald Ross and Mr W. Stott have recently published (" Tables of Statistical Error," Annals

of Tropical Medicine and Parasitology, Vol. v. No. 3, 1911) a set of tables for the use of laboratory

workers. Their tables will be of great service in the cases in which p is not less say than 0T, but are

not, I think, available for the class of problem discussed in this paper, since they appear to be based

on the "normal" theory of errors. It must be noticed that in an immense number of examples which

arise in medical work p will not only be less than 0 -l but less than 0-01 (the prevalence of mental defect

in children, albinism, epilepsy, etc. are instances), and for such cases the "normal" treatment is, as

pointed out above, inappropriate and often misleading.
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For the benefit of those who wish to extend my small tables, it may be worth

indicating the arithmetical arrangement which I have found most convenient.

I use the following scheme :

1
m, p, q,

q + m

Term

1 00

Multiplier

m (p + 1)

(q + m) 1
(a)

m (p + 1)

(q + m) 08)
(m- l)(p + 2)

(q + m - 1) 2
(6)

/3b (7)
(m-2) (jt) + 3)

(7 + m - 2) 3
00

(S) (d)

The values of », m, p, q and q +m are written at the top of the sheet, -~ aQd

100 G0 are calculated ami written in the right-hand top corner.

Two columns are next formed ; the entries in the right-hand column having

been made, any given term of the left-hand column is the product of the entries

in the columns immediately above it. The entries in the left-hand column are

added up and the sum checked by comparing it with ^ . Finally each term is

converted into a percentage by multiplying with 100 G0 .

In this way, provided one has a mechanical calculator, a series having only

a moderately lai'ge number of arithmetically significant terms is rapidly evaluated.

Still, when all is said, the calculation of a table for values of m and n ranging from

say five to a hundred and p from 0 to '1 would need an heroic amount of patience.

Even the present admittedly imperfect results have involved the expenditure of

some little time and effort* and it was necessary to consider how best to utilise

our limited resources.

Having chiefly before my eyes the needs of laboratory workers, I felt sure that

the cases of m and n not greater than 25 were of the most importance. Probably

in the type of problem alluded to on p. 73 the "control" should be regarded as

our n and it is usually possible to arrange the experiments in such a fashion that

animals at least equal in number to those specially tested serve as the control.

When it is possible to plan a large control, it is usually practicable to fix the

* I desire heartily to thank my assistant, Mr J. W. Brown of the Lister Institute Statistical

Department, to whose zealous co-operation in the arithmetical work I am greatly indebted.
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number arbitrarily, so that it seemed sufficient to give in tabular form the results

of small samples after first samples of 50 and 100 without calculating the inter-

mediate cases.

The next question is as to whether, within the limited field chosen, interpolation

can be trusted. Accurate methods of interpolation in the case of double-entry

tables are a little complex* and not likely to appeal to the man in the laboratory.

What is really material is whether simple interpolation is likely to lead to seriously

erroneous conclusions.

I now proceed to some tests.

(1) A first sample of 17 having given 3 successes, required the probability

that a second sample of 14 will contain 4 or more successes.

From the tables for n = 20, p = 3, m = 10 and n = 15, p = 3, m = 10, we have

for the proportional frequency of 4 or more successes in m trials,

12 'SOU 2

23-0040

10i978

which gives by simple interpolation for n = 17, p = 3, m = 10,

18-92488 (a).

Similarly interpolating between the values for n = 20, p = 3, m =15 and n = 15,

p = 3, m = 15, we have for n = 17, p = 3, m = 15,

3892372 (£).

Interpolating between (a) and we reach for the proportional frequency of

4 or more successes in 14 trials after n = 17, p = 3, 34 -

92.

The true value obtained by direct calculation is 35'07G01, which gives an error

of '43 % m the interpolated value, a difference of no importance for such

purposes as the present. In the accompanying table I have grouped together the

results of a number of random trials made in different parts of the table.

A perusal of these results leads, I think, to the following conclusions.

(1) For values of m and n ranging in each case up to 25, interpolation, when

necessary, gives results of sufficient exactitude for all the purposes likely to be

served by such tables.

(2) For greater values of m and n, particularly when the latter is greater than

50, the differences are too great to allow of interpolation and for such values the

table can only provide the reader with a general impression (which is often enough

sufficient) as to the limits within which possible variations from the proportions

* Vide W. Palm Eldertou, "Interpolation by Finite Differences (Two Independent Variables),"

Biometrika, 1903, Vol. n. p. 105 ; W. Palin Elderton, " Some Notes on Interpolation in n-dimension

Space," ibid. 1908, Vol. vi. p. 94 ; also the Introduction to the British Association Tables of F (r, v) and

H (r, v) Functions (issued by B. A. 1899, p. 56).
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found in the first sample are likely to fall. As remarked above, it was thought

that when the first sample exceeded fifty its numerical composition would often be

at the choice of the worker. I think, therefore, that these tables are likely to

serve most of the objects I had in mind when the work was undertaken, although

it is much to be desired that someone will have leisure considerably to extend

them. I do not see any immediate prospect of being that person.

The class of problem in which this species of investigation seems desirable has

already been described and the reader is perhaps not anxious to see any more

arithmetical examples. I may, however, give a single concrete instance of the

kind of research in which, I hope, the tables will be of value.

Tests of the Accuracy of Simple Interpolation.

[The True Values are given in brackets,]

Example I. ?i = 22, p= i, m— 16.

0—3 Successes 1—3 Successes 3 Successes

57-38(57-49) 51-27 (51-65) 18-70(19-14)

Example II. «=37, p= 4, w=22.

0—3 Successes 1—2 Successes 3 Successes

62-85 (67-89) 36-47 (39-83) 16-64 (18-88)

Example III. a= 71, p = 4, m= 43.

0—2 Successes 1—3 Successes 3 Successes

46-43(47-53) 50-60(56-66) 15-21 (18-25)

Example IV. « = 100, p= 4, m = 39.

0—3 Successes 1—2 Successes 3 Successes

83-84 (84-93) 48-59(50-78) 13-78 (15-15)

In a paper by Rous*, several experiments of the following kind are detailed.

15 micef were injected intraperitoneally with a suspension of mouse embryo in

normal saline and 11 days later reinjected with the same substance. Ten days

after the second injection they were inoculated subcutaneously with a mass made

from mouse embryos 1*5 cm. long, and 17 previously untreated mice were inoculated

at the same time to serve as a control.

In only one of the 17 control mice was no graft found at the autopsy, but 8 of

the treated mice did not " take." If we wish to know whether this difference

be an effect of the intraperitoneal inoculations, we may put n = l7, p = l, and

ascertain the chance that in m = 15 there would be 8 or more successes.

From the tables, with interpolation, I find the odds against such a result to be

about 260 to 1. In other words it is very likely that the treatment has led to the

* "An Experimental Comparison of Transplanted Tumour and a Transplanted Normal Tissue

Capable of Growth," by Peyton Rous, M.D., Joum. Experimental Medicine, 1910, Vol. xn. p. 344.

t I take the number stated in the text but can only identify 14 in the corresponding table.
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observed result. It may be remarked, however, that had we used a normal curve

/ 1x16
with s,D. ^ 15 .

jYfy~
' t 'ie oc^s estmiated therefrom would have been enormously

greater.

In conclusion, I desire to refer to a subject indirectly related to the topic of this

paper and, I think, of importance. We are familiar with such arrangements of

material as the following. n 1 persons have been immunised against a certain

disease and, having contracted the disease, a x have died. Of n.2 not immunised

a2 have died ^— < . The extent of protection conferred is then estimated by

some coefficient of correlation or association. The trustworthiness of the coefficient

so calculated is then measured by a comparison between its arithmetical value and

that of its standard deviation or " probable error." This process has its limitations.

If, for instance, either Oj or cr2 be zero, Yule's coefficients of association and colli-

gation become unity and their standard deviations are indeterminate.

I would put forward for consideration the possibility that the use of Bayes'

theorem might here be of value. Thus

:

Let the chance of o 3 or more successes in n2 after ax successes in n x be p2 and

the chance of ax
or less successes in nY trials after a» successes in n., trials be p±.

Then, since either nx or n 2
might have been drawn first, a measure of the probability

of the observed result will be — ^
^

.

We might indeed adopt a scale of reliability by putting P = f f—
^^ , the

function being such that P increases to unity as
Fl r '2

diminishes to zero.

I put forward these suggestions with some doubt, but I cannot help feeling

sure that in such cases as those I have instanced the ordinary method of testing

the reliability of a coefficient of association is a dangerous and possibly misleading

artifice*.

In conclusion I desire to express my regret that this paper is so imperfect.

The problems treated require mathematical abilities and training not at my

command. I have only ventured to write upon the subject because of its practical

importance and may, perhaps, venture to entertain the hope that my numerous

mistakes of omission and commission will be leniently treated.

* [The probability corresponding to the x
2 of the fourfold table can be calculated straight away

;
but

the difficulty arises from our not mentally appreciating grades of probability with the readiness we

appreciate grades of correlation on a limited scale. Editor.]

Biometrika ix
11
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TABLE. Percentage Frequency of Successes in a Second Sample " m" after

drawing "p" Successes in a First Sample " n ".

Successes p = 0 p= l p = 2 p = S p = i

n = 6
l

0 58-3333 31-8182 15-9091 7-0707
in =

J
1 26"5151 31 '8182 26 -5151 17 6768
2 10-6060 21-2121 26-5151 25-2525

s 3-5354 10-6060 18-9394 25-2525
•8838 3-7879 9-4697 17-6768

5 •1263 •7576 2-6515 7-0707

n = 6
1

0 53-8462 26-9231 12*2378 4-8951

Wl = 6
1

1 zb 9231 29 3706 22 0280 13 0536
2 12-2378 22-0280 24-4755 20-3963
3 4-8951 13-0536 20-3962 23-3100

4 1-6317 6-1189 13-1119 20-3963
5 •4079 2-0979 6-1189 13-0536
6 •0582 •4079 1-6317 4-8951

n— 0 61-5385 35-8974 19-5804 9-7902
m=l\ 1 25 "6410 32 "6340 29 3706 21 7560

2 9-3240 19-5804 26-1072 27-1950
3 2-7972 8-7024 16-3170 23-3100

4 6216 2-7195 6-9930 13-5975

5 •0777 •4662 1-6317 4-3512

n =-7( 0 57-1429 30-7692 15-3846 6-9930
m =

=6f 1 26-3736 30-7692 25-1748 16-7832
2 10-9890 20-9790 25-1748 23-3100
3 3-9960 11 - 1888 18 6480 23 3100

4 1-1988 4-6620 10-4895 17-4825

5 •2664 1-3986 4-1958 9-3240
6 •0333 •2331 •9324 2-7972

>i = 7
t

0 53 3333 26-6667 12-3077 5-1282
m = 1 26-6667 28-7179 21-5385 13-0536

2 12 30/7 21 "5385 23 4965 19'5804

3 5-1282 13-0536 19-5804 21-7560

4 1-8648 6-5268 13-0536 19-0365

5 •5594 2-6107 6-8531 13-0536
6 •1243 •7615 2-6107 6-5268
7 •0155 •1243 •5594 1-8648

11 = 0 64-2857 39-5604 23-0769 12-5874 6 •2937

m= l\
1

1 24/253 32 -9670 31 -4685 25-1748 17 •4825

2 8-2418 17-9820 25-1748 27-9720 26 •2238

3 2-2478 7-1928 13-9860 20-9790 26 •2238

4 •4495 1 -9980 5-2448 10-4895 17 •4825

5 •0499 •2997 1 -0489 2-7972 6 •2937

n = 81 0 60-0000 34-2857 18-4615 9-2308 4 •1958

m =4 1 25-7143 31-6484 27-6923 20-1398 12 •5874

2 9-8901 19-7802 25-1748 25-1748 20 9790
3 3-2967 9-5904 16-7832 22-3776 24 •4755

4 •8991 3-5964 8-3916 14-6853 20 9790
5 •1798 •9590 2-9370 6-7133 12 5874
6 0200 •1399 •5594 1-6783 4 1958

ii= 0 56-2500 30-0000 15-0000 6-9231 2 8846
m = 1 26-2500 30-0000 24-2308 16-1538 9 1783

2 11-2500 20-7692 24-2308 22-0280 16 5210
3 4-3269 11-5385 18-3566 22-0280 21 4161

4 1 -4423 5-2448 11-0140 17-1329 21 4161
5 •3934 1-8881 5-1399 10-2797 16 5210
6 0787 •4895 1-7132 4-4056 9 1783
7 •0087 •0699 •3147 1 -0489 2 8846
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TABLE

—

(continued).

Successes p = 0 ?) —

1

If— " » — 3 u-4

11 = 81 0 52 •9412 26-4706 12-3529 5-2941 2-0362

m = 8| i 26 •4706 28-2353 21-1765 13-0317 6-7873

12 •3529 21-1765 22-8054 19-0045 12-9576

0 F.O •9Q.11 13-0317 19-0045 20-7322 18-1407

4 2 •0362 6-7873 12-9576 18-1407 20-1563

5 •6787 2-9617 7-2563 12-9000 18-1407
6' •1851 1 -0366 3-2250 7 -2563 12-9576

7 •0370 •2633 1 -0366 2-9617 6 '7873
•0041 0370 •1851 •6787 2-0362

11= 0 66 •6667 42*8571 26 -3736 15-3846 8-3916

171— °) 23 '8095 32-9670 32-9670 27 "9720 20-9790

7 •3260 16-4835 23-9760 27-9720 27-9720

3 1 •8315 5-9940 1 1 -9880 18-6480 24-4755

4 •3330 1 -4985 3 -9960 8-1585 13-9860

5 •0333 •1998 •6993 1 -8648 4-1958

11 = 9
i

0 62 •5000 37 "5000 21 -4286 1 1 -5385 5-7692

171 = 6f 1 25 •0000 32-1429 29-6703 23-0769 15-7343

2 8 •9286 18-5439 24-7253 26-2238 23-6014
3 2 •7472 8*2418 14-9850 20-9790 24-4755

4 •6868 2-8097 6-7433 12-2378 18-3566

5 •1249 •6743 2-0979 4-8951 9-4405

6 •0125 •0874 •3496 1-0489 2 -6224

71=H 0 58 8235 33 -0882 17"6471 8-8235 4 -0724
m= 1 25 7353 30 -8824 26 -4706 19-0045 11-8778

2 10 •2941 19 -8529 24 -4344 23-7557 19-4364
3 3 6765 10-1810 16'9683 21-5961 22-6759

4 1 1312 4-2421 9 "2554 15-1172 20-1563
5 2828 1 -3883 3 "8873 8-0625 13-6055
6 0514 3239 1-1518 3-0234 6-4788

7 0051 •0411 1851 •6170 1 -6968

11 = 0 55 5555 29 -4118 14-7059 6 "8627 2-9412

m= 1 26 •1438 29 -4118 23*5294 15-6863 9-0498
2 11 •4379 20 -5882 23 "5294 21-1161 15-8371
3 4 •5752 11-7647 18 '0995 21 -1161 20-1563

4 1 6340 5 "6561 11
-3122 16-7969 20-1563

5 5027 2 -2624 5-7589 10-7500 16-1250
a 1257 •7199 2-3036 5-3750 10-0782
7 •0229 •1645 •6582 1 -9197 4-5249
8 0023 •0206 •1028 •3771 1-1312

11= 0 52 6316 26-3158 12-3839 5-4180 2-1672
in= 1 26 3158 27 -8638 20-8978 13-0031 6-9659

2 12 3839 20-8978 22-2910 18-5759 12-8602
3 5 4180 13-0031 18-5759 20-0047 17-5042

4 2 1672 6-9659 12-8602 17 -5042 19-0955
5 7740 3'215l 7-5018 12-7303 17-1859
6 2381 1 -2503 3-6372 7-6382 12-7303
7 0595 3897 1 -4029 3 6372 7-5018
8 0108 •0877 •3897 1 -2503 3-2150
9 0011 •0108 •0595 •2381 7740

?i = 0 54 5454 27-2727 12-1212 4-5454
m= !} 1 27 2727 30-3030 22-7273 12*9870

2 12 1212 22-7273 25-9740 21-6450
3 4 5454 12-9870 21-6450 25-9740

4 1 2987 5-4112 12-9870 22-7273
5 2165 1-2987 4-5454 12-1212

11 - 2
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Percentage Frequencies of Successes in a Second Sample " m ".

uccesses p = 0 p=l p = 2 p = 3 p = i p = 5

= 10 1 0 68-7500 45-8333 29-4643 18-1318 10-5769 5-7692

= 5f 1 22-9167 32-7381 33-9972 30-2198 24-0385 17-3077

2 6-5476 15-1099 22-6648 27-4725 28-8461 26-9230

3 1-5110 5-0366 10-3022 16-4835 22-4359 26-9230

4 •2518 1-1447 3-0907 6-4103 11-2179 17-3077

5 •0229 •1373 •4807 1 -2820 2-8846 5-7692

0 52-3809 26-1905 12-4060 5 5138 2-2704 •8514

1 26-1905 27-5689 20-6767 12 •9736 7-0949 3-4056

2 12-4060 20-6767 21-8930 18 2441 12-7709 7-6625

3 5-5138 12-9736 18-2441 19 4604 17-0278 12-5744

4 2-2704 7-0949 12-7709 17 0278 18-3377 16-5039

5 •8514 3-4056 7-6625 12 5744 16 5039 18-0043

6 •2838 1-4190 3-9295 7 •8590 12-5030 16-5039

7 •0811 •4990 1-6841 4 •0826 7-8590 12-5744

8 •0187 •1403 •5741 1 •6841 3-9295 7-6625

9 •0031 0284 •1403 •4990 1-4190 3-4056

10 •0003 0031 •0187 •0811 •2838 •8514

0 76-1905 57-1429 42-1053 30-4094 21-4654 14-7575 9-8383 6-3246
1 19-0476 30-0752 35-0877 35-7757 33 5397 29-5149 24-5958 19-4604
2 4-0100 10-0251 16-5119 22-3598 26-8318 29-5149 30-2717 29-1906
3 •6683 2-3588 5-1599 8-9439 13-4159 18-1631 22-7038 26-5369

4 •0786 3685 1 -0320 2-2360 4-1280 6-8111 10-3199 14-5953

5 •0049 •0295 •1032 •2752 •6192 1-2384 2-2704 3-8921

ra=15| 0 61-5384 36-9231 21 -5385 12-1739 6-6403 3-4783 1-7391 •8238

m= 10| 1 24-6154 30-7692 28-0936 22-1344 15-8103 10-4348 6-4073 3-6613
2 9-2308 18-0602 22-9857 23-7154 21 -3439 17-2997 12-8146 8-7226
3 3-2107 8-7565 14-5941 18-9723 20-9694 20-5034 18-0913 14-5376

4 1-0216 3-6485 7-6619 12-2322 16-3095 18-9958 19-7873 18-6566

5 •2919 1-3135 3-3874 6-5238 10-3613 14-2469 17-4128 19-1897
6 •0730 •4032 1-2546 2-8781 5-3965 8-7064 12-4377 15-9914
7 •0153 •1024 •3795 1 -0279 2-2614 4-2644 7-1073 10-6609
8 •0025 •0203 •0889 •2827 •7269 1-5991 3-1094 5-4516
9 •0003 •0028 •0145 •0538 •1615 •4146 9423 1-9383

10 •oooo •0002 •0012 •0054 •0189 •0565 •1508 •3661

71= 15
I

0 51-6129 25-8065 12-4583 5-7842 2-5707 1 -0876 •4351 •1631

m= 1 5
|

1 25-8065 26-6963 20-0222 12-8538 7-4156 3-9155 1 -9033 8512
2 12-4583 20-0222 20-7638 17-3032 12-4583 7-9941 4-6342 2-4375

3 5-7842 12-8538 17-3032 17-9953 15-7459 12-0490 8-2152 5-0297

4 2-5707 7-4156 12-4583 15-7459 16-4305 14-7874 11-7361 8-2991

5 1 -0876 3-9155 7-9941 12-0490 14-7874 15-4916 14-2006 11-5313
6 •4351 1 -9033 4-6342 8-2152 11-7361 14-2006 14-9480 13-8803
7 •1631 •8512 2-4375 5-0297 8-2991 11 -5313 13-8803 14-6968
8 0567 •3482 1-1607 2-7663 5-2415 8-3282 11-4309 13-7783
9 0181 •1289 •4965 1 -3589 2-9443 5-3344 8-3350 11-4309

10 •0052 •0426 •1882 •5889 1-4548 3-0006 5-3344 8-3282
11 •0013 •0122 •0618 •2204 •6200 1 -4548 2-9443 5-2415
12 •0003 •0029 •0169 •0689 •2204 •5889 1 -3589 2-7664
13 •0001 •0006 •0037 •0170 •0618 •1882 •4965 1-1607

14 •oooo •0001 •0006 •0029 0122 0426 •1290 •3482

15 •oooo •oooo •oooo •0003 •0013 •0052 •0181 •0567
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TABLE

—

(continued).

Successes p = 0 i = 1 V = 2 P = 3 P = 4 P = 5

w= 20l 0 OU I \)o£ 6154 51 1538 40*0334 30 9349 23 5695

m— 5
[

1 1 fi-l ^R Q9'} 1 33 3612 36-3940 36 8273 35 3542

2 2 "6923 7 0234 12 1313 17*3305 22 0964 26 0505

3 •3512 1 2770 2 8884 5-1992 8 1408 11 5780

4 •0319 1520 4333 •9577 1 8090 3 0647

5 •0015 0091 0319 •0851 1915 3831

?i= 20| 0 67 '7419 45 1613 29 5884 19-0211 11 9763 7 3700

7K= 10| 1 99-5R0.fi 31 1457 31 7019 28-1795 23 0313 17 6880

2 7-0078 15 0167 21 1346 24-3861 24 8738 23 2155

3 9-0099 5 •9325 10 •8382 15-6071 19 3463 21 •5333

h •5191 1 "9965 4 •5521 7 -9661 11 7760 15 •4158

5 •1198 •5750 I 5932 3-3250 5 •7809 8 8091

6 •0240 1398 4618 1 -1335 2 2940 4 0375

7 •0040 0278 1079 3084 7210 1 4571

8 •0005 •0043 0193 •0636 1707 3946

9 •0000 •0004 •0024 0089 0274 0722

10 •oooo •oooo •0002 •0006 0023 0068

71= 201 0 58-3333 33 3333 18 •6275 10-1604 5 3977 2 7859

m= 15
|

1 25-0000 29 4118 25 •4011 19-0508 13 0590 8 3578

2 10-2941 18 •7166 22 •2259 21 -5090 18 2826 14 1218

3 4-0553 10 1381 15 5343 18"6411 19 1232 17 4841

h 1 "5207 4 •9056 9 3206 13-4987 16 3913 17 4841

5 •5396 2 •1584 4 •9495 8 -4849 12 •0203 14 •7942

6 •1799 •8683 2 3569 4-7138 7 7053 10 8491

7 "0558 '3190 1 •0101 2-3310 4 •3590 6 9744
8 •0159 •1063 •3885 1 -0256 2 1795 3 9421
9 •0041 •0318 1330 3989 9581 1 9511

10 0010 0084 0399 1353 3658 •8362

11 •0002 •0019 •0102 •0391 1188 3041
12 •oooo 0004 0022 •0093 0317 0907
13 oooo •0001 "0004 •0017 •0065 0209

H oooo •oooo •oooo •0002 •0009 0033
15 •oooo •oooo •oooo •oooo 0001 0003

7i= 20l 0 51*2195 25 •6098 12 4765 5
-9099 2 •7154 1 •2068

m= 20( 1 25 -6098 26 •2664 19 •6998 12-7783 7 •5427 4 •1377
& 12-4765 19 6998 20 •2323 16 -8602 12 •2839 8 0929
3 5*9099 12 •7783 16 •8602 17-3419 15 •1742 11 •7715

h 2-7154 7 •5427 12 •2839 15-1742 15 •6340 14 •0706

5 1
-2068 4 •1377 8 •0929 11*7715 14 0706 14 •5245

6 •5172 2 •1297 4 •9048 8*2768 11 •3473 13 3141
7 •0839 1 0326 2 •7589 5-3399 8 •3213 11 •0186

8 0315 •4719 1 •4462 3-1817 5 •5954 8 •3131

9 0112 2030 •7070 1-7554 3 •4638 5 •7473

10 •0037 0819 •3218 •8965 1 •9757 3 •6474

11 •0012 •0308 •1358 •4226 1 •0362 2 •1221

12 •0003 •0107 0528 •1829 4974 1 •1274

13 •0001 •0034 •0188 •0720 •2168 •5429

u •oooo •0010 0060 •0255 •0848 2345
15 •0003 •0017 •0080 •0293 •0893

16 •oooo 0004 •0022 •0087 •0293

17 •0001 0005 0022 •0080

18 •oooo •0001 •0004 •0017

19 •oooo •0001 •0003

20 •oooo •oooo
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1

lOf

—(continued).

sses p = 0 P=l p = 2 p = 3 p = 4 p = 5

83 "87 10 RQ-QQOf;
-4 1 JlOl 0,8.71 A AOO 1 1 ol Axjtyo

•

i 13*9785 24 "1008 •JA-QQfiQo\j youo Qf-i-1 QJ.Q O7.OOK4 O t >>—') —

2 1 '9281 5 -1(545 1 ^•VWS'-i 17 '8682

3 '2065 '7651 0 Ziioo 5'2115 7-R1S4
•0153 '0736 •2119 •4738 1

-5573
5 '0006 '0035 •0123 •0329 •0741 •1483

0 72-2222 51-5873 00 414D Of^ •0-7QQzo 0 ( y

0

17-4486 11-8200
1
1 oU o400 OQ . 1 A/f 100 1U41 Ol .7010ol /Z4o OQ . 1 .1 OAZO 14oU OQ *GA AlZO o4Ul
2 f\ • 1 ft000 40ZZ IZ 4141 lo bz 1

1

OO .AO/? 1
Z.3 Uzbl O K • O O Q 1ZO ozo / ZO O / oU

Qo 1 .0,1 10
1 0Z4Z 4 I00U Q .AAQ10 uuyi 1 O >OQA£ilz zoUb lb 0U0O iy oo4z

i

4 zoy /
1 • 1 ftQA
1 1OoU z oU.iz 0 lo /o O lOlo 1 1 4 1ZO

ko U001 Z0U0 oi iy 1 77ob 0 ZbU/ 0 Z-O / 15

u uuyo ,ACfi .1U004 . 1 AOO
1 y.3.3

( A 1 A4y4U 1 U401 1 yoio
i

.AA1 OUUlo uuyz IMbo lUob zbzo OOlO
Qo •AAA!UUU1 •AA1 1uui 1 UUOo A1 ^70ui /y A •! AOU4y.i • 1 1 7A.

1 1 /u
ny UUUU •AAA1UUU1 •AAAf^UUUO •AAOAuuzu •AAtiOUUbz •Al ftPiUlOO

Hi1U UUUU •aaaaUUUU •AAAAUUUU •AAA1uuu 1 UUU4 •Art 1 OUU1Z

u OO 4140 oy DO41 z4 oyuz 14 /bzo O / / / / 0 izUo
1 20 /0U0 OA . IQ7QoU 4o / O zo oooz OO .AOAOzo ydyz lo zoby lo looo
2 O DoOO lO O4o0 21-8575 23-2742 Ol 'Q \ A OZl y44o lo 9/ Oo
°jo a yzU4 / oyou 13-1550 17-2894 iy 0 1 1

1

iy yoo/

4 •9472 3'2888 b /bo4 1 A .f?7QQ1U b/oo 14-2383 16-8191

5 •2894 1 "2403 O .A/? /( O0 Ub4.i 0 OaOO 8-8100 11-9361

o UoZ i 4ZOO i .0001
1 zool z bby/ 4 MOO / z»40

i UZ lo . 1 OO&lozb 44/7 1 '1072 z zozy 0 00U/
Qo UUOO •AOTOUo / 0 .1 i A t1444 • 1 Ai?A4UbU yz4u 1 oUi /

Q ,AA1 Ouuiz •AAA tUUw4 •A 1 T OU41Z • 1 OAT
1 oU /

•O OO "7000 / /zoo
UUUZ •AAOAUUZU AT AOUiUZ Uob4 • 1 AQQlUott

.OKI KZ010
11 UUUU AAA /IUUU4 -0022 '0086 Ui /z U / OZ
1®Lz UUUU •AAA!UUU1 .AA/ \ iUUU4 •aai aUUlb •AAr;QUUOo •Al 7*iUl to

lo UUUU '0000 •AAA!UUU1 .AAAOUUUZ •AAAAuuuy UUol

14 AAAAUUUU •AAAAUUUU •AAAAUUUU UUU1 UUU4
li> "0000 '0000 •AAAAUUUU UUUU

0 Ob ozi /
0 1 • A A 1 AOl 4U1U 1 *7 . 1 O^O

1 / Iz /o y ibi4 A t7AQQ n./|K7Az 40 /y

1
.1 oneAO IZUo ZO 04bO OO • QAAOzo oyyo 17,1 fr AO

1 7 4oUz I 1 • 7A 1 /(II /U44 7 .Q 7 Q Q
/ O/OO

1U £54 /D 1 Q •QOA'.')10 yzuz 21 '6231 OA #0 1 /"'OzU zlbo lO D/oo 1 O .K7QO1 Z 0 / OO
O 4 04Uy 1U olio 15 '8218 18 '1951 1/ yoio 10 00ZU

h
1 .QOCA
1 000U c ./'HOC0 (1U0D 10 08b4 13'8796 10 U/ 1

1

lo 41oO
c0 .71 TO

/ 172 2 "6897 5 "7932 9 '3504 iz ouy4 1 A *K. (\A O14 oy4o
0 zoyu T .OA/"'

A

1 zoby 0 -A4.Q1 ^•fiSfil0 uou 1
Q •COT 1O OO / 1

ii *a aaa
1 1 4ooy

1 "0965 '5082 1 4ooo O 1 ^C(l0 iot5y 0 4oU4 Q .AA i *J0 uy4o
0 '0330 •2009 •6695 1-6133 3'1317 5*1816

y •Al A'?U1U /
•A7 \ \U ( 44 •2806 •7592 1 *fiA A Q1 044y 0 uzzo

10 0033 0257 •1089 •3290 •7916 1 -6088

11 •0009 0082 0390 •1308 •3482 •7800

12 0002 0024 0128 •0475 •1393 •3429

IS •0001 •0006 0038 •0156 •0502 •1357

14 •0000 •0002 •0010 •0046 •0162 •0477

15 •0000 •0002 •0012 0045 •0147

16 •0001 •0002 0011 •0039

17 •0000 •0002 •0008

18 0000 •0001

19 •0000

20
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TABLE

—

(continued).

Successes p — U p—i m op— & p — 6 P — i p — 5

n= 25( 0 50-9804 25-4902 12-4850 5-9824 2-8003 1-2784

m=25\ 1 25-4902 26-0104 19-5078 12-7285 7-6094 4-2613

2 12-4850 19-5078 19-9229 16-6024 12-1751 8-1352

3 5-9824 12-7285 16-6024 16-9713 14-8499 11-6037

4 2-8003 7-6094 12-1751 14-8499 15-1953 13-6757

5 1-2784 4-2613 8-1352 1 1 -6037 13-6757 14-0093

6 •5682 2-2598 5-0451 8-2883 11-1185 12-8418

7 •2453 ] -1411 2-9344 5-4870 8-2990 10-7251

8 •1027 •5502 1-6103 3-3951 5-7456 8-2555

9 •0416 •2535 •8365 1 -9732 3-7128 5-9003

10 •0162 •1115 •4118 1 -0801 2-2477 3-9335

11 •0061 •0468 •1921 •5573 1-2771 2-4521

12 •0022 •0187 •0848 •2709 6811 1 -4304

IS •0007 •0070 •0353 •1238 •3406 •7802

u •0002 •0025 •0138 •0531 •1592 •3971

15 •0008 •0051 •0212 •0693 •1879

16 •0003 •0017 •0079 •0280 •0822

17 •0001 •0005 •0027 •0104 •0330

18 •0002 •0008 •0035 •0120

19 •0000 •0002 0010 •0039

20 •0001 •0003 •0011

21 •0001 0003
22 0001
23
24
25

?i= 50l

m= 15
(

0 91-0714 82-7922 75-1263 68-0389 61-4967 55-4676
8-2792 15-3319 21-2621 26-1688 30-1454 33-2805

2 •6133 1-7357 3-2711 5-1311 7-2349 9-5087

3 •0347 •1335 •3207 •6157 1 -0335 1-5848

4 •0013 •0065 •0192 •0440 •0861 •1517

5 •0000 •0001 •0005 •0014 •0033 •0066

0 83-6065 69-6721 57-8633 47-8869 39-4857 32-4346
13-9344 23-6177 29-9293 33-6048 35-2551 35-3833

2 2-1256 5-4972 9-4513 13-5019 17-3070 20-6402

3 2932 1-0287 2-2503 3-9278 5-9827 8-3080

4 •0360 •1607 •4296 •8910 1-5803 2-5164

5 •0039 •0210 •0668 1614 •3282 •5921

6 •0003 •0023 •0084 •0233 •0536 •1085

7 •0000 •0002 •0008 •0026 •0067 •0152

8 •0000 0000 •0001 •0002 •0006 •0015

9 •0000 •0000 •0000 0000 •0000 0001
10 •0000 0000 •0000 0000 •0000 •0000

0 77-2727 59-4406 45-5092 34-6737 26-2849 19-8214
17-8322 27-8628 32-5066 33-5552 32-3175 29-7321

2 3-9008 9-2876 14-6804 19-2530 22-6222 24-6927

3 •8049 2-5965 5-2143 8-3429 11-6306 14-7589

4 •1558 6385 1 -5643 2-9695 4-8127 6-9910

5 •0281 •1405 •4083 •9011 1-6718 2-7465

6 •0047 •0278 0939 •2371 •4976 •9155

7 •0007 •0049 •0191 •0544 •1279 •2616

8 •0001 0008 •0034 •0109 •0284 •0642

9 •0001 •0005 0019 •0054 •0132

10 •0001 •0003 •0009 •0024

11 •0001 •0003

12 •0000

15
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TABLE

—

{continued).

Successes p = 0 p = l p= 2 p = S P = 4: _p = 5

, = 50| 0 71-8310 51-3078 36-4360 25-7195 18-0421 12-5748
= 20 f 1

2
20-5231 29-7437 32-1494 30-7099 27-3365 23-2150
5-6513 12-4661 18-2340 22-1018 23-9720 24-1218

3 1 -4959 4-4655 8-2882 12-2410 15-7316 18-3785

4 •3796 1-4377 3-2515 5-6902 8-4901 11-3384
5 •0920 •4247 1-1380 2-3122 3-9438 5-9480
6 •0212 •1161 •3613 •8391 1-6163 2-7262

7 •0046 •0295 •1049 •2751 •5926 1-1089

g 0010 •0070 •097Q •0890

9 •0002 0015 •0068 •0222 •0585 •1323

10 •0000 0003 •0015 •0055 •0158 •0390

11 — •0001 •0003 •0012 •0039 •0103

12 — — •0001 0002 •0008 •0024

IS — — — •oooo •0002 •0005

u — — — — •oooo •0001

15—20 — — — — — •oooo

,= 50| 0 67-1053 44-7368 29-6230 19-4782 12-7149 8-2378

i=25) 1 22-3684 30-2276 30-4346 27-0530 22-3854 17-6525

2 7-2546 14-9068 20-2898 22-8617 23-0250 21 -4900

3 2-2857 6-3492 10-9546 15-0234 17-9083 19-3831

4 •6984 2-4592 5-1643 8-3826 11-5877 14-3204
5 •2066 •8853 2-2004 4-1420 6-5376 9-1130
6 •0590 2994 •8629 1 -8546 3-3018 5-1406

7 •0163 •0956 •3146 •7627 1-5167 2-6162

8 •0043 •0289 •1073 •2904 •6398 1-2147

9 •0011 •0083 •0343 1029 •2494 •5181

10 0003 •0022 •0103 •0340 •0901 •2038

H •0001 •0006 0029 •0105 •0302 •0741

12 oooo •0001 •0008 •0030 •0094 •0249

13 •oooo •oooo •0002 •0008 •0027 •0077

u — oooo •oooo 0002 •0007 •0022

15 — — •oooo •oooo •0002 •0006

16 — — — oooo •oooo •0001

17 — — — — •oooo •oooo
18—25 — — — — — •oooo

= 501 0 50-4950 25-2475 12-4963 6-1206 2-9657 1-4210
= 50( 1 25-2475 25-5026 19-1269 12-6198 7-7231 4-4875

2 12-4963 19-1269 19-3241 16-1034 11-9504 8-1873

3 6-1206 12-6198 16-1034 16-2729 14-2388 11-2686

4 2-9657 7-7231 11-9504 14-2388 14-3919 12-9527

5 1-4210 4-4875 8-1873 11-2686 12-9527 13-0951

6 •6731 2-5063 5-2821 8-2677 10-6753 12-0038

7 3151 1-3552 3-2480 5-7108 8-2014 10-1734

8 1457 •7126 1-9185 3-7517 5-9437 8-0780

9 •0665 •3654 1 -0942 2-3606 4-0975 6-0662

10 •0300 •1831 6049 1-4298 2-7034 4-3381

11 •0133 •0898 •3250 •8367 1-7147 2 9694
12 •0058 •0431 •1699 •4743 1 -0490 1-9531

13 •0025 0203 •0866 •2610 •6205 1-2381

14 •0011 0093 •0431 1396 •3557 •7582

15 •0004 •0042 0209 •0726 1978 •4493

16 •0002 •0019 •0099 •0368 •1068 •2580

17 •0001 •0008 0046 •0182 •0561 1437
18 — •0003 0021 •0088 •0286 •0777

19 — •0001 •0009 •0041 •0142 •0408

20 — — •0004 •0019 0069 •0208

21 •0002 •0008 •0032 •0103

22 •0001 •0004 •0015 •0050

23 •0002 •0007 •0023

24 0001 •0003 •0010

25 •oooo •0001 •0005

26 •oooo •0002

27 •oooo •0001

28—50 •oooo
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TABLE

—

(continued).

Successes p = 0 p = l v = 2 ij = 3r p=5 p = G p = l p = 8 p-d
m=100 0 90-9910 82-7191 75-1302 68-1737 61-8023 55-9719 50-6412 45-7719 41 -3280 37-2763

»i= 10 8-2719 15-1778 20-8695 25-4855 29-1520 31-9839 34-0855 35-5510 36-4659 36-9072

2 •6830 1-8972 3-5107 5-4097 7-4962 9-6874 11-9134 14-1158 16-2472 18-2690

3 0506 •1891 •4416 •8243 1 -3455 2-0065 2-8031 3-7269 4-7658 5-9052

k •0033 •0156 •0442 •0971 •1829 •3098 •4857 •7174 1-0109 1 -3708

5 •0002 •0011 •0036 0090 •0194 •0368 •0641 •1044 •1609 •2374

6 •oooo •0001 •0002 •0007 •0016 •0034 •0065 •0115 •0194 •0309

7 •oooo •oooo •oooo 0001 0002 •0005 •0010 •0017 •0030

8 •oooo •oooo •oooo •0001 •0001 •0002

9 •oooo •OOOO •oooo

10

P = 10 V = 15 P = 20 P= 25 p= 30 P = 35 p = 40 p = 45 p = 50

0 33 5855 19 6056 11 0992 6 0712 3-1945 1 6083 •7697 3473 1463
1 36 9441 33 •0200 25 8982 18 5708 12-3788 7 7198 4-5082 2 4580 1 2434
2 20 1513 26 •8727 28 8081 26 8613 22-5639 17 3696 12-3485 8 •1229 4 9313
3 7 1284 13 •8698 20 0784 24 1644 25-4567 24 1112 20-8229 16 •5036 12 0167

1 8005 5 •0127 9 6930 14 •9554 19-6711 22 •8554 23-9308 22 •8255 19 9224
5 3376 1 •3220 3 3813 6 •6468 10-8709 15 4516 19-5797 22 •4513 23 4799
6 •0474 •2571 •8619 2 1464 4-3483 7 5418 11-5470 15 •9030 19 9224
7 •0049 •0363 1583 4968 1 -2424 2 6232 4-8456 8 •0093 12 0167
8 •0003 •0036 •0200 0788 2425 6221 1 -3845 2 7446 4 9313
9 •oooo •0002 0015 •0077 •0292 0908 •2432 5778 1 2434
10 •oooo 0001 0004 •0017 0062 •0199 •0567 1463

Successes p = 0 p = 2 p = S p = 4 p = 5 p — 6 p=7 1
9 = 8 p = 9 P = 10

«=100| 0

m= 5(1
95-2830 90-7457 86-3830 82-1896 78-1607 74-2914 70-5768 67-0123 63 5933 60-3153 57 1739
4-5373 8-7256 12-5800 16-1156 19-3467 22'2874 24-9514 27-3520 29 5020 31-4142 33 1007

2 •1745 •5083 •9867 1-5956 2-3216 3-1517 4-0737 5-0756 6 1463 7-2749 8 4512
3 •0051 •0199 •0488 •0957 •1642 •2573 •3780 •5287 7117 •9287 1 1813

4 •0001 0005 •0015 •0034 •0067 •0119 •0197 •0306 0454 •0649 0899
5 •oooo •oooo •oooo •0001 •0001 •0003 0004 •0008 0013 •0020 0030

w= 100l 0 87-0690 75-7121

m= 15
f

1 11-3568 19-9243

2 1-3947 3-7027

3 •1604 •5730

k •0172 •0774

5 •0017 •0093

6 •0002 •0010

7 •oooo •0001

8 •oooo

9
10

11—15 —

65 •7500 57 •0221 49-3852

26 •1836 30 •5476 33-3684

6 •5459 9 6321 12-7407

1 2777 2 2767 3-5456
•2091 •4386 •7879

•0295 0715 •1458

•0037 •0100 •0229

•0004 •0012 •0031

•oooo •0001 •0004

•oooo oooo

42 7116 36-8873 31 •8110

34 •9458 35-5336 35 •3456

15 •7096 18-4248 20 •8110

5 0426 6-7156 8 5076
1 2724 1 -9006 2 6738
•2641 •4381 •6787

•0461 •0842 •1428

0068 •0137 •0252

•0009 •0019 •0037

•0001 •0002 •0005

•oooo •oooo •0001

•oooo

27-3928 23-5527 20 •2198

34 •5611 33 3293 31 •7739

22 8233 24-4415 25 6636
10 •3611 12-2207 14 0361

3 5865 4-6273 5 7796
•9959 1 -3973 1 8884
•2278 •3459 5036
0435 •0711 •1112

•0070 •0122 •0204

•0009 •0017 •0031

•0001 •0002 •0004

•oooo •oooo •oooo

71= 1001

m= 20)

0 83-4711 69-5592 57-8686 48-0604 39-8449 32-9751 27-2403 22-4613 18-4859 15-1848 12-4488

1 13-9119 23-3813 29-4247 32-8618 34-3491 34-4088 33-4530 31-8036 29-7094 27-3600 24-8976
2 2-2212 5-6472 9-5567 13-4563 17-0252 20-0718 22-4994 24-2787 25-4270 25-9920 26-0397

3 •3388 1-1584 2-4716 4-2124 6-2724 8-5261 10-8479 13-1236 15-2562 17-1690 18-8065

k •0492 •2122 •5480 1-0993 1-8873 2-9118 4-1535 5-5775 7-1382 8-7832 10-4578

5 •0068 •0354 •1077 •2490 •4853 •8394 1 -3291 1-9649 2-7495 3-6775 4-7356
6 0009 •0054 •0191 •0500 •1093 •2099 •3658 •5913 •8994 1-3010 1-8040

7 0001 •0008 •0031 •0090 •0219 •0462 0881 •1547 •2545 3965 •5898

8 •oooo •0001 •0004 •0015 •0039 •0090 •0187 •0356 •0630 •1053 1675
9 •oooo •0001 •0002 •0006 •0016 •0035 •0072 •0137 •0245 •0416

10 •oooo •OOOO •0001 •0002 •0006 •0013 •0026 •0050 •0091

11 •oooo oooo •0001 0002 •0005 •0009 0017
12 oooo •oooo •0001 •0001 •0003
'—20 — •oooo •oooo •oooo

Biometrika ix 12
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TABLE—

i

Successes p= 0 P = 1 V = 2 p= 3 p = i

= 100 ( 0 80-1587 64 •1270 51 •1981 40-7920 32-4330
= 25} 1 16-0317 25 •8576 31 •2184 33-4361 33-5052

2 3-1029 7 5681 12 2826 16-5799 20-1031

8 •5802 1 9024 3 8912 6-3556 9-0661

4 •1046 •4323 1 0701 2-0562 3-3806

5 •0182 •0908 •2644 •5855 1-0922

6 •0030 •0178 •0597 •1501 •3138

7 •0005 •0033 •0125 •0351 •0815

8 •0001 •0005 0024 •0075 •0193

9 •0000 •0001 •0004 •0015 •0042

10 •oooo •0001 •0003 •0008

11 0000 •0001 •0001

12 •oooo •oooo

13
14

15—25 —

= 100) 0 66-8874 44-5916 29-6280 19-6185 12-9456

= 50 1 1 22-2958 29-9273 30-0284 26-6919 22-1671

2 7-3322 14-8625 20-0189 22-3956 22-4728

3 2-3780 6-4708 10-9693 14-8274 17-4789

4 •7603 2-6038 5-3333 8-4691 11-4896

5 •2396 •9912 2-3852 4-3589 6-6996

6 •0743 •3614 1 -0008 2-0720 3-5636

7 •0227 1271 •3987 •9237 1-7600

8 •0068 •0433 1520 •3901 •8167

9 •0020 0143 0557 •1572 •3590

10 0006 •0046 •0197 •0607 •1504

11 0002 0014 •0068 •0226 •0603

12 •0004 •0022 •0081 •0232

13 •0001 •0007 •0028 •0086

n •0002 •0009 •0031

15 •0001 •0003 0011
16 •0001 0004
17 •0001

18 —
19
20 —
21 —
22 —
23

24—50 —

V— 5 f>
= 6

X'
= 7 50= 8

J? v 2> = 10

25-7320 20-3711 16 •0915 12-6823 9-9724 7-8232
32-1649 29-9575 27 •2737 24-3890 21 -4922 18-7076
22-7047 24-3723 25 •1757 25-2300 24-6693 23-6306

1 J. oUlo 14'3734 lb •6391 18 5020 19 9086 20 8423
4-9929 6-8150 8 •7536 10-7117 12-5970 14-3291

T8077 2-7378 3 •8700 5-1757 6-6134 8-1327
•5764 •9606 1 •4841 2-1565 2-9790 3-9431
•1647 •3000 •5035 •7910 1-1761 1'6693
•0426 •0844 1531 •2589 •4127 •6260

•0100 •0215 •0421 •0763 •1299 •2099

•0022 •0050 •0105 •0203 •0369 •0634

•0004 •0011 0024 0049 •0095 •0173

•0001 •0002 •0005 •0011 •0022 "0043

•oooo •oooo 0001 •0002 •0005 •0009

'0000 •oooo •0001 •0002

•oooo •oooo

8-5121 5-5769 3 6405 2-3676 1-5339 •9900

17-6113 13-5550 10 1832 7-5029 5-4395 3-8892
20-9746 18-5789 15 8126 13-0370 10-4710 8-2261

18-7745 18-8406 17 9434 16-3894 14-4635 12-3988
13-9817 15-7005 16 5656 16-6252 16-0095 14-8876
9-1228 11-3492 13 1572 14-4085 15-0512 15-1066
5-3759 7-3484 9 •2958 11-0430 12-4505 13-4281

2-9173 4-3512 5 •9710 7-6559 9-2753 10-7081

1-4771 2-3900 3 5398 4-8771 6-3248 7-7895
•7044 1-2301 1 •9578 2-8874 3-9946 5-2324
•3185 •5978 1 •0184 1-6022 2-3574 3-2752
•1373 •2758 5012 •8386 1 -3088 1 -9239

•0566 •1213 2345 •4161 •6871 1-0664
•0224 •0510 •1046 •1965 •3425 •5601

•0085 •0206 0447 •0886 •1627 •2797

•0031 •0080 0183 •0382 •0738 •1332

•0011 •0030 0072 •0158 •0320 •0606

•0004 •0011 0027 •0063 •0133 •0264

•0001 •0004 0010 •0024 •0053 •0110

•0001 0003 •0009 •0020 •0044

0001 0003 •0008 •0017

0001 •0003 •0006

•0001 •0002

•0001



ON THE PEOBABLE ERROR OF THE CORRELATION
COEFFICIENT TO A SECOND APPROXIMATION #

.

By H. E. SOPER, M.A.

(1) It is very important in determining whether the coefficient of correlation

as found by any particular method differs significantly from the calculated value to

know not only its standard deviation but also to have some idea of the nature

of the frequency distribution. When the numbers dealt with are large, then,

provided r be not nearly + 1, we may quite legitimately assume a normal

distribution and calculate the frequency of r on this basis. But if n be small,

or if r have a value near either end of the range, then the usual values for the

s.D. of r are not applicable and what is more in the latter case the frequency of r

is of a markedly skew character and differs widely from a Gaussian curve. In such

case the value of r found from a single sample will most probably be neither the

true r of the material nor the mean value of r as deduced from a large number
of samples of the same size, but the modal value of r in the given frequency

distribution of r for samples of this size. In this paper the following notation will

be used

:

p = correlation coefficient of the material from which the sample is drawn

;

f = mean value of correlation coefficient for N samples of size n
;

r = modal value of the correlation in the distribution of the values of r as found

from N samples of size n
;

r = correlation coefficient of any arbitrary sample of size n.

The first question we have to answer is what is likely to be the distribution

of the r's. Clearly, when p differs from unity, it must be a skew distribution of

limited range lying between + 1 and — 1. The general skew curves discussed

in Phil. Trans., Vol. 186 a, pp. 343—414, have proved themselves so capable of

describing all sorts of types of frequency that one naturally turns to them in the

first place in the present problem. There appears very little chance of successfully

determining—at least for a product-moment table—the distribution of r. We
must start with the assumption of a reasonable frequency distribution and justify

* The frequency-distribution of the correlation coefficient in small samples was first discussed by
" Student" in his paper in Biometrika, Vol. vi. pp. 302-10; he invited further mathematical investiga-

tion and to a large extent supplied the impulse and direction to the present paper.

12—2



92 On the Probable Error of the Correlation Coefficient

it a posteriori by means of experimental samples for given p and given n. Now
the only type among the skew curves mentioned applicable in the present case

is of the form :

^n'-sJ <A

where, if the origin be at the mode, we must have

w1/a1 = m2/a2 (ii)

Now if we suppose p to be positive, we clearly have

Oj = 1 — r, a2
= 1 + r.

Hence from (i) and (ii)

1 + .(iii),
1 + f)

r = (m2
- m^j^m, + v^) (iv)

Now let ar denote the standard-deviation of the distribution. Then we easily

find (Phil. Trans., loc. cit. p. 368)

Thus

and

It follows that

A(J= 2^+1) _

+ m2 + I

a 2 = 4(m
1 + l)(w2 + l) .

r = (?/i2 — rn^Kyri! + ??i 2 + 2) (vii),

1 - r2 = 4 + 1) (m2 -f l)/(mj + m2 + 2)
2
,

o>2 = (1 - f2)/(m
1 + m, + 3) (viii).

o 1 - ,+ m2 + 3 = — = X, say,

ii - hi
,

= r —

„

r — 1 !- = r (X — 1 ).

Accordingly m, = \(\-\)(\-r)-\

m,= i(X-l)(l + f)-l
Substituting in (iv) we have

and d = r-r = 2r/(X - 3)

r = r (X -l)/(X-3)

.(ix).

..(x).
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Since a,? = (1 — r2
)/\, and must grow very small as the number in the sample

grows large, i.e. A, grows large, we see that r and r rapidly become equal as the

sample increases or the distribution becomes symmetrical.

The value of y0 can be found from (Phil. Trans., loc. cit. p. 369)

2/0-2
(m1 + m2

)™i+^ r(m1 + l)r(m2 +l)
{Xi)'

The problem of the distribution of r would thus be completely solved, if we
knew

:

(a) r in terms of p,

(6) o>2 in terms of p.

Using Stirling's Theorem we can reduce the expression of y0 to

t
. L( 1 1 1 \

-A (nij + m2 + 1 ) v (mi + m2) 12
2/o =—7= , e

2V27T vm-.m,

/ a/ 'i :• -)U + -)/a/U + V 1

+

V27TO-,. V V mi/ V m2 // V \ m^ +mj \ m^ Wa+l

— (_i — -—

1

AT

(, 1 / 5 5 29 \1

!+To - + -- ^ (x11 )-

V27TCT,. I 12 Vwij m2 n^ + nh

This approaches rapidly to the Gaussian value i\r/(v
/

27rcr
).), if 07 be at all small

and therefore A, and m 1 and m2 large. For most purposes it is sufficient to take

where the relation between r and r is given by (x) and it only remains to

determine r and ar in terms of p.

(2) Now the product moment value of the coefficient of correlation, p, between

two measured characters in any population is defined by

_ Pn ~PioPoi / • n.

Pv>, P20 being the first and second moments in respect of the first character,

Pan P02 those in respect of the second character, and pu being the first product

moment, all derived from measures of individuals taken from some arbitrary

origins of measurement in the two characters.

If samples of number n are selected at random the moments will have

different values p10', p20
' etc., and in consequence the coefficient of correlation a

different value, r, in any sample, and

P\\ p\a pia

V(iV -i>io'
2
) x V(po2

' - Po/
2
)

.(xv).
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The mean values of p10', p.20
' etc. in all samples are p10 , p20 etc., since the

moments are crude and simple averages of individual values. Let dp10 ,
dp20 ,

dp0l ,
dp02 ,

dpn be the deviations of pl0',p20, Poi> P<a>Pn from their means p10 , pw ,

Poi>Po<2, Pn- The mean value of r we have called f. Let dr be the deviation of r

from its mean r, then (xv) becomes

-
+ dr = Pn + dpn - (pl0 + dpl0) (p01 + dp0l )

*J{p20 + dpw - (pw + dp10)
2
} x Vboa + dp0

.2
- (p01 + dp0l )

2

}

Choose the fixed origin of measurement of each character to be the mean
of that character in the whole population, then pw =p01

= 0, and (xvi) becomes

j+ dr = Pn + dpu -dpwdp01 , ..s

V|i>2o + dp20 - {dp10 )-\ x V|j^o2 + dpw - (dp01y\

If the distributions and correlations of the deviations of the moments in

samples of n are known this is the equation for determining the distribution of

the values of the correlation coefficient. The average value of the right-hand

side of (xvii) will be r. The average values of the square, cube etc. of the

right-hand expression will give the crude second, third etc. moments of r from

which the moments of deviations from mean value of the correlation coefficient

can be derived.

Now if (xvii) be expanded in powers and products of the deviations it may
be anticipated that the average values of terms of higher order in the deviations

are of higher order in 1/n, and that there is a limit to the number of terms needed

to give a required approximation. The approximation sought in the crude moments

of r is to terms in 1/n2 only, in order that the moments from the mean may be to

terms in ljn2
, and so that ay5 for instance, which is known* to have the value

(1 — p
2
)
2/n to the first approximation for normal frequency, may be further carried

to a term in Ijn2
.

Thus the process for determining r is to expand (xvii) and to find and insert

in it the average values in samples of n of the various powers and products of the

deviations of the moments involved, carrying the process on as far as is necessary

to gather in all significant terms as defined above : and a similar process applied

to the squares and cubes etc. of (xvii) determines the higher moments of r.

Were the samples sufficiently large these deviations would approximate, as has

been shown, to normal distributions, and the known properties of such distributions

could be utilised in evaluating the complicated mean, but we are dealing with

small samples where the deviations are not so distributed, and it is necessary,

in the first place, to evaluate these moments of deviations in terms of the higher

moments of the whole distribution without making any assumptions or any

approximations within the limits assigned. After this is done the distribution

of the two characters will be assumed normal and the results expressed in terms

of p, the coefficient of correlation of the material examined, and n, the number

in the sample, only.

* Biometrika, Vol. ix. p. 5 (if /32
= j32

' = 3).
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The method adopted in this paper is that of grade groups. It is well known

that if in an indefinitely large population the fraction / fall into a certain grade

of a character or combination of grades of two characters, then in taking random

samples of n the numbers of this group to be found in such samples follow the

binomial distribution of frequency

yv, + By*-i (!_/) +
n

V"-2
( 1 -ff + . . . + (1 -/)",

and that the mean number is ?i/"and that the deviations from this mean number

have moments

mean {dJJ= \f\l -/),

» wy=^fo--f)(i-V)>

" = &f (

1

~ff + 1W -A (

1

~ V + 6̂ >'

» WT = ~f (i ~/)2 (i - V) + ^/O -/) (i - 2/) (1 - 12/+ 12/0,

etc., the fourth moment being the last which gives terms in l/« 2 [see Pearson,

Phil. Trans. Vol. 186, p. 347 and Phil. Mag. 1899, pp. 240, 241]. Here df is the

deviation from mean value /of the frequency of the group in a sample of n.

Moreover if /, /, fs ... are the totality of frequencies of the various detached

groups into which the population is divided by the graduation (which in our case

is a double one) of character the various product moments of the deviations in

samples of n may be deduced. These and the above, as far as our approximation

needs, are put in one table as follows

:

mean (df,)
2 = -/(!-/) etc.(df)'

(dfrf

df, . df2 . df

(dfY

(dfiY.df2

„ df . df . df . df,

n

1

n

1

ri

1

n

2

n2

3

ri

3

ri
2

1

ri

-f) (i-2/O

•2/1/2(1 — 2/)

fff

U2 (i-/)3

/!/(!-/)

,//(!-/-/ +

= -~
2///3 (l-3/)

3=
^2ffff*

..(xviii),

...(xix),

....(xx),

...(xxi),

. .(xxii),

, .(xxiii ),

..(xxiv),

...(xxv),

..(xxvi),

.(xxvii),
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the last five values being approximate and wanting terms in lju? to render them

exact.

The method of derivation of the product from the power moments is illustrated

in the following example.

Mean (df^2
.df2 .df3 = mean {{dffi x mean df2df3 for constant cZ/i}.

Now in samples of constant dfx the number of l's is n^ + ndfi and of not l's

n — n^ — nd^, amongst which latter restricted population in the whole community

f f
the frequency of 2's will be and of 3's - , . Hence the mean number

f
of 2's in such samples will be (n — nfx

- ndfx ) » , and of 3's

f

differing from the mean numbers in all samples, nf2 , nf3 ,
by — ndfx

— . and
1 —Ji

— ndfi 1 , , and the mean product of the deviations from such means in the

restricted samples will be

_ (n _ w/i _ nrf/i) ._^_._A_

by (xix). It follows that the mean product of the deviations ndf2 , ndfs , which

are measured from the means of all samples, will be

- (n - nf\ - n df,) .^ .^ + (- nd/,
j (- n dfY ,

i.e. - /i

in samples of constant df^. Dividing by we get the value of mean df2 .df3 for

constant dfi and so obtain finally

mean (dfr df2df3
= mean - + J^ + WJ.J^L-,

which by (xviii), (xx) and (xxiii)

1 ff f ,

1 /^(1-2/;) 3

= -
?
>A/2/3(i-3A) )

to our approximation.

The other formulae were arrived at in like manner but the process is lengthy

and these formulae and the general formulae that follow have been verified by a

shorter process, which however being less direct in method is not introduced in

this paper.

There is no necessity to take the products of the deviations more than four

together, for these do not give terms in \\v?. Did any products, five together for
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instance, give terms in 1/n2
, then mean (df\ + df.2 + df3 + df4 + df;)

5 would have such

terms, which is contrary to the formula arrived at above for mean (df)
s

.

Having obtained the various mean products of deviations of group frequencies

shown in equations (xviii)—(xxvii) the mean products of deviations of moments,

formed by associating with such group frequencies their grade values, follow.

Let ftj, a2 ... be the values to be assigned to the grades 1, 2 ... in the

formation of the moment p (these values will in the present case be the product

of one power of one grade of one character with another or the same power of

one grade of the second character). Then

P = <hfi + Cts/a + a,f, + ...

and if a/, a,/ ... are the values proper to a second moment,^/, in like manner

V = ((ifi + ct2
'/

2 + a3'fs +...,

and if in random samples of n deviations dflt df\ ... in the frequencies lead to

deviations dp, dp', in the moments, all deviations being taken from the above

universal values which are also the mean values in samples, then

dp = (h.dfi + (hdf, + aadf3 + ...

dp = (h'df + a.!df.2 + a3'df3 + . .

.

and so

mean dp . dp' = mean [c^a/ (df])- + a2a2
'

(df.2 )- + ... + a^a.!df\df, + a
l'a,df1df,+ ...]

= - (1 -/) + a2a.//2 (1 -/2) + . . .
- a^ff, - a/cu/J, -...]

= \ [«i</i + (t-Sh'f*+- (ai/. + K-2.fl +) («.'./! + (h'f* +•••)]•

If then p is the u, v moment defined by

Puv = «i" W v
fn + <bJ% + a./' &,»/:„ + . .

.

obtained by summing the products of the group frequencies f by the uth power of

the grade value a of the first character and the vth power of the grade value b of

the second character in that group ; and p is the u , v moment defined by

p«„> = af'b/fn + af'b/fu + <h
u'h/U + •••»

it follows that the first term in the above square brackets is

a
1

"+v
'b 1

0+v
'fn + a

1

u+u
'b2

v+v
'fn + ...

or pu+U'v+v', and the general formula for the mean products two together of

deviations of grade moments is*

mean dpm . dp u:v - = - [p„+U'v+v -puvPu'tf] (xxviii).

* See W. F. Sheppard, " On the application of the theory of error to oases of normal distribution

and correlation," Phil. Trans. 1899 (192 A), in which paper (p. 127) are given formulae for the mean

products, two together, of errors of moments calculated from the means of samples. In the present

paper, it should be noted, the moments of the samples are crude, being calculated, not from the means

of the samples, but from the mean values of the measured characters in the whole population ; and dp

is the deviation in the value of the crude moment in any particular sample from its mean value in all

samples, which is mean a
x (/x + dfi) + a-i{f-z + df-i) + •• =«i/i + 02/2+ ••• =P or the moment in the whole

population. This latter is a true moment, the general means having been taken as the origin of

measurement.

Biometrika ix 13



98 On the Probable Error of the Correlation Coefficient

It will be observed that nothing in the proof prevents u', v from having the

same values as u, v and the formula is true for any second order moment whether

power or product.

In like manner if p, p, p" are any three moments of the material sampled we

have the equations of deviations

dp = a^dfx + a2 df\ + asdf3 + ...

dp = a/eZ/i + a2'df2 + a3'd/3 + . .

.

dp" = al'dfx + a"df, + a3"dfs + ...

giving

mean dp . dp' . dp" = mean [a^ha*" (rf/i)
3 + . . . all grades

+ (ffio/a/' + + a xa"a2 ) (dff df2

+ (e^Os'ag" + a/^a.," + a"a,a2 ) df\ . (df.2f + ... all pairs

+ («•!«•/ «s" + di«/a3
' + <h'aaas"

+ «
1
'a2"o 3 + a"a,a 3

' + a"a2 a3 ) dfY . df2 .df3 + ... all triads],

and inserting the values from equations (xx), (xxi), (xxii),

mean dp. dp' .dp" = — [a^'a"/, (1 -/i)(l - 2jQ + ... all grades

- (a^'a." + a^a"a2 + a^a"a2 )f\f2 (1 — 2/\)

-(« a <7 2'a," + <h' <h^2 + a/^OA/Ul ~ 2/a)
_

••• a11 Pairs

+ (a^u'a" + axa2

''

'a3
' + a{a2a"

+ o/a/'rta + a/'c^a/ + a^'a^as) 2/i/2/3 + . . . all triads],

and collecting terms of first, second and third degree in f's and suitably

commuting the f's and as this is seen to be

=-
2
[(a1a1'a1"f1 +...)

- («i</i + ...)(» + ...)- («i «i'7i + • • •)«A +••)- ( «/ + • ) + • • •)

+ 2 (a1/1 + ...)(ai'/i+ .. ••)]»

the sums being for all grades.

If then £>, have the double grade values pUV! pu >

V'
previously assigned and

p" stands in the same way for pU"
V" where

Pu"v - (h
u
"b/'fn + ih

u
"b/'fu + a.fbff.n +...

there results the general formula for the mean products three together of deviations

in moments as follows

mean dpuv . dp lt
'

V
<

.
dpu»v» = — [pu+u'+u"v+v'+v" ~ Pu+u'v+v'Pu"vf'

Pu+tt" v+v" Pu'v' Pu'+u" v'+o" Puv + 2pu

v

p»v Pu'V'] (xxix),

where, as before, the values of the suffixes may be any the same and the formula

gives power moments equally well with the product moments of the deviations.
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Precisely the same process evaluates the mean products four together. We
shall have, putting in representative terms only of each series, and using equations

(xxiii), (xxiv), (xxv), (xxvi), (xxvii),

mean dp . dp' . dp" . dp'" = — [a^afa"a"' 2>ff ( 1 —/])'"+ ...

- a^a^a^'a^" 3/^(1 -fi)f, + ...

+ mVC/j/i ( 1 -A -/ +3/i/9) + -
- a1 a 1

'a,"a3"'f1 f.2f.s (1 - 3/0

+ a^a^'al"'fifif»ft + • ••]

= ^[(ai«i7i + ...)(«'/. + ••)

+ («i«i"/i + --.)(«i'«.'7i + •••)

+(«i«r/+ •••) (fl/tti"/] + •••)

- (a,</; + . ..)«/; + . . .) (a/"/ + . . .)

- (ch<fi+) «/i + • • • ) + • • •

)

- («!«/"/! + • •) + • • • )«7 + • )

- (axV/; + . .
. ) (c^/i + . . .) «'/, + . .

.

)

- (a/Oi'Vi + • •) + • • •
)«7 + • • •)

-« ar/i + • • • ) + • • • ) «/; +"...)

+ 3(a1/1 + ...)(«i7+ -)«7 + •••)(« "7+ ••)]

on collecting terms and rearranging the associations of /'s and a's as before.

And putting into factors this

=^JK«i</i+--0-(«7+---)(</i+-^

+ {(a1a1

//

/1 + ...)-(a7i+-)«/i+...)} {(a/a "7 +•••)- (ai7i+"-)(«i'71 +•••)}

+ Kai</i +--0-(«7+--0(<7

And so again if the material is double graded and puv , Pu'tf, Pu"v" > Pu"'v"' are any
four moments involving products of powers of both grades, the general formula

for the mean products four together of the deviations of such moments in samples

of n becomes

mean dp uv . cfyw . dpuv . dpw

=
jTa \xPu+u'v+xf Puv Pu'v') \Pu"+u"' v"+v"' Pu" v" pu"'v"')

+ ( Pu+u"v+v" PmPu"v") \Pu'+u"' v'+v'" ~ Pu'v'Pu " »"')

+ {pu+u'" v+v'" puvPu"'v"') (Pu'+u" v'+v" ~ Pu'v' Pu"v")~\ (XXX )>
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and it is to be recalled that this formula omits terms in — , not wanted to the

degree of approximation laid down.

Comparing (xxx) and (xxviii) it appears that the mean values four together

are equal, within our degree of approximation, to the sum of the products of the

mean values two together of the complementary pairs making the four, the

division being possible in three ways.

mean dpuvdpu>tfdpu»V'>dpu»w = mean dpuv dpU '

V> x mean dpwdpw
+ mean dpuvdpu ",.y x mean dpu>

v>dpu>»
v
"'

+ mean dpuvdpu>"
v»> x mean dpu'

v'dpu%" ...(xxxi).

It is unnecessary to find the general formula for the mean products of

deviations five together, which by p. 96 will contribute nothing within our

approximation, and formulae (xxviii), (xxix) and (xxx) applied to the expansions

of (xvii) and its powers are sufficient to evaluate the general formulae for the

mean and moments of deviations of r as far as terms in Ijn".

It is not proposed to exhibit these general formulae for moments of devia-

tions of r in terms of the higher moments of the given distribution at length,

but to proceed at once to the simpler case of a normal distribution in the two

correlated characters and reduce the higher moments to second moments and the

coefficient of correlation, p, as such distributions, it is well known, admit. In

order to reduce in this way the values of the various mean products at the same

time that they are evaluated by the formulae (xxviii), (xxix), (xxx), the necessary

formulae of reduction are next obtained.

The expression for dr involves dp l0 ,
dp20 ,

dp01 ,
dp0i and dpu , and (xxix) shows

that we shall require to reduce |),;o , pn...p r>0 ...pi0 ...p30 ... in the above way.

Now it is well known that in normal distributions, following the Gaussian

law of frequency, the odd moments from the mean in either character vanish

and the even moments are derived from the second moment by a simple

formula of reduction, from which there results that

/'so = P-m = Pio = 0, Pob = Pos = Pm = 0,

pi0 = ZpJ, pm = 5 . 3p.,0
s

, p0i
= 3jt>02

2
, pw = 5 . 3p0.f.

And, utilising these results, the higher product moments of normal distributions

in two characters may be derived from the first product moment and the second

moments by two well-known properties of the Gaussian surface.

If x, y are deviations from their mean value of two normally correlated

characters the mean value of y for a given x is — x, and if y is the deviation
Put
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of y from its mean value in the array the distribution of y is normal ; its second

moment is p02
——

-J
and its higher moments follow the same laws of reduction

P-io

as above. Hence

puv = mean xuy
v

= mean [xw x mean y
v for given x)

= mean \x" x mean ^— x + y'^j for given a

n 8 11

= mean \xu x mean —-x + v ,-—— xv 1

y
1 \pia

v pf?
v.(v—l) Pn°~

s
» o /, \ P+

| 2 ."^p2
**~2

2/
'-+••

J
for given x

and so remembering that mean y , mean etc. vanish, and mean i/'
4

, mean y'6
, etc.

reduce by the above formulae we have

^"UJ^ 0 1.2 [pj
Pu+V - 2 "

\p,m/ ~ i . -z \p.

+
1.2.3.4 [pj P**»;'°\P«

pw

6\(v-(5)\\pJ r™-'-^
p20

It follows that if u + v is odd puv is zero, that is

P30=Pn = P\2 =Pos = 0,

PSO =2hl = #32 = #23 = PU = #05 = 0.

If u + v is even it is convenient to divide by suitable powers of p20 and pa2 , and

putting p for ._ : exhibit all the reduction formulae together as follows:
Vp20 VjO02

Pio/p-20
2 = Pnjp02 = 3, Pnjpjpo-? =Pv,llh<?pJ = 3/3, PnfjPsoPw = 1 + 2/0

2
,

P«o/W =Poe/Po* =15, Psr/P-JpJ = PnlpJpJ = lop,

pj.P»p<a = Pnlp*>Poi = 3 + 1 2p\ pn/psrpj = 9/3 + 6/3' (xxxiii).

If in like manner the numerator and denominator of the expression (xvii)

for the deviation in r in terms of the deviations in the moments be divided by

^Pio-^Po-2 and we write

_ dp10 _ dp^ „ _ dpnl _ dp_n2 dpn

>JpJ P-20
' Vp02

'
" #02

'

VpaVpoa

it becomes r + (Jr=-r^.— —^ +
,

J— ^'
,

,

^ (xxxiv).
V( 1 + a, - 0l«) x V(l + A - /3,

2
)

V ;
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When this is expanded, the mean values of au /3U a2 , &2 , and 7 are of course

zero. In the following tables the general formulae (xxviii), (xxix) and (xxxi) for

the mean products two, three and four together of deviations of moments in

samples of n are given at the head, the suffixes used and their composition in the

several formulae are shown in the initial columns (omitting repetitions of dp and p
to abbreviate the printed matter), and the resulting formulae for the mean products

of the a's, /3's and 7's required in the expansion of (xxxiv) are given in the last

column, the reductions of the higher moments having been made by (xxxiii) to

suit the case we are investigating, that of a normal distribution of the two

characters in the material sampled. Since the first and second moments only of r

are at present sought it is unnecessary to take products involving higher powers of

7 than the second. The four additional formulae to y
4 are inserted, however, to

complete the formulae for the third and fourth moments when required.

As an illustration, if in equation (xxix) we put

u = 0, v = 2, u = 1, v = 1, u" = l, v" — l,

we get mean dp0,dpndpn = — [p24
- p r,pn -

p

lspn -p22p02 + 2posPnj»n].

Dividing by p20p0i and using (xxxiii) it follows that

mean /927
2 =\ [(3 + 12pa

) - 3p2 - 3p3 - (1 + 2/*) + 2p
2
]

= I[2 + 6^])

the penultimate formula in table (xxxvi). It will be seen that the values to be

attributed to the terms signified by the suffixes between the double rules are the

right-hand sides of (xxxiii), the composition of the terms being shown in the last

column of the formula. For 24 put 3 + 12p2
, for 13 put Sp, for 11 put p, for 22 put

1 + 2p", for 02 put 1, and the formula for mean /32y
2 may be written down without

any division being necessary.

The formulae (xxxvii) are derived from those in (xxxv) and the suffixes between

the double rules are for reference to the first columns of the latter table. Thus in

the penultimate formula look up 02 11 in (xxxv) and find 2p. Look up 11 11 and

find 1 + p
2

. 2p x (1 + p~) = 2p + 2p
3
, the first of the three component terms added

together in the last column of the formula.
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mean clpuv . dpu >

v > — -
\_pu+u'v+v' ~ PwPu'v']

Mean value = - X
n

uv u'v'
u + u'

u'v'
of

v + v'
uv

10 10 20 10 10 1

01 01 02 01 01 /3i
2 1

10 20 30 10 20 a la 2 0

01 02 03 01 02 0i/32 0
20 20 40 20 20 «2

2 2

02 02 04 02 02 &2 2

10 01 11 10 01 P
20 02 22 20 02 2P

2

10 02 12 10 02 o
20 01 21 20 01 0
10 11 21 10 0
01 11 12 01 fry 0

20 11 31 20 a2y 2P
02 11 13 02

il

2p
11 11 22 11 1+p2

mean dpm.dpM.dpuV

=
\.Pu+u'+u" v+v'+v" Pu+u' v+v Pu" v" Pu+u" v+v"Pu'v' Pu'+u" v'+v" Puv ^PuvPu'v' Pu"v"~\

10
01

20
02
10
10

10

20
20
20
10

01

10

20
20
02
20
02
11

10

01

20
02
20
01

10
01

20
02
10
01

01

02
20
02
11

11

11

20
02
20
02
01

02
02
01

02
02
11

11

11

11

11

11

11

11

11

u + u' + u"
v + v' + v"

40
04
60
06
31

13

22
22
42

24
31

13

22

33
51

15

42
24
33

u + 11

v + v'

20
02
40
04
30
11

20
21

40
22
20
02
11

22
40
04
31

13

22

20
02
20
02
01

02
02
01

02
02
11

11

11

11

11

11

11

11

11

u + u

v + v'

30
03
40
04
11

12

12

21

22
22
21

12

21

31

31

13

31

13

22

10

01

20
02
20
01

10

01

20
02
10

01

01

02
20
02
11

11

11

u' + u"

v' + v"

30
03
40
04
21

03
12

02
22
04
21

12

12

13

31

13

22
22
22

10

01

20
02
10

10
10

20
20
20
10

01

10

20
20
02
20
02
11

+ 2 x

10

01
20
02
10
10
10

20
20
20
10

01

10
20
20
02
20
02
11

10
01

20
02
20
01

10
01

20
02
10

01

01

02
20
02
11

11

11

20
02
20
02
01

02
02
01

02
02
11

11

11

11

11

11

11

11

11

Mean value

of

«2/3r

a 2
2
/32

a202y
a»2y
Pry

o

(xxxvi).
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mean dpuv .dpu '

L
,'.dpuV .dpir.^

= mean dpuv .dpuy x mean dpw .dpu»'
v
>»

+ mean dpuv .dpu"v>< x mean dpu>

v> .dp%»>
v
>»

+ mean dpuv .dpu»'
v
»> x mean dpu>

v'.dpu»v».

X +
JXlXScklA

value of
=— X

n-
uv u'v' u"v" u"'v"' uv u'v'

//
U V

/// ///
11 V uv u V u'v' u"'v"' uv u"'v"' u'v' u"v"

10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 3

01 01 01 01 01 01 01 01 01 01 01 01 01 01 01 01 ft
4 3

10 10 20 20 10 10 20 20 10 20 10 20 10 20 10 20 2

01 01 02 02 01 01 02 02 01 02 01 02 01 02 01 02 2

20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20
2

12

02 02 02 02 02 02 02 02 02 02 02 02 02 02 02 02 ft
4 12

10 10 10 01 10 10 10 0] 10 10 10 01 10 01 10 10 «i
3
/3i 3p

10 01 01 01 10 01 01 01 10 01 01 01 10 01 01 01 «i|3i
3 3p

10 10 01 01 10 10 01 01 10 01 10 01 10 01 10 01 «iW l + 2p2

10 10 02 02 10 10 02 02 10 02 10 02 10 02 10 02 2

20 20 01 01 20 20 01 01 20 01 20 01 20 01 20 01 °2
2
/3i

2 2

20 20 20 02 20 20 20 02 20 20 20 02 20 02 20 20 a2
3
/32 12p2

20 02 02 02 20 02 02 02 20 02 02 02 20 02 02 02 ao/32
3 12p2

20 20 02 02 20 20 02 02 20 02 20 C2 20 02 20 02 aaW 4+ 8p4

10 20 20 01 10 20 20 01 10 20 20 01 10 01 20 20 2pr
10 01 02 02 10 01 02 02 10 02 01 02 10 02 01 02 aiW \
10 10 20 02 10 10 20 02 10 20 10 02 10 02 10 20 2p2

20 01 01 02 20 01 01 02 20 01 01 02 20 02 01 01 a2/3i
2
/32 2p2

10 01 20 02 10 01 20 02 10 20 01 02 10 02 01 20 2p3

10 10 20 11 10 10 20 11 10 20 10 11 10 11 10 20 a 1
2a2y 2p

01 01 02 11 01 01 02 11 01 02 01 11 01 11 01 02 ^27 2p
20 20 20 11 20 20 20 11 20 20 20 11 20 11 20 20 «2

3
y 12p

02 02 02 11 02 02 02 11 02 02 02 11 02 11 02 02 02
3
y 12p

10 20 01

\l

10 20 01 11 10 01 20 11 10 11 20 01 «ia2/3iy 2p2

10 01 02 10 01 02 11 10 02 01 11 10 11 01 02 «ift/32y
ai

2
/32y

2p2

10 10 02 11 10 10 02 11 10 02 10 11 10 11 10 02 2p
20 01 01 11 20 01 01 11 20 01 01 11 20 11 01 01 a2/3,

2
y 2p

20 20 02 11 20 20 02 11 20 02 20 11 20 11 20 02 4p + 8p3

20 02 02 11 20 02 02 11 20 02 02 11 20 11 02 02 4p + 8p3

10 10 11 11 10 10 11 11 10 10 11 10 11 10 1+P
2

01 01 1L 11 01 01 11 11 01 01 11 01 11 01 ftV 1+p2

10 01 11 11 10 01 11 11 10 01 11 10 11 01 P + P
s

20 02 11 11 20 02 11 11 20 02 11 20 11 02 a202y
2 10p2 + 2p4

20 20 11 11 20 20 11 11 20 20 11 20 11 20 «2
2
y

2 2+ 10p2

02 02 11 11 02 02 11 11 02 02 11 02 11 02 &2
y

2 2 + 10p2

20 11 11 11 20 11 11 11 20 11 11 20 11 11 "2y
3 6p+ 6p3

02 11 11 11 02 11 11 11 02 11 11 02 11 11 fry
3 6p+ 6p3

11 11 11 11 11 11 11 11 11 11 11 11 11 11 7
4 2+ 4p2+ 2p<

.(xxxvii).
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We are now in a position to expand (xxxiv) to terms of the fourth degree in

a, (3 and 7, take mean values of the a, ft, y products as found for samples of normal

distributions and so obtain f the mean value of the correlation coefficient in

samples of n of such distributions correct to terms in 1/n2
.

r + dr

= (p + y-

x (1 - £«3 + ha* + §a2

2 - far «2
- fV«2

3 + |«i
4 + |f«!* a2

2 + f^«2
4

)

x (1 - + i/3r + - fm~ + fA4 +HAW + fVk&4
)

= p-i{p(a
2 + /32)- 27 }

+ l |4p (a,2 + ft
5
) + 3/) (a,2 + A'

2
) + 2p^ 2ft - 4 («.2T + /327 ) - 8a, ft)

+ TV {- 12p (a^ + - hp (a2
3 + &3

) - 4p («i
s& + a2ft

2
) - 3/3 (a2

2& + e*2 /32

2

)

+ 8 (o,»7 + & 2

7) + 6 (a
2

2

7 + /32

2

7) + 4a
2 /327 + 8 (aaa2ft +

+^ {48p (a/ + ft*) + 120p (a^a,2 + ft
2
/32

2
) + 35p («./ + £./)

+ 48p + a2/3^) + 20p (a2
3
/32 + a

2 /32

3
) + 32pa 1

2
/31

2 + 24p (a^ft
2 + a2

2
/3f)

+ 18p* 2
2
/32

2

- 96 {a*a.2y + fc&y) -40 (a
2

3

7 + fty)- 32 (a
1

2
/327 + a^y)- 24 («3

2
/3a7 + «2 /32

2

7 )

- 64 (a^ft + a,^3
) - 48 (a^A + ai&/32

2
) - 32a

1 /31 a 2 /32 }
(xxxviii).

Whence taking mean values in samples of n of a normal distribution,

f = p + -1 {8p + 12/3 + 4p3 - 16p - 8p}

+ T^ {_ *8p-80p-16p3 -48p3

+ 32p + 96p + 16p + 16p3 + 32p}

+
m~n?

{288p + 480/5 + 840p

+ 192p 3 + 480p 3 + 32p + 64p 3 + 96p + 72p + 144p5

- 384p - 960p - 128p - 192p - 384p3

- 384p - 192p - 64p3

}

=
P ~ L P (1 " P

'

2) ~A P (1 ~ P' ] (1 + 3p2)
•
.(xxxix).

811

Or, expressing the result in terms of n — 1 (by changing n into ri + 1 and

expanding) we may wrrite to the same degree of approximation

r = p 1
2(n-l)

from which follows that

1 -r2 = (l _ p3)

Biometrika ix

1 +
M — 1

4(n-l)J

1 -
1^P-\
2(n-l)J

.(xl),

.(xli).

14
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And, again, by squaring (xxxiv) and expanding we obtain in the same way

f 1

-r 2fdr + (dry

= (p
2 + 2P1 + r - 2p«>A - 2«i/8i7 + «i'/8i»)

x (1 - a, + af + a 2
2 - 2a

1

2 a
2
- a.? + a/ + Sa^aS + a

2

4
)

x(l-/32+ /31
2 + /32

2 - 2/3,
2
/32

-&3 + ft< + 3&2
/32

2 + &4
)

= P
2 + {2/37 - P'

2«2 - P
2

&}

+
{7

2 - 2p (a, ft + «37 + /3.,7 ) + p
2 (ar + ft

2 + *.,
2 + /32

2 + a2 /32)}

+ }- 2a,/Sl7 - a2rf - /3.,7
2 + 2p (a^fa + Ojftft + 0^7 + &2

7 + «2
27 + &*7 + «*&7)

+ p
2 (- 2«*a2

- 2/3r/32
- a* - /32

3 - a^ft - a2ft
2 - «2

2& - a2 /82
2
)}

+KW + 2a 1
a2 /3l7 + 2a

1 /3 1 /327 + a^y* +&V + «iV +&V + « 202r
+ 2p (- a,3

/?! - a,&3 - ai«2
2
/3i
- etjftft

2 - ^fra.fi.

- 2a1
2 «27 - 2/3^/3.37 - «2

8
7 - /32

3
7 - «r/327 - a.&'y - a2

2
/327 - a2/32

2
7)

+ p
2 (ex

4 + ft
4 + S^'-a;- + 3&«&a + a2

4 + /3./ + 2a
1

2 a,/3
2 + 2a2/(3I

2
/32

+ a//33 + a,/32
3 + a/ft1 + a2

2
/32

2 + a^ft
1 + a

2

2
/3 a

2
)) (xlii).

And taking mean values in samples of n of a normal distribution,

r2 + mean (cZr)
2

= P
2 + ^(l+P2 -2p (/> + 4p) + p

2
(2 + 4 + 2p

2

)l

+ - {- 2 - 2p
2 - 4 - 12p 2 + 2p (4/3 + 4p + 16/o + 4p + 4p3

)

+ p
2 (-8-16-4p2 -16p2

)}

+ 1 {1 + 2p
2 + 8p- + 2 + 2p 2 + 4 + 20p2 + 10p 2 + 2p

4

+ 2p (- 6/3 - 4p - 2p
3 - 8P - 24p - 4p - 8p - 16p 3

)

+ p
2
(6 + 12 + 24 + 8p

2 + 24p2 + 1 + 2p
2 + 4 + 8p

4 + 4)}

= /°
2 + ^{l-3/>2 + 2p*}

+ ^2
{-6 + 18p2 -12p4

}

+ ^{7-15p2 +8p«}

= p
2 + I (1 - p

2

) (1 - 2p
2
) + 1 (1 - p

2
) (1 + 4p2 - 8p

4
).

And by squaring (xxxix),

P = * _L
p

2 (l_p2)(l + 5p
2
).
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Hence by subtraction,

mean {drf = ^ (1 - pj + ^ (1 - r)' (1 + 5^2
).

Or taking the square root

Vn \ 2w

which may be expressed in like manner with r in the form

1 -
ov = -=

VM 4(w- 1)
.(xliii),

to the same degree of approximation.

It appears then from the above results that if the coefficient of correlation

existing between two measured characters in a large aggregate of individuals be

computed from the product moment values in small samples, these values are

subject to errors from a mean value, the standard deviation of which errors may

be very approximately represented by the formula

I-P"
V?z — 1

'

and with greater degree of accuracy by the formulaW / iv
V» - 1 V 4>n

p being the coefficient of correlation between the characters in the material

sampled and n being the number in the sample.

Moreover the mean value of the correlation coefficients obtained from such

small samples will be less than the true coefficient of the aggregate and will be

approximately represented by the formula

'('"^
the defect being very small when p is large, and when p is small being of the order

5°/
0
in samples of 10 and 5 °j

o
in samples of 100.

On the other hand the modal value of the correlation coefficients, or the most

likely value in a single sample, will be greater than the true correlation coefficient

(that is to say numerically greater: the correlation being supposed to be measured

positively).

We have, by definition l/\ =

and so from equations (xli), (xliii) putting n — 1

ti \ 4n'

n V 4n'

using second approximations.
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And hence from (x) going now to third approximations,

1 - l/\
r = r

3/\

1 -

i-p» (i-^)(i-V)

1-p2

_ (l-p
2
) 9p

;

3(1~P2
) (1-p2

) 27^
-*

»' 2n'2
J

P
l ,

3(l-p2

)
,

(41 + 23p2)(l-p 2
))

The excess of f over true p is zero if p = 0 and if p = 1, but if m is small and p
fairly large the excess may be such as to make the modal value unity or greater

than unity. If for instauce n is so small as 4, n being thus 3, the above

approximate equation gives

r = p + hp (i - p
2

) + (Hp + Hp1

) (
i - p

2

)

or r = 2-069p - -750p3 - 319ps

= "93 when p = "5

= 1-05 „ p = "6

= 1-14 „ p = -7.

The frequency distribution in the last two cases is of the J type, there being

no mode within the range. The greatest frequency is at the extremity of the range,

or at value unity. The interpretation of this result is clearly that such small

samples as 3, 4 or 5, as might be expected, fail altogether to give by the product

moment formula an approximation to the correlation coefficient. Under some

circumstances the points which graphically represent the observed measures are

more likely to be in a line than to have a configuration represented by any

specified fractional correlation coefficient. This will happen if the correlation in

the material has a larger coefficient than "6 (approx.) when samples of four are

drawn : or a larger coefficient than "3 (approx.) when samples of three are drawn. If

samples of two are drawn the coefficient of correlation is necessarily unity in the

sample whatever it may be in the material*. All the distribution is concentrated

at value unity and r should in this case be infinite for all values of p. Our

approximation, neglecting terms in 1/n'3 etc., cannot of course show this if n' = l.

It gives r greater than unity and so a J type, but fails to show the complete

concentration at unity.

It appears from (x) that r will be infinite when X = 3 and r any value other

than zero, whilst r will be zero if f is zero and X other than 3. If r, and therefore

* Supposing the material ungrouped. If it is grouped some values will be indeterminate in small

samples, viz. when all observations fall into the same group.
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p, is zero and A = 3, r is indeterminate. This case is a little singular and (ix)

shows that m Y
and m.2 are zero and that the frequency is therefore constant or

that all values of r are equally likely, from — 1 to +1. Remembering that

1 — r3

X = — it will happen when ar
* = ±. But when p = 0 the value we have found

for a 3
is which will be \ when n = 4. If therefore from material possessing

zero correlation samples of four are drawn, the values of the correlation coefficients

in these samples should, if the above formulae and assumed type of frequency

distribution are correct, be equally distributed in value throughout the whole

range.

Complete experimental confirmation of the distributions found in this paper

for the product moment expression of the coefficient of correlation in small samples

is difficult to obtain. The second order differences in the values of the mean and

standard deviation of the distribution are necessarily small in large samples and

comparable with the errors of sampling of such samples unless a very large number

of samples is taken. On the other hand if small samples are taken the theory is

not so exact and in addition the distribution tends to concentrate in certain

grades if the original material is coarsely grouped, whilst fine grouping adds very

much to the labour of computation.

In a paper published in Biometrika, Vol. VI., p. 302, " Student " gives the

results of a very painstaking investigation to determine experimentally these

distributions. Material based on W. R. Macdonell's measures of finger length and

stature in 3000 criminals [Biometrika, Vol. I., p. 219] was formed having correla-

tion with coefficient* *66 and samples of 4, 8 and 30 were drawn. Material with

correlation zero was also constructed and samples of 4 and 8 drawn.

The comparison of the actual means and standard deviations found in these

experiments with those computed from the formulae in this paper is shown in the

table that follows.

1 2 3 4 5

Number in sample, n ... 4 8 4 8 30
Correlation coefficient in material, p 0 0 •66 66 66

Mean correlation coefficient in samples, observed •5609 6139 •661

„ „ ,, „ calculated, r 0 0 5933 •6317 •6542

Standard deviation of coefficient in samples, observed ... •5512 3731 4680 •2684 •1001

,, ,, ,, „ calculated, crr
5773 •3780 •4234 2453 •1088

Number of samples taken 745 750 745 750 100
Probable error of mean •0143 •0093 •0073 •0105 •0060

„ „ standard deviation 0101 •0066 0052 •0074 •0043

* The exact figure was -G608.
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It will be seen that the differences of observed and calculated values are for

the most part several times the probable errors. Estimated in this way case (3)

p = '66, ?i = 4, is the worst fit, the difference of the mean being five times and that

of the standard deviation nine times the probable errors.

From the values of f and ar found above are calculated

1 2 s 4 5

a/
3 7 3-6140 9-9905 48-325

. X-1 . 0

0
0 2-5259 •8124 •6831

The frequency distributions of Type I to fit the numbers of samples taken in

the experiments and the values of f and ar calculated will be of the form

y= y0 {\ -x)m - (1 -l- x)
m2

when referred to the absolute origin and unit of measurement of r, and the

constants* will be

l 2 3 k 5

»h=4(X-i)U-r)-l
Wi2
= i(X-l)(l+f)-l :

='

3'o- 2mi+ms+1 •

r (mi + 1 ) , r (>/i2+ i)

0

0

372-5

2

2

703-12

- -46844

1 -08243

202-25

•6557

6-3348

95-131

7-1825

38-1425

•0033889

When the above frequency curves are plotted they appear as shown on the

diagrams pp. 112, 113 and are seen to be in fair consonance with the frequencies

observed in the experiments and shown by the rectangles upon the same diagrams.

They are perhaps as good an expression of these frequencies as could be found

amongst the type of frequency curve assumed. The case of p = 0, ?i = 4, for which

theory prescribes a horizontal straight line is seen to be very nearly so in the

experiment, apart from individual fluctuations. In p — 0, n = 8, the curve well fits

the deviations from zero correlation observed. In p — -

66, n = 4>, the as^'mptotic

nature of the distribution towards the value unity which the fitted curve fore-

shadows is borne out in the samples of four drawn. With larger samples from the

same class of material the displacement of the mode and the skewness of the

distribution resulting from the assumed types are corroborated in the tests.

At the same time it must be admitted that there are considerable differences

* For the special case of p = 0, eqns. (ix), (xl) and (xliii) show that the curve is y = y0 (1 - A'
2)*'w-4'>

the form suggested for this case by " Student," Biometrika, Vol. vi. p. 306.



H. E. Soper 111

needing to be accounted for. The individual irregularities in the observations are

more than would be expected in random samples of homogeneous material and it

is probable that these jumps which make a good fit of any continuous curve what-

ever an impossibility are partly due to grouping. If the grouping of the original

material were too coarse there would be a tendency in small samples for statistical

constants to centre round certain values. Another possible source of error is in

the mixing and in the drawing out of samples. Although a great deal of trouble

was undoubtedly taken in these experiments, yet there always seems room for a

little involuntary order in repetitions intended to go solely by chance.

The curves were planimetered and the following tables show the comparison of

theoretical with observed frequencies of the grade values. It will be seen that

the differences are not systematic but that the + and — errors are fairly mixed.

On calculating the square contingency, yf, and deducing from this and the number

of groups, ri, the probability, P, of these differences being purely that of sampling*

such probability comes out in most cases very small. It seems legitimate in this

instance to see to what extent grouping will smooth down the irregularities and

yet show the general resemblance and, with this in view, the differences in the

columns headed e are calculated and the grouping therein shown may be taken to

indicate what is necessary to bring the probabilities within reasonable distance of

expectation.

p = 0, n = 4. p = 0, n = 8.

r

Calculated

frequency

m
Observed
frequency

Difference

e

c2

7)1

Calculated
frequency

m
Observed
frequency

Difference

e

e2

m

•925—1-0 27-94 22-5 5-44 1-06 •6 •6 •60
•825— 37-25 31-5 5-75 •89 41 3 1 1 30
•725— 37-25 24-0 13-25 4-71 11-6 12 + •4 01
•625— 37-25 35-0 2

-25 •14 20-6 11 -5 9 •1 4 •02
•525—

))
34-0 3-25 •28 31-9 28-5 3 4 36

•425— 47-0 + 9-75 2-55 42-3 46 + 3 7 32
•325— » 30-5 6-75 1-22 51-6 47-5 4 1 •33
•225- » 46-5 + 9-25 2-30 59-9 70 + 10 1 1 70
•125—

?»
44-0 + 6-75 1-22 65-8 57-5 8 3 1 05

•025—
>J

32-0 5-25 •74 69-4 70 + 6 01
1-925—

>>
45-0 + 7-75 1-61 70-3 60-5 9 8 1 •37

1-825—
•>•>

43-0 T 5-75 •89 67-9 71-5 + 3 6 19
1-725—

1J
41-0 + 3 75 •38 63-1 76 + 12 9 2 •64

1-625—
)J

37-0 25 •00 56-3 63 + 6 7 80
1-525—

5)
44-0 + 6-75 1-22 47-1 42 5 1 •55

1-425—
)5

40-0 + 2-75 •20 36-9 33 3 9 •41
1-325—

5>
38-5 + 1-25 •04 26-1 29 + 2 9 32

1-225—
!>

32-5 4-75 •61 15-3 20 + 4 7 1 44
1-125— 36-0 1-25 •04 7-4 8 + 6 •05
1—1-125 46-56 41-0 5-56 •83 1-8 1 8 36

745 20-93 750 16'83

n' = 20, %== 20-93, P = -.341. n' = 20, %
2 = 1683, P = -601.

* Tables for testing the goodness of fit, W. Palin Elderton, Biometrika, Vol. i. p. 155.
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Fig. 1.

•2 -1 0

Values of r.

9 10
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Fig. 2.

•0 - 9

Values of r.

Figs. 4 and 5.

of cot- tm:/^^

75O <sdm/i^M

C©^-y-c^tc^v.-o?j. coe^ytowv^rf < -»i o m.fi./*. s -of

•0 -9 -8 -.7 -6
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p = '66, n = 4>.

•905—1 -0

805—
•705—
•605—
•505—
•405—
305—
•205—
•105—
005—
[•905—
[•805—
[•705—
[•605—
[•505—
[•405—
[•305—
[COS-
MOS—

Calculated
frequency m

1—1-105

230
98
72
57

48
40
34
29
25

22
18

16

13

11

9

6

5

3
1

Observed
frequency

175-5

136-5

84

66
55
45
24-5

24-5

19

7

22
12

13

3

12

16

7

10

4
9

Difference

- 17-2

+ 20-3

+ 11-8

- 15-0

- 21-6

+ 12-1

1+ 8-6

J

+ 10-5

3

1

3

9

3

9

8

44

•90

•18

•58

•52

•80

•02

•06

•21

•80

•10

Difference

e'

17-2

20-3

+ 2-0

> - 5-1

745 84-17

n' = 10, x = 8417, P very small.

n' = 4, x2=: 4 '27
> ^ = '237.

p = '66, n = 8.

r
Calculated Observed Difference e2 Difference e'2

frequency m frequency e m e' m

•925—1-0
825—

48-9

127-6

37-5

126

-11-4
- 1-8

2-67
•02 |

- 13-2 •99

•725— 135-25 137 + 1-6 •02 + 1-6 •02

•625— 120-0 125-5 + 5-4 •24 + 5-4 •24

525— 97-25 105-5 + 8-1 •68 + 8-1 •68

•425—
•325—

73-9

53-5
80-5

39
+ 6-5

-14-6
•58

3-96 |
- 8-0 •51

•225— 37-0 37 o-o •00

•125— 24-25 16 - 8-3 2-82

•025— 14-75 14 - "8 •04

1-925— 8-5 9 + -5 •03

1-825— 4-75 7 + 2-2 1-05 + 6-2 •41

1 -725— 2-25 9 + 6-75 20-25
1-625— 9 3 + 2-1 5-22

1-525— •25 2 + 1-75 12-24

1-425— •10 2 + 1-9 36-10
1-325—
1-225—
1-125—
1—1-125

750

n'=16, %
2 = 85-92

ri = 6, x

85-92

P very small.

2-85, P = -722.

2-85
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p = -66, n = 30.

r
Calculated
frequency »t

Observed
frequency

Difference

e

er

m

795— 8-5 6 -2-5 •74

•735— 15-8 17 + 1-2 •09

675— 21-6 27 + 5-4 1-35

•615— 20-9 22 + 1-1 •06

•555— 15-8 14 -1-8 21
•495— 9-8 10 + "2 •04

1— -495 7-6 4 -3-6 1-71

100 4-20

n'= 7, x
2 = 4-20, P = -650.

It is hoped that further experiments may be shortly carried out which will

have regai'd to the points raised and show definitely whether the distributions

theoretically arrived at in this paper are good presentations of fact and whether

the application of the standard types of frequency curves to the distributions of

statistical constants in small samples is justified.

I am indebted to Professor Pearson for drafting the lines of this investigation

and for critical supervision.

15—2



ON THE MEASUREMENT OE THE INFLUENCE OF
"BROAD CATEGORIES'

1 ON CORRELATION.

By KARL PEARSON, F.R.S.

(1) By a " broad category" I understand one of a finite small number of groups

into which we class a variable. For example : we may divide General Health into the

categories Very Robust, Robust, Normally Healthy, Rather Delicate, Delicate and

Very Delicate. These categories may be verbally defined or have their boundaries

determined by quantitative limits as when we state that the limits of the Delicate

coincide with so many weeks of sickness or of absence from work in the year.

Again we may put into four to six classes the competitors in an examination, and

the boundaries to these classes may be really percentages of marks gained. Such

broad categories are very common not only in social investigations, but also in

psychological records, and quite recently Dr G. A. Jaederholm, a Swedish

psychologist, wrote to me asking what was the correlation between the true

quantitative value of a variate in any individual and that individual's category

or class-mark. The answer is an obvious one, but I do not know that I have

seen it stated or any discussion of it given. It of course assumes that at the back

of the categorical classification a true quantitative value lies.

Suppose a population of N individuals divided into p classes, and that Gs is

the class-mark of an individual in the sth category, whose true variate is x.

The problem is what is the correlation of as and the class-mark. Let xs be the

mean variate of the group of ns individuals who fall into the sth class. Then it

is just as reasonable to call xs the class-mark as Gs , for given one the other is fixed.

We really want then the correlation of x and xs .

We may either find this directly * or indirectly, and the latter is the easier

course. Clearly if x be the mean value of x for a given class, then

or x — x = xs
— x,

* Let x within the class = x
s + x

g
', S = sum for classes and 2 = sum within class. Then

S2 (nxxxs)
= ,S'2 >nx xs ft + <) } = S + S {5,2 (nxxt

') }

,
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is the equation to the regression line ; therefore

Whence it follows that

X — X _ °"x
g

xg
-

8
<?x

or the correlation of a variate with its class-mark is the ratio of the standard

deviation of the means of class-marks to the standard deviation of the variate.

It follows from this that in classifying a variable into broad categories the test

of their efficiency, as far as number and arrangement are concerned, lies in the

standard deviation of their means not differing widely from the standard deviation

of the variate itself.

(2) Clearly o%=S(n&)/N (ii),

where S is a sum involving all classes.

If before classifying into broad categories we have made a quantitative

determination of these classes on a sample frequency, the values of xs's can be

determined. If this has not been done, or cannot be done, we are bound to

assume some form of frequency distribution. Suppose we take a normal distribu-

tion, then we know that

-=— " xe 2 <r
2 dx = Nax (z

s
— z

s ),

v2,tov'-%,

where z = —== e * (''1°'^,

V2tt

and can be found from Sheppard's Tables of the ordinates of the normal curve

as soon as ng , etc. are known, for the z's are the ordinates at start and finish of the

sth class, reduced by the factor Nj<rx .

Hence

Thus rxC can be found at once from Sheppard's Tables, when the totals of the

broad classes are known.

(3) Let us now suppose a second variate y and assume that the correlation

of x and y for practical purposes is linear. Then clearly since a given x will have

a constant class-mark, the correlation of y and Gx for a constant x is zero ; that is

to say that the partial correlation coefficient
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Hence r
y^ - rxy rx^ = 0,

rycx r \or ^,
7/
=

?
r- (1V )-

xCx

In other words, to find the true correlation of x and any other variate y, divide

the correlation of y and the class-mark of x, by the correlation of x with its class-

mark.

From (iv) we can deduce the correction for number of arrays when we find r)xy

the correlation ratio of x and y on the supposition that rx;/ equals sufficiently

closely t)xi/ , i.e. when we "find r by rj methods." Let HyC equal the value of rj

found when y is finely classified and the mean of an array can be determined for y,

but the arrays of x are broad classes *. Then

= KyC3=
HyCx (v)Vxy

rx0x </S(ngxs*)l(N<rJ)
h

EhCx ,= ' j (vi),IN
V *,^~**?

if we suppose the distribution normal.

(4) Now let us consider two variables x and y given by their class-marks Cx

and Gy . If we correlate y with any variable u we have at once by (iv)

r^--^- (vii).
rycy

Now as u is quite arbitrary put it equal to the class-mark of x or Gx , then

r
l

Substitute this in (iv) and we havef

ryCx = -W* (viu).

rxy =
rC

" Cx
(ix).

rxCx
ryCy

* The primary establishment of equation (v) is due to "Student." His paper published in this

number reached me, as I was writing this paper. I had obtained (iv) and (ix) and used them to correct

contingency, but not to correct -q.

t A somewhat different proof of this formula may be obtained as follows : the partial correlation

q q is clearly zero, for when x and y are constant Cx and Cv do not vary. Hencexy uxu,j

rCxCv
0--

''V "
>'x Cx

rx

C

v
~ r

y Cy r
y Cx+

rxy Cx
r
y Cu

+ rx

C

y
r
y C.)= °"

But rxy= rycJrxC= rxCy
lryCu

>

and if we substitute for r ,i and r a we have

r
CxCv

(!
~r\y) - (>-,y ~ **xy)

r
y Ov

rxCx^
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Thus l/(rx cx
r,jQ ) appears to be the corrective factor when we group the

variates x and y both into broad categories, the ranges of which are of any

nature.

WehaVe
_ 8{nst xstyst)lN

and ,,„ = '\
N

where nst is the frequency of the cell in the sth category of x and tt\i category

of y.

It is obvious that rxy takes its usual value when the classes of x and y become

very numerous, for both factors in the denominator are then unity.

In the particular case of normal distributions, on the assumption that the

product xstyst is sufficiently close to xsyt to be replaced by it:

1

Vx'J~ (Tr ^ Tat 7 (X11 )>

which admits of fairly ready determination from Sheppard's Tables.

(5) An approximate value of rxQ can be reached in the following manner, if

we suppose the range of the broad classes are all equal and given by h.

Assume a parabola y = a + bx + cx2

to give by its area the three class frequencies «s_1; ng) ns+1 , the origin being at the

start of the ng^ class. Its equation will be found to be

_ 2ns+1 -7ns + lift,-! _ ns+1 - 3n s + 2ws_ ,
/x\ n^. ^2?v+ fwV ...

V ~ '

6h h W 2h [hj
•••^XU1>

rih h
But nsxs

' =
J

yxdx = ^ (n s+1 + 36ws
- ns_{),

-, 3, h wg+i
- n4_i

or xs = -h + ?tt •

2 24 n s

Thus, if Xg be the distance from the origin to the middle of the sth class,

,
, _ J_ , >h+i - rh-i

s
24 ns

aud if xs and xs be measured from the mean of the whole population

- 1 ? ^S— I
~ ns+i
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and
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_
2 _ „ n,._! - Wg+i

h?_ {ns-i - ns+1)
2

, h , , h2 h2
It

2 (n^ - ns+1 )-

= nsxs- — Y2 vrs-i"s-i _ xs+i ns+i) — |2
n»-1

—
12 >ls+l

576 n

Summing for all classes and dividing by Nax?

J? a
g >h ®s S (n &x

2

) 1 ^__^J^_ M & q (
ns-i ~ n s+iY

No 12 12 576ov

But by Sheppard's Theorem, with contact at the tails of the order we are

supposing :

S (ns*s
2
) 1 ,

,

* =-ir~ "i2
/r-

Further, if we suppose ys-\, y&> ys+i> Vs+2 to be the bounding ordinates of the

classes n^, ng ,
n s+l of the frequency curve,

= -
ysh = - (-^ + 5^ + 2^) = 1^ _^ +^

Similarly «s+1 = ns+J - ys+2h = 1 (n^ - 5ns + 4/is+1 ).

Here ots_i and as+1 are the excesses of and n~ above rectangles ; and we have

as_j - as+J = \ (ws_! - ns+l).

Thus finally

.(xiv).
W«r«V 12<r»

+ 14k« JVns

Consider the last term ; it may be written

ji (a, - a
s_, + as+1 - as) ^ J (ag - a4_j + ag+1 - as )

N -y x
h-

3 Gcr,.
3

Ah - 1

WMIIIIItMMmimmm*.

2/8-1

-><e

Now the numerators are mean differences of what will be, if h be at all small,

small areas, and these mean differences are divided in the one case by ns and the

other by N, much larger quantities. Hence the last term is as a rule very much
smaller than the second, and we have approximately
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Thus we see how rapidly, if h be small with regard to <rx , the value of the

quantity

and therefore of rx(j , its square root, approaches unity.

(6) It is desirable to illustrate the approach of rxC to unity as we increase

the number of groups. I have therefore worked out this approach for three and

more symmetrical groups when (a) we use the approximate formula (xv), (b) we
still suppose the classes to have their ranges equal but the frequencies to be given

by a normal curve, (c) we assume the frequencies in the classes and not the class

ranges to be equal, the frequency being supposed normal, (d) we suppose the

frequencies to increase by 50°/0 at each stage, i.e. to be as 1, 3/2, 9/4, 27/8, etc.

These cases will be sufficient to indicate what sort of frequencies we should

take for few classes in order to get the highest correlation between variate and

its class-mark. I shall after these theoretical investigations consider a few actual

cases of " broad " categories.

Values of rxC for Various Groupings*.

No. of

Classes

(a)

Equal Ranges, Any
Frequency.
Formula (xv)

(6)

Equal Ranges,
Normal Frequency

(c)

Equal
Subfrequencies,

Normal Frequency

(d)

Increasing

Subfrequencies,
Normal Frequency

3 •817(/i = 2o-) 859 •891 •876

4 •901 (A= l-5o-) •915 •928 •912

5 •938 <7i = l-2o-) •943 •947 •928

6 •957 {h= (r) •960 •959 •939

8 •978 (A =-75o-) •977 •972

10 •985 (A = -6<t) •985 •979

12 •990 (h = -bo-) •989 •984

u •992 (A= fo-) •992 987
16 •994 (A= fo-) •994 •990

20 •996 r/i = :

3<7) 996 •992

It is clear from the fourth column that nothing whatever is gained by

exaggerating the frequencies of the extreme or tail sections. Further

:

(a) Equal frequencies are better than equal ranges up to about six classes.

After six classes it is better to take equal ranges.

(b) After six classes the approximate formula (xv) is amply sufficient in the

case of equal ranges to obtain the value of rxg .

Thus we have the general rule that up to six broad categories it is desirable to

make the frequencies of those classes approximately equal, but beyond this greater

* The number of classes given in (a) and (fc) is based upon the range of 6<r covering for such data as

we usually deal with, i.e. 500 to 1000 cases, the total frequency.

Biometrika ix 16
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exactness will be reached by equal ranges. The differences, however, between

equal ranges and equal frequencies are after six classes so small—within the value

of the usual probable error of random sampling—that either method will give

practically quite good results.

(7) It is interesting to note the relation of the present method to the usual

correction for grouping in the value of the correlation. In that method we take

the groups at their mid-points, and we do not correct the product, but only

the standard deviations of the two variates by the usual Sheppard's correction,

T
1

¥th of the sub-range squared being subtracted from the raw second moment
coefficient. Now we have

rXy = S{n stxsyt)laxay ,

and we have to replace xs , y t
by xs and yt .

But we have seen that approximately with equal ranges

_ 1 -I 1ls— i
— ns+i

24 ns

-k
1 , ttt-j - 7l t+1

Now

8 (n st xs y t ) = S (» st xs yt ) - g| hS
I"--

1

-
>l*+1 nsty\

-
/. o [

n t.—i ~ nt+i „ „| ,
1 f.„ "s-i

— ns+i >h—i ~ 'h+i

Consider first the last term*, it contains not only the product of hk, but also the

product of differences, and is of the form, when we divide by Naxay ,

1 h k ^ hist
x h (q» - a«-i) + \ (at+1 - g,) i (<*'« - a't-i) + i (a'«+i - «'«)

36 a-3 cr
;/

(iV ns «t

which will be of the fourth order of small quantities if hjax and k/ay be small and

may be neglected as compared to the square of small quantities.

* As a matter of fact for Gaussian frequency

8 (

n

st '^f^1 7l^^)=±hkS
{
n

st
x

s yt )

to our degree of approximation. Thus the fourth term may be written ^ h2k" S (n
st
x

s y t ),
which gives

S
(
na xsyt)

= S fa ,r
s y t )

( 1 - i fc« -i ft* +A AW

^ 1 - ^ *s
) I

I
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Next, considering the second summation and summing first n styt
for all values

of t, it equals nsys , where ys is mean of all y's in array corresponding to xs . But

if the regression be linear yg = —^xs . Thus the second sum equals

ro'y <7x —: S - ns+l ) c

= ~r<ryax — - {^(^.-j?^-! - a?<+1 «a+1) + hS(n s^) + hS (ns+1)\
Z"± (Jx

1 A2 _ ,,

as before. But in a term of this order we may put

Nr<ry <Tx= 8 (nstxg yt).

Similarly the third summation

= h 8{nstxsyt) x —

.

Or, finally, S {nstxsyt) = 8 (n st xs y t )
[l - - j^ij (xvi) 6w.

Thus
\_N*x aJ ax ay

b
\N XslJt)V 12^ 12^

NafJ \N*y*J \ 12*JJ\ 12 oy

or, since we neglect terms of fourth order,

s (w as>y*)

= rxy (xvii),

the usual value, ax and ay having of course to be corrected by Sheppard.

We see by (xv) that

but by Sheppard

Accordingly

ns _ \ „ /if.

which enables us with equal small subranges to use the standard deviation of

means or mid-abscissae at our pleasure.

(8) Of course it is absurd in practice to push our results to the extreme* of

two categories only, but theoretically it is not without interest to note the results

which flow from such an assumption.

* We have seen that x
st ysl

can only be replaced by x
a y t

in (xi), or as a special case, (xii) used,

provided the subranges are equal and fairly small.

16—2
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Let the division be into two categories containing N x |(1 + «) and N x \ (1 - a)

individuals, a,nd let no assumption be made as to the nature of the frequency.

Then

but

and therefore

S
( jT x*J = -|(l+ a) + HI - a) x?,

i(l + «)«•, + H 1 -«)a2 = 0,

Thus .(xix).^ /Hi-«)

We note therefore that unless we suppose all the frequency in each category

concentrated at one point—a very rare occurrence

—

rxCx
w^ always be less than

unity, and therefore in correlating class indices a correction will always have to

be made. We will consider two cases : (i) when the frequency distribution is a

rectangle of length I. In this case x., is -=1 \\( \ + «)} and ax = l/^/S, we have then

rx cx = ^Z x£(l+a)x£(l -«) 5

(ii) the distribution of frequency is supposed to be Gaussian. In this case

_ _ za x arx
*2

~i(l-«)'

Za.

am rxC
~ .(xxi),
V£(L-a) xi(l +«)

in other words, r
xC

is the reciprocal of the ^a already tabled in this number of

Biometrika, p. 27.

We have the following results :

Value of i
(1 + a)

as percentage of

total

Value of

Gaussian
Frequency

Rectangular
Frequency

•798 •866

60 7 789 •849

to 7. 759 •794

80 7 •700 •693

90 7 o
•585 520

95 7 •473 377
99 •/„ •268 •172

It will be seen at once how rapidly the corrective factor l/rxCx rises as the

division of the categories becomes more and more unequal. But in both cases

very sensible correction is needful and its nature depends on the particular

frequency.
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Let us now pass to the consideration of the correlation rxy as obtained by

correction from the class index correlation, i.e.

„ _ rCx Cv

The difficulty is to know how to determine the product 8{n st xst yst) for such a

slender division as a fourfold table. If we assume it still to be equal to

SiristXtyt)

we can then find rxy .

We have 8 (n st xsyt) = n^y^ + n2x2y2 + n3x3y3 + n^y^

where we take for our fourfold table

:

%+ «2

n3

«2+ «3 N

But clearly on the above assumption

X
x
— <T4 ,

Thus

then since

we easily deduce

Similarly we find

8 (n stxsy t ) = n.x.y, + n2x2y, + n^y^ + n4a^4 ,

(«i + "4) x\ + (»2 + ns) x2
= 0,

(fh + n 2) % + (n3 + n4) yt = 0,

8(nstxsyt)

"a;2y4 (w1 ??3 -TC8n1)

(«i + n4) (nj + « 2)

^2 + Th - ,\

»i + rc4

'

?l3 + «4 .

fti + n2

y*

And accordingly

8(nstxsyt)

.(xxii).

.(xxiii).

.(xxiv).
v(»i + »2) (»i + ««) (^a + n3) (h 3 + »4)

This is not really the true value of the class index correlation unless we assume

xsyt
= xstyst , which is not generally true. It is really the correlation of the means

used as class-marks, and as shown long ago by me it is the correlation of errors in

the means of the two variates, and also equals the basis of the mean square

contingency. If we correct to obtain rxy by the factors
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we find

»I»3-'»o»4 , x
rxy = =; = (xxv).

(n-2 + n.3) (n3 + n4) x ^ x ^
ax (Ty

Mr Yule has termed (xxiv) the "theoretical value of the correlation*."

It will be quite obvious from the present discussion that it is only an approximate

value even to the class index correlation, and cannot represent rxy at all, unless

the frequency distributions each consist of two isolated points. Generally

n xns - n3nx / Oy Oy
1 XV ~ + h 8) (n, + n4 ) (m s + m.) (n, + n4 )

V a, «» ft %

= r x /Zl^°JL;<h
(XX vi).V x

x
x2 y1 yx

This corrective value on tq q is always true, although the above value

of fc
x cu

^ s only approximate.

This is brought out at once by considering what (xxv) reduces to in the case

of Gaussian frequency. Here

_ 1 *L
1 2 2

(re2 + ?? 3 ) £2
= Nz2 <rx = Nax ~j== e *

,

V Z7T

_ 1 fc2

{n.i + n i)yi
= Nziay

= N(7y-^^e
2
*»

,

where and A" are the distances of the dividing lines from the mean. Hence if

H and K have their usual meanings (xxv) gives us

*>y = JfqjjZ
=6 (xxvn).

e is the expression used in my memoir on the correlation of characters not

quantitatively measurable"]". Thus the physical meaning of e is rc c^ corrected

for the use of class indices, but not for the assumption that xst xyst may be

replaced by xs xyt
. We may therefore anticipate that e or, failing Gaussian

frequency, (xxv), will give a better approximation than rc c to the true value of

the correlation of x and y.

I shall discuss elsewhere the possibility of any absolute identity in the

members of a class; the only thing in which I have personally come across it

is in theoretical investigations— never in practical—on Mendelian units. When
we are absolutely ignorant of the nature of the frequency, then I feel sure that

in dealing with either physical or mental characteristics in living forms, the

Gaussian distribution will in the long run be found closer than any single type

of distribution hitherto discussed, and that accordingly even e—to say nothing

* Introduction to the Theory of Statistics, p. 212.

t Phil. Trans. Vol. 195, A, p. 7.
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of r by fourfold—would be far safer to use than rc q , or any arbitrary coefficient

of association, which wholly neglects the question of the type of the frequency

distribution. In the rare cases in which the frequency is collected into points

—

absolute homogeneity of category contents—then fc
sCy

*s the right coefficient

to use and not Yule's coefficient of association.

(9) I propose in this section to consider the relations between

8
nst -

N xst JJst s
nst - -

) and S r~ . xs . y.

when the subranges for each character are small and equal. Let those for x be h,

and for y be k. Then consider the surface

z = a + bx + cy + dx- + ey-

,

and choose a, b, c, d, e so that it gives by its volumes correctly the five class

frequencies

h—l,t> "s,t< "s+i, t> "s, t—n S, t+ 1-

Then if we take the origin so that it lies at the mid-point of the n
Si t

group,

we find

2 =
Ik {

ns
'

1 ~ 12 (n*~1
'

1 + n
*' ~ 2ns

' d ~ ii (n °+1 '

'
~ n*-1 '

1 + ,+1 ~ " s
-

,
1 * t

- ns-i, t \y ns , t+i - t-i

1h hk 2 k hk

+
«2

f
ns-h t-n s,t M th+h t-i\ t

\ M if f 'h, t-i - » g , t ,

- ns , t

Further
hk

+
2hk

r+Uc r+hh

J -hk

+ — I

hk 2hk

^xzdx = ~bh"kJ~(^
Irk

Or

Similarly
1 7 n». t+i ~ n

s, t-i
yst = yt +^

.(xxviii).

..(xxix).

Now take the product of these, multiply by n st and sum, we have

8$ xstyst)
= 8 xsyt

)
+^Mf{jf (n.+J ,

, - n s_h ,)}

+ 9l kS fe^M-H ~ n s, t-l)

+ hkS
144

n^t-n — n
Sl t + v g,t-n s

2N 2n-

But if h and k be small the last summation is, precisely as that dealt with on

p. 122, of the fourth order, and we have .
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for the second and third sums obviously vanish if we suppose zero frequencies

at the boundaries of each row or column. Hence by (xvi) bis we have

8
(jf

fyy^) = S (n stxsyt ) x(l+ + J^.) (xxxi).

Thus we cannot replace $ (nstx3ty3()
by S (n

3t
x

3yt) unless h and k are very small

relative to *x and ay respectively.

-r. , -i 8 (nx,,xu) ,But now consider rxv = A7
-

,
the accurate value.

JS*x *y

We may replace 8{nxyxy) by S(n
st
x

sys), there being no Sheppard's correction

for the product moment. Hence

rxy = = — by (xxx)
<TX *y ax *y

= 'S(jjf— (l + t^—„ + fi—,)
by (xxxi)

\N ax *y) \ I2ax
a 12*y*)

J v

\N <TX (Ty)
S

12*J) V 12<7,

to the same degree of approximation

s 'st
a* y±\

—— by (xvn) bis (xxxii).

N **) \N *y
-

This formula is free from all Sheppard's corrections, and in form it does not

involve the equality of the subranges. Hence it seems likely to give moderately

good results even for unequal subranges, provided they do not differ very widely,

and there are not too few of them. It leads as before in the case of normal

frequency to

[nsnt

Sl
- %)K -

- v}
but it is clear that this cannot be pressed so far as to make only a very few, and

those very unequal, divisions for each variate.

(10) The present method of correction seems likely to give good results in

the case of the method of mean square contingency*, when we may reasonably

assume the distribution not widely divergent from the Gaussian.

* A much fuller discussion of all the corrections for contingency has been some years in progress

and will shortly appear.



Karl Pearson 129

Illustration I. Thus I take the table for correlation of stature in father and

son, the subranges being each two inches.

Stature of Father.

>p

to

1

°0
l«

Si
"O

1

>p

to

<!-

to
1

1

lp

©i
to

>P
is
tO

1

"O

to

1

to
to

< ^

J

00

®*

1

<~

1

>P
^i
f~

>p

Totals

59-5—61-5 1-5 1 1 35
61-5—63-5 0-5 2-75 5-75 9-5 5 0-25 0-25 24
63-5—65-5 4 7-75 20 41-5 17-25 8-25 1-25 100
65-5—67-5 2 10 32 73 78-75 33-5 7-25 1 237-5
67-5—69-5 4-5 27-75 65-5 95 93-25 31-5 4-5 i 323
69-5—71-5 6-75 38-25 61 77-5 39-5 11 2 236
71-5—73-5 0-25 5-75 24-75 34-5 32-25 7 0-5 105
73-5—75-5 1 3 6-25 6-75 13 5-5 2 37-5
75-5—77-5 2-5 1-5 1-5 2-5 8
77-5—79-5 2 0-5 1 3-5

Totals 6-5 25 95 237-5 291-5 257-5 127 32-5
I

5-5 1078

a
om
o

U

Worked out by the product-moment method and using the Sheppard correction

for the s.D.'s, rxy = -5259.

I then proceed to make it into two further tables (i) a 5 x 5, and (ii) a 3 x 3

celled table. These are as follows

:

Stature of Father.

a
o
GO

Si

m

us

"o

1

>p
00
Id

»P
<b
to

1

>o
00
to

1

is©

>p

00
to

ip

1

>p

?^

Totals

59-5—65-5 42-25 52 23-25 8-5 1-5 127-5
65-5—67-5 44 73 78-75 33 5 8-25 237-5
67-5—69-5 32-25 65-5 95 93-25 37 323
69-5—71-5 6-75 38-25 61 77-5 52-5 236
71-5—79-5 1 -25 8-75 33 5 44-75 65-75 154

Totals 126-5 237-5 291-5 257-5 165 1078

and

Stature of Father.

a
o
&0

GO

58-5—66-5 66-5—68-5 68-5-76-5 Totals

59-5—67-5 211-25 102 51-75 365
67-5—69-5 97-75 95 130-25 323
69-5—79-5 55 94-5 240-5 390

Totals 364 291-5 422-5 1078

In obtaining these tables I was generally guided by an endeavour to roughly

equalise the frequencies in the totals.

Biometrika ix 17
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If x be the stature of father and y of son, then for the 5 x 5-fold table we have,

reading from left to right and from top to bottom

:

xs = - 1-6780, --7650, --0694, + -6191, + 1-5440,

yt
= - T6741, --7617, --0298, +-6811, +1-5795.

These give

S(fSH 17
>
091

'
S(||) = '863,6599,

rxCi «'9576, ,Vc> = -9293.

I now calculated
<f>

2 and found for raw Ncf>
2 the value 314-7514; deducting

the correction for 5x5 cells, this equals 298-7514, whence 0
2 = -277,1349,

0=\/T^-r,,
= "4659.V l + 4>

2

Taking this to represent the correlation of Gx and Gy we should have

ra;2/ = -4659/(-9576 x 9293)

= •5235,

which is excellently in keeping with the value found from the 9 x 10 table by

product moment, and not very different from the value -5140 found from the

original 17 x 20 table in inches by the same process.

I now turn to the 3 x 3-fold table and find the raw N<f>° = 219*2194

or less the correction for 3 x 3 cells — 215 -

2194, whence <fr — -199,6469. Thus

C= -40795.

For this table reading in same directions as before

:

xs = - 1-0823, --0694, + "9803,

yt
= - 1-0804, - -0298, + T0358,

whence 8 ^) = "773,470, S Q. |4) = "783,6384,

'•^ = •8795, ryC;/ = -8852.

Thus taking as before rxy = C/(rx^ r
y Cy),

we find rxy = -5240.

Again in excellent agreement with the 5x5 contingency result and also the

product-moment result. The evaluations of xs and yt
are of course based on

the assumption of a Gaussian distribution for those variates.

Illustration II. The following table is given by Mr W. H. Gilby in a paper

in Biometrika (Vol. vol., p. 106) on the " Teacher's Appreciation of General

Intelligence." It correlates class of intelligence with character of the clothing

in boys. By treating the grades of intelligence and clothing as Gaussian variates

an almost linear regression line was obtained in that paper. Hence it seems a

favourable case to examine the present corrections upon. Intelligence was
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measured on my scale (see Biometrika, Vol. VIII., p. 93) and clothing was divided

into five categories, IV and V being ultimately classed together. The better

intelligence has the higher letter, the worse clothing the higher number. The

table runs

:

Intelligence.

a
IS

o
O

B C D E F G Totals

I 33 48 113 209 194 39 636

II 41 100 202 255 138 15 751

III 39 58 70 61 33 4 265

IV and V 17 13 22 10 10 1 73

Totals 130 219 407 535 375 59 1725

I shall use x for Intelligence and y for Clothing. Mr Gilby found raw

= •1014, corrected for 4x6 cells <£
2 = "0927 and C=-291. I find from left to

right

+ 1-1179, + 2-2107,

s
X Na-J

= •812,475,

= •9014.

a, = -1-8859, - 11009, - -4758, + -2428,

^ = - 1-0066, + -2173, +1-2130, +2-1317.

Hence
fan 'Y1 - \

= -933,393,

= •9661, ryCy
-.

If we now correct Mr Gilby 's contingency for the class-index correlations of

x and y we have

This is very near the values, '343 and -

340, found by converting the table into a

three-rowed table, classes III, IV and V of clothing being grouped together and

a bi-serial 77 method used (Biometrika, Vol. VIII. p. 98).

I then proceeded to work out on the full table given above the value of r

as determined by the approximate formula (xvii). This can be conveniently

arranged thus

:

- 1-8859 - 1 -1009
.

- -4758 + -2428 + 1-1179 + 2-2167

-1-0066 33 48 113 209 194 39
+ -2173 41 100 202 255 138 15

+ 1-2130 39 58 70 61 33 4
+ 2-1317 17 13 22 10 10 1

+ 33-2178 + 48-3168 + 113-7458 -210-3794 -195-2804 -39-2574
- 8-9093 -21-7300 - 43-8946 + 55-4115 + 29-9874 + 3-2595
- 47 -3070 -70-3540 - 84-9100 + 73-9930 + 40-0290 + 4-8520
-36-2389 - 27-7121 - 46-8974 + 21-3170 + 21-3170 + 2-1317

-59-2374 -71-4793 - 61-9562 - 59-6579 - 103-9470 -29-0142
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Therefore S f^yt\'_.240,51548,
\Jy ax (Jyj

•240,51548
= -•2762,

and

•9661 x -9014

rCx C,J(
rx Cx ry Cy) = - '3171

In the above table each row is first multiplied by the y t
on the left and the

final sign at once given to the product; this forms the lower half of the table.

The columns are then added up with the results given at the foot. The column

sums are then multiplied by their respective xs's, shown at the top of the first

half of the table, regardless of the sign of xs , and the sum divided by 1725 as a

continuous operation on the calculator, which shows finally -240,51548.

The value ultimately obtained, -32, is somewhat less than the "33 of the con-

tingency result but of the same order for all practical purposes.

I next reduce my table to a 4 x 4 table as follows

:

Intelligence.

be

g
!S

o
o

B+C D E F+G Totals

I 81 113 209 233 636
II 141 202 255 153 751
III 97 70 61 37 265

IV and V .30 22 10 11 73

Totals 349 407 535 434 1725

We have xs = - 13934, --4758, + -2428, +1-2674,

yt = - 1-0066, +-2173, +1-2130, +2-1317,

S ( )
= -868,606, 8

rrCj = -9320

Proceeding as before by formula (xvii) we find

- -228,76485

•812,475,

rvG =-9014.

' xy ~ -868,606 x -812,475"
'3242,

a result which is again in excellent agreement with the previous ones.

Lastly I convert my table into a 3 x 3 table :

Intelligence.

fee

g
IS
+=
JO

O

B+C+B E F+G Totals

I 194 209 233 636
II 343 255 153 751

III +IV+V 219 71 48 338

Totals 756 535 434 1725

The negative sign shows that worse intelligence is associated with the poorer clothing.
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I found x,= - -899r>, +-2428, +1-2674,

yt = - 1-0066, +-2173, +1-4110,

and S
^

"tit*

Wa S'( •784,241,•776,941,

rrCx = -8814, ryCv = -8856.

Proceeding exactly as before by formula (xvii) we have

_ --204,01275
xy ~ -784,241 x -776,941

~

For comparison I worked out the above 3 x 3 table by contingency. The

contingency corrected for 3x3 cells is
<f)'

2 = "076,0779, and therefore C = -2659,

hence

r.m = -2659/(-8814 x -8856)

= "3406, l'egardless of sign.

To sum up our results for this case we have

:

Bi-Serial 17

Corrected
Contingency

Formula (xvii)

6x2 Table •340 and -343

Gx4 Table •3342 •3171

4x4 Table •3242

3x3 Table 3406 •3348

The results are very satisfactory and show that for correlations of this

magnitude our corrective factors work excellently when we use contingency to

find Tq q . Formula (xvii) also gives fairly consistent results, but this is partially

due to the relative smallness of r. For the smaller r the more nearly xst xyst

may be replaced by xg x y t
as is well shown in the case of the simple 2x2 table.

On my scale of Intelligence seven categories are used ; there were in Mr Gilby's

schools none of the A or Mentally Defective class, so that he only used six, B—O.

We see that there is a high degree of correlation between the actual intelligence

of a child and its class index. We must have

For seven classes r>'97,

„ six ,, r = '97,

,, four „ r = "93,

„ three „ ?- = -88.

It is of interest to put beside these the frequencies of my General Health

Scale and the resulting class index correlations. The scale had six classes

:
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Very Robust, Robust, Normally Healthy, Rather Delicate, Delicate and Very

Delicate. Applied to 2037 schoolgirls (Biometrika, Vol. III. p. 166) it gave:

We have : — =

V. R. E. N. H. R. D. + D. V. D. Total

109

- 2-0342

578-5

- -9033

803-5

+ -0936

478-5

+ 1-0837

R7-5

+ 2-2293

2037

leading to

If we divide into four classes, thus

:

'

1

3f cT2]
=

'897
>
1616

>
and r*c, =

'9472 -

V. R. R. N.H. R. D. + D. + V. D. Total

109 578-5 803-5 546 2037

We have :
-3 =
<rx

-2-0342 - -9033 + -0936 + 1 -2253

8 =L
}
= -858,9714, and rxC =-9268.leading to 8 [^1 —

,

And lastly if we divide into three classes, thus

V. R. + R. N. H. R. D. + D. + V. D. Total

687-5 803-5 546 2037

We have :
—= - 1 -0826 + -0936 + 1-2253

leading to S f^-J = •801,3866, and rxC =-8952.

Now if we put these results with those on p. 121 together we find:

Number
of

Groups

Gaussian Frequency
Equal

Subfrequencies

Pearson's Scale

General
Intelligence

Pearson's Scale

General Health

8 •891 •881 •895

4 •928 932 •927

5 •947 •947

6 •959 •966

It will be noticed that the frequencies differ considerably, although not

extremely, from equality. Accordingly we may find it sufficient in many cases,
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although the frequencies are not symmetrical or equal, to state the value of rxC
for the same number of groups with equal frequencies from the table on p. 121,

and save the trouble of calculating rxg .

Illustration III. I took the 3 x 3 table for correlation of health in pairs of

sisters, i.e.

First Sister.

CO

a
oo
<x>

CO

V. R. + R. N. H. R. D. + D.+V. D. Totals

V. R. + R. 428 172 87-5 687-5

N. H 172 411 220-5 803-5

R. D. + D. + V. D. 87-5 220-5 238 546

Totals 687-5 803-5 546 2037

and I determined the contingency. The raw value of Nfi2 = 4249285, and

after correction for number of cells = 420'9285. Hence

<£
2 = -206,6414,

0 = -4138.

Therefore by the value just found for rx (j t'ov three health classes

Vxy =
-801,3866

=
'
5164 -

I then worked uut rxy by aid of the approximate formula

-Si

> ay —

which gives in this case rxy = -4940.

The value as given in my Huxley Lecture* for the mean of two fourfold

tables with divisions first between Robust and Healthy and then between Delicate

and Healthy was "51. The agreement between the three methods appears

reasonably good. I compared the last value with the same formula applied to

the original 5x5 table (see Biometrika, Vol. III., p. 166). I found

\N <jx (xy

•392,7573*,

and r
X!l
= -4880.

It will be clear that fur the type of argument which is generally based on such

numbers the accordance is very satisfactory.

* In the case of the 3x3 table this product was -317,2398, which measures the amount of

correction made by denominator.
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Illustration IV. I take now an extreme case, namely the Table:

A.

a
i

a-2 a3 Totals

h 4983 761 49 5793
1166 1661 572 3399

h 30 248 530 808

Totals 6179 2670 1151 10,000

I call this an extreme case because the table is only 3 x 3, and the frequencies

and the subranges are very unequal.

We have xs/ax = --6172, +'7011, + 1 '687 1

,

yt
/<Ty

= --6750, +-7100, +1-8531.

Whence I find S (j^) = '694,222, rmQ% = "8332,

S(*2f). -712,753, rtC =-8m.

I then worked out the mean square contingency and found for crude numbers

^=5146-6.
Corrected for number of cells <j>

2 = "51426.

Whence C = --5827.

Therefore rxy = -5827/08332 x -8442) = -8284.

The actual table has been constructed in round numbers as the distribution

of a Gaussian frequency surface for r = '80, the di visions being at x/(rx =-^-'S

and + 1'2 and y/<ry
= + '2 and +1'4, and the correlation is hardly likely to differ

by a unit from "80. Considering the marked inequality of the subfrequencies

the corrected contingency approaches closely to the correlation—at least the

approach is sufficient for any argument likely to be drawn from the data in a

3 x 3-fold table.

Illustration V. It is profitable to show the amount of error which will be

introduced by taking a marked case of non-Gaussian frequency. When looking

out for such cases many years ago, I found one of the most representative

instances in the case of barometric heights. I take the following table from

the memoir by Dr Lee and myself*, and I have arranged the 3 x 3-fold table

so as to give very unequal frequencies. We have thus in this case non-Gaussian

frequency and very unequal frequencies. We find

xs
= - 1-1479, --1581, + 9161,

yt
= - 1-2797, --2940, +-8424,

S ^ = -763,093, r
y Cy = -8736.

* Phil. Trans. Vol. 11)0, A, p. 453.
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Southampton.

137

Si

3

Over 30-15 30-15—29-95 Under 29 -95 Totals

Over SO-15 545 148-5 26-5 720
30-15—29-85 ... 263-25 340-75 217-5 821-5

Under 39-85 ... 83-75 288-75 1008 1380-5

Totals 892 778 1252 2922

We have raw N<fr = 1449 -

52.

</>
2 corrected for number of cells = "494,7023, G = '5753.

•5753
ThuS : Vxy ~ -8823 x 8736

Found by the product-moment method*

•7464.

Without Sheppard : rxy = -7752 ± -0050, with Sheppard : rxy = "7802 ± '0049.

Thus the difference is more than four times the probable error, but is not of a

nature upon which any sweeping conclusions would be drawn. Indeed some

might prefer the value drawn from the corrected 3 x 3-fold table, owing to the

distrust of isolated outlying observations which often widely modify the constants

of a distribution calculated by product-moment methods.

To still further test the pliability of the method, I rearranged the data in

a 3 x 3-fold table with markedly unequal frequencies but nearly equal ranges,

thus

:

Southampton.

3

31-05—30-15 30-15—29-25 29-25—28-35 Totals

30-85—29-85 ... 808-25 733-25 0 1541 -5

29-85—28-85 ... 83-75 1223-25 45-5 1352-5

28-85—27-85 ... 0 14 14 28

Totals 892 1970-5 59-5 2922

A more unpromising series of totals is hardly likely to be met with ! We
have

xs
= - 1-1479, -I--4467, + 2-4133.

s(-|g) = -635,4498, ^='7972.

yt
= --75U, +-8044, +2-6797,

^(fD =
"568

'
5512

' ^ = -7540.

Thus we reach some of the lowest values we have come across for >'.
r cx

anf '

ryC in the case of threefold divisions.

* In Phil. Trans. Vol. 190 A, p. 453, the value -7572 was printed in error for -7752.

Biometrika ix 18
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Raw N<p = 766-887, corrected 0
2 = -761,0838 and G= '4550,

rxy = •4550/07972 x -7540) = -7570,

a result differing only by '02 from that of the product-moment method.

It will be noticed that I have arranged the material so that the subranges

are equal. If we work the 3 x 3-fold table out, using Sheppard's correction, we

find by product-moment
rxy = -7746,

which is considerably nearer the mark than the corrected contingency value.

In this case a poor result is given by the formula

:

the assumption that S (n
st
x

st yst)
= S (n

st
x

s yt ) being by no means satisfactory for

(i) very non-Gaussian distributions, or (ii) high correlations, when the subranges

if equal are very large. For equal ranges with a moderate approach to the

Gaussian distribution and a correlation not much exceeding 0'5, it gives quite

good results. Thus if we take the table for stature in Father and Son and

arrange it in practically equal subranges thus

:

Stature of Father.

58-5—64-5 04-5—70S 70-O—76-5 Totals

Under 67 '5 ... 86-25 269 9-75 365
67-5— 73-5 ... 39-25 495-5 129-25 664
73-5—79S ... 1 22

1

26 49

Totals 126-5 786-5 165 1078

a
om

u
+->

OS

CO

we find : x
s
= - 1-6780, --0540, +1-5439,

^ = -1-0804, +-4387, +2-1022,

^=•8353,

ltyt\_.^ Aia±/L =-8454,

Sm ="697,738,

(JffJ = -714,644,

Sffe^M = -260,7392,
Ncrx ay

xy 5229,

against

The

whence

"5259 by the product-moment methods,

same table yields by 3 x 3-fold contingency

JV0 2 = 163 909, corrected <£- = -148,3386, G = -3594,

rx,

y
= -5089.
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Thus the corrected contingency for roughly equal frequencies and equal sub-

ranges gives respectively "52 and "51, but the formula (xvii) gives for equal ranges

52 and for roughly equal frequencies '57. It seems to me therefore that corrected

contingency can be more safely applied than formula (xvii).

Conclusions.

A further discussion of the corrections needful when using the method of

mean square contingency will shortly be published, but the present paper seems

to indicate that it can in the bulk of cases for 3 x 3-fold, 4 x 3-fold or 4 x 4-fold

tables be used effectively. I am not aware that any other effective method has

been proposed for such tables. The assumption of the Gaussian distribution to

determine the correlation of the variate with its class index need not be made,

if the material thrown into broad classes has had a sample quantitatively

determined. But we have seen in this paper that the Gaussian assumption to

fix the means of the broad classes is in many cases amply sufficient to give good

results even in non-Gaussian frequencies. Of course a control series to determine

rxCx
> where practicable, may be advantageously sought*, but until some better

method can be suggested, the present seems to me the best available for dealing

with the correlation of variates classed in a few broad categories.

With contingency tables of 5 x 5 or 6x6, the correcting factors will generally

be small, but corrections must certainly be made for 4x4 and 3x3 tables.

* For example, I took Southampton frequency, and calculated from the original table the means of

the three groups 892, 1970-5, 59-5, corresponding to the table on p. 137; they were -1-1006, + -4123,

and +2-1746, leading to r r =-8056, as against the Gaussian value -7972. This is for a sensibly
x vx

non -Gaussian frequency, and a much worse agreement is permissible in actual practice, where the

nature of the argument rarely turns on correlation differences of less than -05.

18—2
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(1) Introductory.

The recent paper by Mr Yule entitled " On the Methods of Measuring Associa-

tion between Two Attributes*" calls for an early reply on two grounds,—first

because its singularly acrimonious tone is to us wholly inexplicable, not to say

unusual, and secondly because we believe that, if Mr Yule's views are accepted,

irreparable damage will be done to the growth of modern statistical theory.

* Journal of the Royal Statistical Society, Vol. lxxv, pp. 579—652. London, 1912.
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Mr Yule has invented a series of statistical methods which are in no case based

on a reasoned theory, but which possess the dangerous fascination of very easy and

ready application, and therefore are at once seized upon as applicable to all sorts

of problems by those who are without adequate training in statistical theory,

or without the mathematical knowledge requisite to weigh cautiously their logical

basis. The methods to which we refer are these :

(i) the use of the so-called " coefficient of association " to measure the

relationship of two attributes

;

(ii) the use of a new coefficient, which Mr Yule terms a " coefficient of

colligation," apparently to be used in like cases with the coefficient of association

;

(iii) the development of a method which first appeared in a paper by the late

Mr John Gray *
; in this method each group of a contingency table is considered

as a cell of unit subrange for both variates. This assumption being made, Mr Yule

calculates the coefficient of correlation by the product-moment method, and on

the basis of this procedure terms his coefficient the coefficient of correlation and

uses the customary letter r for it.

Such a terminology is absolutely unjustifiable and can only confuse the

uninstructed and undiscerning reader. If the groups were extended from 5 or 8

to an indefinite number, all Mr Yule would reach by this method would be a

correlation of ranks, not of variates. As it is, he has obtained a correlation of

ranks with enormous " brackets f." It does not seem to have occurred to him that

the correlation of ranks may be quite different from the true correlation of variates,

and that in cases where we do know the relationship the correlation of ranks

is sensibly lower than that of variates. Further, he makes no suggestion that a

very fundamental correction—that of the variate and class-index correlation—is

needful before this method could possibly be applied to deduce a limit to the true

correlation of variates. For these reasons we shall term Mr Yule's latest method

of approaching the problem of relationship of attributes the method of pseudo-

ranks. We are concerned principally therefore in this paper with the so-called

method of association and the method of pseudo-ranks. In addition we deal

incidentally with other coefficients and reply to certain criticisms, not to say

charges, Mr Yule has made against the work of one or both of us.

(2) History of Subject.

In view of the misstatements made in the discussion at the Royal Statistical

Society, with regard to the history of the subject, a few preliminary remarks of an

historical nature may be fitly made here. Mr Sanger, for example, said that "all

statisticians before Mr Yule had this passion for the normal curvej." This statement

* Gray and Tocher, Journal of Anthrop. Institute, 1900, Vol. xxx. p. 111.

t On the difficulty of "brackets" in the correlation of ranks, see Pearson, "On Further Methods

of determining Correlation," Drapers' Research Memoirs, Dulau and Co., p. 36.

X Journal Roy. Stat. Soc. Vol. lxxv. p. 045.
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is not only unfair to Perozzo, but to one of us, whom Mr Yule was directly attacking.

Pearson's memoir on "Skew Variation in Homogeneous Material" was sent to

the Royal Society on December 19, 1894. Mr Yule's memoir on Association

was presented on October 20, 1899. He had previously attended the statistical

lectures of Pearson and been an assistant to him during a period when nearly

the whole work of the statistical laboratory turned on non-Gaussian distributions.

A collection was then made of non-Gaussian material with a view to dealing with

the correlation surfaces of continuous non-Gaussian variates. Among the material

especially selected as providing extreme cases were (i) barometric heights (memoir

presented 1897) and (ii) ages of husband and wife; of the latter the laboratory

still possesses the contour lines drawn by Mr Yule under Pearson's direction to

indicate extreme cases of what the latter has termed skew variation, or wide

deviation from the normal surface. Another illustration of marked skewness is

that of the contour lines of the correlation between the numbers of a particular-

suit in two partners' hands at whist. These latter curves were published by one of

us in 1894, and at that time* it was distinctly stated that the contour curves for

ages of husband and wife differed widely from the Gaussian type. It is singular

that Mr Yule in the paper we are about to discuss should have made use of two of

the extreme types of non-Gaussian frequency with which he was very familiar when
he was an assistant in the University College Department of Applied Mathematics,

and yet have allowed such a statement as that of Mr Sanger's to remain uncon-

tradicted. The fact is that the promise made in 1894 f to deal with skew

correlation surfaces only remained unfulfilled because the differential equations to

the surfaces obtained in that year have so far defied integration. Undoubtedly for

continuous variates a generalised correlation surface should be the starting-point

for attacking the problem of association |. That it has remained unsolved shows

only the extreme difficulty of the problem ; it does not indicate that all

statisticians before Mr Yule had " this passion for the normal curve."

And here we will at once emphasise the fundamental difference between

Mr Yule and ourselves. Mr Yule, as we will indicate later, does not stop to discuss

whether his attributes are really continuous or are discrete, or hide under discrete

terminology true continuous variates. We see under such class-indices as 'death'

or 'recovery,' 'employment' or 'non-employment' of mother, only measures of

continuous variates—which of course are not a priori and necessarily Gaussian.

Mr Greenwood in the discussion on Mr Yule's paper referred to the jibe§ about

* Phil. Trans. Vol. 186 A, p. 411.

t Ibid. p. 411.

X Such a surface, however, involves 5, 7, or more independent constants, not the three of the

Gaussian surface, and as the fourfold table has, apart from its total, only three available constants, we
could not hope to determine such a surface for & fourfold table without some additional knowledge or

hypothesis, other than conveyed by the table itself, as to the nature of the frequency.

§ "We are considering," writes Mr Yule, " simply the performance as against the non-performance

of the operation of vaccination. Similarly all those who have died of small-pox are equally dead: no

one of them is more dead or less dead than another, and the dead are quite distinct from the survivors
"

Biometrika ix 21
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persons being ' dead ' or ' not dead ' and questioned whether Mr Yule was correct

in treating the variate behind the class-index as discrete and not continuous.

In the original paper of Pearson " strength to resist smallpox when incurred

"

was stated to be the variate, and all the evidence that has been produced since

indicates its continuity ; in precisely the same way vaccination and non-vacci-

nation represent degrees of immunity in a continuous variate of which area of

vaccination as indicated by extent of cicatrix and period since vaccination are

contributory quantitative factors. Again " employment or non-employment of the

mother " are not taken by us as signifying the presence or absence of a mere

discrete attribute—for example whether she works in a factory or not—but as a

class-index indicating that employed women, who have not only their home work

but factory labour also, have on the whole more physical exertion to endure than

those who are simply housewives. We are really seeking how far the continuous

variate physical exertion of women affects infant welfare, and this is not a discrete

variate any more than survival or death of infant is a discrete variate, when you

view them merely as class-indices of physical fitness to survive in the child. In

other words, for the great bulk of attributes, to which Mr Yule without analysis of

their nature applies association, we should assert continuous variation. We hold

therefore that in the main we are applying fourfold or other class divisions to

continuous variates. Mr Yule thinks he has freed himself from all consideration

of what the nature of this continuity may be ; we consider his belief wholly

fallacious. You cannot free yourself from some assumption as to the nature of the

distribution when you are dealing with the association of attributes. And in

ignorance of what the true distribution may be, what assumption will help you to

the most probable result ? On the basis of a very large experience of frequency

curves and surfaces we have no hesitation in saying that up to the present time no

distribution has been proposed which roundly represents experience so effectively

as the Gaussian frequency. One of the present writers has indicated over and

over again how it fails, and he has measured the significance of its failure, but has

always recognised that he must put against this the large percentage of cases in

which it gives reasonable results, close enough for all practical purposes*. Mr Yule

(J. R. S. S. Vol. lxxv. p. 612). Who the "we" are, Mr Yule does not tell us; but suppose "we"
started to find the relation between age and place in an examination—say the mathematical tripos

—

should we learn more or less by treating the wranglers as a class-mark with no graduations and age 21

as a fixed division, or by assuming that the fourfold table : wrangler—not wrangler, minor—not minor,

really covered continuous variations of age and class-place? Vaccination means vaccinated a week

ago or forty years ago, a graduated immunity ; the dead means a group who not only had no power

to resist an attack of the given intensity, but in certain of the cases an attack of a far less intensity—it

covers a class with graduated power of resistance. Mr Yule here as elsewhere is mastered by words, not

seeking the realities behind classification.

* See, for example, C. D. Fawcett, Biometrika, Vol. i. p. 443 ; W. E. Macdonell, Vol. i. p. 184,

Vol. m. p. 227 ; Pearson and Lee, Vol. li. pp. 362—7; E. Pearl, Vol. iv. p. 40; etc. etc. Compare,

however, J. F. Tocher, Vol. v. p. 300, who for long series finds a certain amount of deviation from

normality, generally in the direction of " leptokurtosis "
(/32 is large) not of much asymmetry (px is small).

Even in these cases we doubt whether any serious practical error would be introduced by the use of the

Gaussian distribution, unless extreme dichotomies are made.



Karl Pearson and David Heron 163

with a bias which may well be called in question has gone out of his way to

select extreme cases, which had already been indicated by one of us as markedly

non-Gaussian, but he makes no attempt to measure the wide range of physical

characters for which the Gaussian is a legitimate practical assumption. Mr Yule

refers to Dr Macdonell's memoir as a case in which the applicability of the Gaussian

fourfold table method was " in the first place adequately tested " before adoption *.

He leaves his uninitiated reader ignorant of two important facts, (i) that in the

majority of fourfold classifications there is no possibility of such adequate testing

because only the fourfold division has been provided, and (ii) the test in this case

was directly made at the suggestion of Pearson and in his Laboratory to test the

efficiency of the Gaussian method on ordinary data such as form probably nine-tenths

of the frequencies which occur in practice. The work on this paper of Macdonell's

began almost immediately on the completion of the theoretical memoir of 1900 on

the fourfold table, and Mr Yule's statement that the warning of Pearson in the

fundamental memoir of 1900 that normal correlation was not universal " seems to

have been forgotten in a few weeks at mostj-" is, as many others of his statements

from the historical standpoint, hopelessly inaccurate. Thus the paper on eye-

colour in man and coat-colour in horses was presented in August, 1899, and

antedates the presentation of the theoretical paper of February, 1900. The

"warning" could hardly have been promptly forgotten, for the paper was with-

drawn and rewritten in order to test the value of the method of association then just

propounded by Mr Yule, and to develop, when that iuasfound defective, what, it was

believed, ivas a better treatment. Mr Yule writes that "Professor Pearson raised no

objection then and as far as I know has raised no objection since to my coefficient

Q ; indeed he referred to ' the extreme elegance and simplicity of Mr Yule's

coefficient of association.' " Naturally when one finds a method wholly inadequate

one does not turn and rend an old pupil and former colleague. What Pearson did

do was to test Mr Yule's Q against other similar coefficients and finding it less

stable than any of them, it was dropped and has never been and never will be

used in any work done under his supervision. But an interesting point arises

here, which it is, perhaps, worth mentioning. Endeavouring to find for any

fourfold division an analogue to Sheppard's median division formula, i.e. for a

Gaussian fourfold

a
|
b

c
|
d

b . 7T a — b
r -- cos 7r r = sin w r ,

a + b 2 a + b

Pearson hit upon the fact that the fourfold

\/bc
|

V'ad

* Journ. of R. 8. S. Vol. lxxv. p. 631

t Ibid. p. 6U.



164 On Theories of Association

has the same association coefficient as

a

c
I

d

and that accordingly if the coefficient of association were a valid measure of

relationship every fourfold could be expressed in a form which led to a Gaussian

r _ sjn
17 Had — *Jbc\ _ q
2 Wad + '/be)

Thus Pearson's Qs was a direct result of writing the fourfold in the " equalised
"

form

vW
|
Vic

which Mr Yule now proposes as a primary virtue of his method as giving all

classes their " natural " or equal percentages. The new " coefficient of colligation
"

is thus really an old friend, which under the form Qs did not possess " the funda-

mentally different properties*" with which Mr Yule credits it, being the direct

and we venture to think legitimate offspring of the equalised frequency table

as figured above.

The next historical point where Mr Yule seems to be at fault—at any rate in

his criticisms of one of the present writers—is in his interpretation of the word

correlation. He narrows it down to the significance of correlation coefficient found

by the product-moment formula, and so obsessed is he by this idea that he applies

it to a correlation of gross ranks, which is not a correlation of variates at all.

The word correlation in the statistical as distinguished from the biological sense,

we believe, was first used by Galton in his memoir of 1889 entitled :
" Co-relations

and their Measurements, chiefly from Anthropometric Dataf," and he gave a

definition of it which does not involve the conception of the product moment or the

linearity of regression at all. That definition was extended by one of the present

writers in a memoir of 1895J—and it runs: "Two organs in the same individual, or

in a connected pair of individuals, are said to be correlated, when a series of the

first organ of a definite size being selected, the mean of the sizes of the corresponding

second organs is found to be a function of the size of the selected first organ. If

the mean is independent of this size, the organs are said to be non-correlated.

Correlation is defined mathematically by any constant, or series of constants, which

determine the above function." It will be seen that this definition of correlation

has nothing whatever in it that limits the use of the word ' correlation ' to the

coefficient of correlation as found by the product-moment method. Galton himself

never used the product-moment method to find his " index of correlation." He
had generally in view§ the position that the average value of one organ or

* Journ. of R. S. S. Vol. lxxv. p. 592, footrote.

t Bonal Sine. Proc. Vol. xlv. p. 135.

~™
4, p. 257.

id to be co-related when the variation of the one is accompanied on

,tion of the other...." R. 8. Proc. Vol. xlv. p. 135.
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attribute associated with a given value of a second changes continuously as we

change that given value. It was only his wide experience of anthropometric data

which led him to believe that in most cases the function that the mean of one

organ is for a given value of the second may be adequately represented by a

straight line. There was nothing either in his own treatment or in the work of

his followers of the Biometric School, which pinned them down to the use of the

word correlation for a particular constant found by the product-moment method.

The "correlation ratio " has in the work of that school just as much significance as

the " correlation coefficient," and it is only Mr Yule who proposes to confine the

use of the word correlation to the narrow sense of straight line regression deter-

mined by product-moment methods. To the biometrician correlation when it

ceases to be linear is not determined by the product-moment value of r at all,

and the grade of correlation may be far higher than the value as determined by

the coefficient of correlation. In the same way other constants may be found

defining the relationship of two continuous characters, or measuring their degree of

dependence. These are equally measures of correlation in our sense of the word.

Mr Yule's coefficient of association is not in our sense of the word a measure of

correlation at all, it shows in no manner how the mean of one attribute for a given

value of a second attribute varies as we modify this value. It is, as we shall show

below, impossible to give it in the case of continuous variates any rational

significance whatever. Where there is no true correlation at all, the size of

Mr Yule's Q may be produced solely by a lack of homoscedasticity—of equal varia-

tion—in the arrays of one variable associated with constant values of the second,

but in what manner it measures this heteroscedastic property is quite beyond

interpretation. Mr Yule claims that the nature of the frequency is of no conse-

quence, he states that the coefficient of association may be applied without any

general theory of frequency. For us this is not a correct attitude; we admit wide

deviations from Gaussian distributions, but such cases are not the rule. Mr Yule

can pick out special instances which are far from Gaussian, such as age distributions,

barometric heights, or heterogeneous mixtures of growing organs like ivy leaf

lengths. Even for such cases he has not examined in any adequate manner how

far methods based on Gaussian or other allied considerations do give practical

results, nor how far even the Gaussian fourfold r—tetrachoric r or rt , we will call it

for the purposes of this paper—is a more stable and reliable coefficient than those

suggested by himself.

He has indeed criticised the application of a tetrachoric rt to eye-colour data

—

his discussion of the subject will be considered in a separate section of our reply-—
but he does not inform his readers that the one of the present writers concerned in

the eye-colour treatment fully admitted in June 1907* "the unsatisfactory approach

to the Gaussian distribution found in pigmentation tables" and stated that his

very knowledge of this point had led him to develop the method of contingency for

such problems. Yet Mr Yule raises five years later the applicability of the

* Diometrika, Vol. v. p. 472.
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normal coefficient, the tetrachoric rt , to pigmentation tables without a line of

reference to a paper, which must have been perfectly well known to him, for it is

entitled " A Reply to Certain Criticisms of Mr G. U. Yule." This may be strategic,

but at the same time illustrates the peculiar character of Mr Yule's controversial

methods.

(3) On the Boas-Yulean "Theoretical Value" of the Correlation {Pearsons <}>).

We now come to a very nice point indeed, namely Mr Yule's "theoretical

value of the correlation coefficient," the method introduced into his Textbook

of Statistics (p. 212) without a word of warning as to when it should be applied.

Mr Yule now states that :
" It would have been thought that anyone reasonably

acquainted with the theoretical work of the last decade, and especially Professor

Pearson and his collaborators, would have found no difficulty in the passage in

question*." Now what exactly have Pearson and his collaborators done? They

have applied the product-moment correlation to the presence of 0, 1, or 2

protogenic units in theoretical Mendelian investigations. They have assumed that

when a character goes by units, you may apply the usual product-moment methods.

But they have objected in toto to the application of such a method to material

where there was reasonable evidence of continuous variation. Does Mr Yule look

upon ' death ' as the addition of one unit to ' recovery' ? Does Mr Yule look upon

vaccination as the addition of one unit to 'absence of vaccination'? Does Mr Yule

look upon 'mental defect' as the addition of one unit to normal mentality? In the

three Mendelian types (RR), (BR), and (DD) there is a progression of one unit at

each stage in the number of D's, but what are the units in the cases we have

mentioned ? Or, does Mr Yule suggest that his " theoretical value of the correla-

tion " is to be confined to those actual true unit additions to which Pearson and his

collaborators have always confined them ? There is not a hint of this in his Text-

book nor in his present paper. He has indeed carefully refrained hitherto from

saying what are the characters of the attributes to which it is to be applied. He
has suggested that " the ordinary theory of correlation, once that theory had

been freed from any necessary relation to the theory of normal correlation, was

applicable in its entirety to the 2 x 2-fold table f." Mr Yule says that this should

be " a very obvious matter." Indeed !—Then apparently 'vaccination' and ' mental

defect' are a quantitative unit more than non-vaccination and normal mentality!

—

But how does this fit with Mr Yule's other assertion that these are discrete attri-

butes and suitable for the application of his coefficient of association ? Let us

see how Dr Boas investigates Pearson's r^k = 4>t-

" Correlations of phenomena that cannot be measured but only counted may

be treated in the following manner : If two events that have the probabilities

pr
and jh are correlated, we may say that those cases in which the event 1 occurs

* Journal of R. S. S. Vol. xlv. p. 609.

t Journal of R. S. S. Vol. xlv. p. 606.

+ Science, May 1, 1909, p. 824.
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have the probability 1, or a deviation from the normal probability I - p. Those

cases in which the event 1 does not occur have the probability 0, or the deviation

from the average probability of — pi"

Pearson at the time read this many times through ; both of the present writers

have read and re-read it since, and they fail utterly to grasp how an event can

have at the same time a probability of 1 and of 0 and a normal probability

of 1 —p ! Mr Yule says that Professor Pearson failed " to understand what Dr Boas

was doing*." We still fail completely to understand what Dr Boas means, or

how Mr Yule justifies the assertion tliat Dr Boas was demonstrating a formula

which applied to two values of a character differing by a unit. What did come

out of Dr Boas' investigation of 1909 when it was translated into the fourfold

table terminology

a b a+ b

c d c+d

a+ c b+d N

ad — be
WaS r"

<S(b + d)(a + c)(c + d)(a + b)

a value already known (i) as the correlation r/,k between the means, each measured

in terms of their standard deviations, of two variates of a fourfold Gaussian tablef

or (ii) as the square root of the mean square contingency of a fourfold table

without any assumption of a Gaussian distribution
J.

Now it is known that the correlation of errors in two means, r%y, is equal to the

correlation of deviations, rxy , in the two variates of which x and y are the means.

But is not rxy-, for h = x/ax and k = yja-y and <rx and ay are correlated as well as

x and y. It is therefore clear that if x and y are continuous variables of any kind,

yjij is not a " theoretical value of the correlation " of variates. It is a correlation of

ranks where the ranking consists of only first and second, and is wholly uncorrected

for class-index. It becomes a true value of the correlation when the two classes

differ by a unit quantity as in the units of theoretical Mendelism. There is not a

word of this in Dr Boas' paper ; he speaks of his formula as applicable when things

can be counted but not measured. Mr Yule speaks of it as applicable in its

entirety to the 2 x 2-fold table !—When pressed he says it would have been

thought that no one acquainted with the work of the Biometric School—on

Mendelism—could fail to understand what his passage signified. We wholly fail

to understand it now. Is r^, i.e. <£, applicable to every fourfold division ? If so,

why does not Mr Yule use it and drop his coefficient of association ?—In truth he

* Journal of R. 8. S. Vol. xlv. p. 608.

t Phil. Trans. Vol. 195 A (1900), p. 12.

X Drapers' Company Research Memoirs, " On the Theory of Contingency," 1904, p. 21.
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cannot do it without confessing himself hopelessly in error!*—If or 77^ is the

right thing to use for a fourfold table as Mr Yule now suggests, then his co and his

Q are hopelessly wrong, for all the selections which do not alter his Q—and the fact

that it is not altered by selection is according to him one of its great merits—do

alter, and this to any extent we please, his " theoretical value of the correlation."

This very point was emphasised by one of the present writers in a paper recently

published in Biometrikaf but Mr Yule appears wholly to have missed the essential

features of that criticism. The points were that (i) there was a wide range of

values of Q—Mr Yule's coefficient of association—for a surface of the same correla-

tion ; if it is impossible to compare the values of Q for the same surface divided at

different places with any intelligible result, what possible comparison can be made

of Q from one system to a second ?, and (ii) the values of Q and r/llc or (f>
are wholly

different and tend in opposite directions as we change our divisions. Under
" wholly different " we include liability to be " wholly differently interpreted."

Both Q and range numerically between 0 and 1. Therefore in estimating the

meaning of Q and or we have to consider where they stand on this range.

Mr Yule examining the associations between developmental defects, nerve signs,

low nutrition and mental dulness finds values ranging from 75 to "95 for his

coefficient Q. He comments :
" The associations are, however, all high (very high

compared with most coefficients of organic correlation with which one has to dealj),

ranging from '784 (? '750) to "952 §." Elsewhere in the same paper Mr Yule

speaks of "174 as a "very small association," and a -8 to -9 association "as very

high indeed ||." We know accordingly what Mr Yule understands by high and low

association. Indeed if a scale of values is to lie between 0 and 1, those approaching

0 must be very low and those approaching 1 must be very high. Now Heron

applied Mr Yule's or Dr Boas' " theoretical coefficient " to precisely the same data

as those for which Mr Yule had calculated his association Q, and found that it was

very high. Heron found that for Q = -921 and "753, the " theoretical value of r
"

= "011 and '006 respectively. If both these ways of investigating relationship are

valid, then 'Oil and "006 must on a correlation scale represent a "very high degree

of association." It would be interesting to know how Mr Yule would describe

<f>
= "95 or what represents a low association, if "01 corresponds to a high degree of

association !—But any one who is familiar with coefficients of correlation—and

or is a real coefficient of correlation,—knows that values of "01 and under are

extremely low values and, whatever their probable errors may be, are of no

significance for purposes of prediction. All Mr Yule can say in reply to Heron's

statement that one of Mr Yule's methods gives very high relationship and the

* See also pp. 172-4 below, where this point is touched on again.

t "The Danger of Certain Formulae suggested as substitutes for the Correlation Coefficient,"

by David Heron, Vol. vin. p. 109.

% Here and at other points of his earlier papers, Mr Yule apparently considers that Q is really

comparable with the true correlation.

§ Phil. Trans. Vol. 194 A, p. 300. See also "high degree of association," Theory of Statistics,

p. 34.

||
Ibid. pp. 289 and 296.
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other very low relationship between the attributes under investigation, is that

" these small figures represent perfectly appreciable intensities of the product sum

correlation r." But this is an entirely different matter*, the intensity of correla-

tion on the scale 0 to 1 is quite distinct from its degree of reliability. Mr Yule

would have termed '95 a very high association had it been deduced from 1000 cases,

and we term '01 a very low correlation even when deduced from a census population.

Here are the results for which we have calculated the probable errors
-

]".

* Mr Yule himself says (loc. cit. p. 651) that the statistician must always keep apart the magnitude

of the association and the reliability of this magnitude. We doubt the truth of this statement, but it

cuts against his own argument at this point

!

t The probable error of a coefficient of correlation for any frequency distribution is given by the

formula

:

p.e. of r=-67449<rr =
P3\ _ Pl3 )

^

\/n W2
T

2f>2o2>02
' 4i>20

2
' ±Por PnPw PnPw)

_ -67449;-
\p2, , p22

In \

,
Pit) . Pot+ ~, 5 T

(Pearson, Drapers' Research Memoirs, " General Theory of Skew Correlation," p. 20).

The whole work therefore of finding <rr turns on evaluating pn , p^, P31, P13, P20 and pm for a

fourfold table :

a b a + b

c d c + d

a + c b + d n

when we suppose concentration at single points of the frequencies.

We write ad-bc = e, (ad-bc)jn2= e'

,

{a + b)(c + d)(a + c){b + d) = q, and ql>i
i = q'.

Then we have r=e'jjq',

,/c + d a + b\ /b + d a + c
Pn = t

P20 :

(b + d) {a+c)

p22= q +e

(a + b) {c + d)

P02= ^ '

#31 = e

Write for brevity

and

Then

And

,(b + d)Z + (a + e) 3

Pu= e

c + d
z

~n~'
b + d

n '

,{c + d)3 + {a + b)i

mi
, a + b

a+c

1111
:— + — + —I + —m

l mi n«i m2

fJt±*E + «|±tf + (£±f +
(a±^= n W - 6).

a + c b+d a+b c + d

2i»20P0

P22 _., ,.,
,

(l»l-»ll')(»t2-»l2')

Pn2 f

7)22 lie', ,. , ,.-- + -,- {"h - % ) (™2 ~ »<2),
1

'I

PnPm PnPo2 «
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Relationship between Blindness and Mental Defect

for different Age Groups.

Age Group
lheoretical value

UX / ux <p

5 •0113+ -0030

10— •0100+ -0022
15— 0065+ '0017

20— •0061 + -0015

25— •0046 ± -0009

35— •0060 ± -0010

45- •0053 + -0008

55— 0059+ -0012

65— •0028 + -0012
75— - -0031 + -0014

85— 0058 + -0065

All ages 5—85 •0066 + -0002

Is it conceivable that, if Mr Yule had approached the problem of the relation-

ship of blindness and mental defect from the standpoint of " the theoretical value
"

of r and found that the maximum value of the coefficients obtained was '0113,

there would have been any talk of the high association of the two attributes ? If

this on the Boas-Yulean scale means high association, what language would Mr Yule

find to describe a Boas-Yulean coefficient of "96 ? Instead of replying to this criticism

of Heron, Mr Yule states that this series of values confirms his view that the

association decreases with age ! If the reader looks at the diagram below, he will

see the mean value of the Boas-Yulean coefficient with twice the probable error

of each age sample set off either side of it. He will note (i) that there is only one

age 75—80 where the deviation from the average value becomes significant

;

(ii) that from age 15 to age 60, the polygon is practically horizontal and agrees

with the mean
;

(iii) the "high" values ("01 order!) occur in childhood, especially

ages 5—10, where diagnosis of mental defect is doubtful, and the low values at 65

and onwards (where they are even contradicted by age 85 onwards
!),

just the ages

when senile decay and old age cataract may lead the recorder of a census return to

almost any statement as to mental derangement and blindness. We feel fairly

confident that the unbiased statistician with this result before him could only con-

Hence o-,.'- =
^

jl + - nil') ('"2 - 1*2') _ - 5) —
t + h ^75 (

m i ~ mi) ("h ~ "'2')

j

= 1
{ 1 - r* + (r + i r») XM - J r» (x* + tf) >

,

•67449 1
or p.e. of /•=— {1 - /- + (r + %rs

) \fx -
J;-

2 (X2 + /x2 )[a
)

where x =\/—,
- a./— and P=\/—,\

~ \/— •V to/ \ mi V mo V »i2

This form agrees with that obtained by Yule and verified by Greenwood, but our deduction of it

appears to be the natural method and shows its relation to the general formula for the probable error

of r.
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elude that the Boas-Yuleau method indicated no practically important relationship

between mental derangement and blindness and that there was no trustworthy sign

of any modification of this relationship with age. The point is not whether such

a relationship really exists or not, but that one method advocated by Mr Yule

shows definite results (high association), although a second, equally strongly

advocated, fails to give any association of practical value and is thus in direct

opposition to the first*. Mr Yule has omitted to indicate which method is the

proper one to use in such cases. Are both right or both wrong ? One method

Mr Yule states may be applied to all 2 x 2-fold tables, the other should be used

for " discrete " quantities. When is a quantity " discrete "
? Mr Yule confuses

" discreteness " in the class-index—a mere verbalism—with discreteness in the

attribute classified under it, and this reduces his investigations from the plane

of practical statistics to the field where we originally placed them, that of

theoretical logic.

Diagram I. Diagram showing absence of any relationship of practical value between

Blindness and Mental Defect.

Blindness and Mental Defect.

Average.

(4) On Association and the Boas-Yulean Coefficient.

Again we reach an interesting point which Mr Yule has failed to elucidate.

It is best illustrated by an example. Take the following table for lengths of ivy

leaves on the same spray—one of the examples selected by Mr Yule :

* See also p. 204 below.

22—2
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Length of First Leaf.

T5
fl
o

O CD

bp

S

Under 6 -95 mm. Over 6-95 mm. Totals

Under 14 '95 mm.
Over 1^95 mm.

6,943
41

46,673

6,343

53,616

6,384

Totals 6,984 53,016 60,000

The true correlation of the material is "5672 and the tetrachoric r = \5572 ± "0058.

It may be presented in any one of the three forms (i) as A above, (ii) in one of

Mr Yule's " natural forms * " e.g.

B.

Or, again, as

6,636 1,383 8,019

1,383 6,636 8,019

8,019

6,943

8,019

4-6673

16,038

6,947-6673

410,000 6,343 416,343

416,943 6,347-6673 423,290-6673

Now Q is the same = -

9167, "very high association" for all these forms, and

a posteriori given Q we should not know whether it had arisen from A, B or C.

The values of the Boas-Yulean coefficient for these tables are

:

A. 0 = 1183,

B. 0 = -6551,

C. </>=0152.

Which of these values are we to adopt ? Are we to use the table as it originally

is given ? Or the " natural " form B ? Or the selected form C ? How can two

coefficients ever lead to the same results, when an adjusting process which does

not modify one, a property claimed as one of its advantages, changes the other to

any value we please from zero up to Mr Yule's new coefficient of colligation f ?

* See Journal R. Stat. Soc. Vol. lxxv. p. 590.

t Taking the usual form of the fourfold :

a b a + b

c d c + d

a + c b + d n
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Let us examine the effect of " adjusting " the tables in Mr Yule's cases of

vaccination and death at Sheffield, Leicester and Homertou-Fulham. He asserts

that it is "natural" to take 50% of vaccinated; we fail to understand why 50°/
o

is more or less "natural" than 70°/
o
or 95°/

0
or than the percentage which actually

occurs in the smallpox cases of those towns. Even if he takes 50% of vaccinated,

why it should be " natural " to take 50% of deaths also is to us equally mysterious,

and we believe must be to that juryman " any man of ordinary intelligence " to

whom Mr Yule appeals. The following table gives the values that would arise

from different methods of "adjusting" the tables:

Smallpox— Vaccination and Death.

Yule's

Association

Q
Boas-Yulean

<f>
a

2
P

Percentage of Deaths
Percentage of Vaccinations

(a)

50 7
50 %

(&)

50%
50%

(«)

Actual

70 %

(d)

Actual
Actual

W
Actual

95%
Actual Actual Actual

Sheffield

Leicester ...

Homerton-Fulham

902
•862

•804

•630

•572

•504

531
•249

423

•479

233
•409

•383

•190

•084

•769

•611

•662

•432

•187

•379

5-15/1023*

2-46/104

1-22/10414

It is clear that the Boas-Yulean method will give any results whatever between

zero and those in the (b) column, according to what percentage we choose to take

in the adjusted table of deaths and vaccinations. We can also change the perfectly

arbitrary order that Mr Yule has given for the three towns. It appears to us

that his statement that " it should have been an obvious matter that the

ordinary theory of correlation, once that theory had been freed from any

necessary relation to the theory of normal correlation, was applicable in its

modify it by a Yulean selection using the factors I and m into

la 6 la + b

line md m (le + d)

I (a+ mc) b +md

Q remains unchanged. But 0 now takes the value

Im (ad-be) , . , . / If
,

" a~b ,\ 7 "
, bd , \—

;

= (ad - be) / . / ad + bc-i vmcd ad + bc + -,- + lac .

Jlm{a + mc) (b + md)(la + b) (Ic + d) /V V m J\ 1 J

This is a minimum when I and m are indefinitely great ; it is a maximum when

m= »Jab/ Jed, l=JbdJJac,

or <p— v ^—^^ = w, the coefficient of colligation.

Jad + Jbe
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entirety to the 2 x 2-fold table " is wholly inconsistent with any validity in the

coefficient of association.

It is not only that we can give a vast range of values to for a constant Q, but

equally we can give Q a whole range of values, starting at the symmetrical table

value and proceeding up to unity for a constant </>. Examine for example the

following series of fourfold tables. The first is the table as it actually occurred

with Q = -

5078, the second is Mr Yule's "equivalent" symmetrical table with of

course the same Q.

(1) 29600 17300 46900
37200 66600 103800

66800 83900 150700

(2) 47952 27398 75350
27398 47952 75350

75350 75350 150700

Q = -5078, <£ = -2542. Q = '5078, <£ = -2728.

We now proceed to adjust the latter table so that <j> remains stationary and

Q rises.

(3) 45452 47103 92555 (4) 43052 56385 99437
12693 45452 58145 8211 43052 51263

58145 92555 150700 51263 99437 150700

Q=o511, <£ = -2728.

(5) 39852 66467 106319 (6) 37952 71808 109760
4529 39852 44381 2988 37952 40940

44381 106319 150700 40940 109760 150700

Q = 681!I 0 = 2728. Q = -7407, </>
= •2728.

(7) 35852 77349 113201 (8) 33552 83090 116642

1647 35852 37499 506 33552 34058

37499 113201 150700 34058 116642 150700

Q - -81913, <£
= 2728. Q = -9288,

<f>
= •2728.

(9) 32952 84541 117493 (10) 32552 85499 118051

255 32952 33207 97 32552 32649

33207 117493 150700 32649 118051 150700

Q = 9611, 0 = 2728. Q = -984 5, cf)
= •2728.

(11) 32352 85974 118326 (12) 32327 86035 118362

22 32352 32374 11 32327 32338

32374 118326 150700 32338 118362 150700

Q = •996^K </> = ' 2728. Q = -998:>, cf>
= 2728.

(13) 32302 86095 118397 (14) 32298 86104 118402

1 32302 32303 0 32298 32298

32303 118397 150700 32298 118402 150700

Q = -9998, </> = -2728. Q= 10000, 0 = -2728.
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The two series of results just considered show us that with
<f>

constant we can

make Q rise to unity and with Q constant we can make
<f>

fall to zero. It is there-

fore always possible to determine or to find in actual practice series of tables in

which an ascending order of Q is accompanied by a descending order of <£. That

is to say the two coefficients will flatly contradict each other. There is no basis

whatever for Mr Yule's assertion that in Sheffield the correlation of vaccination

and recovery is highest, while in Homerton and Fulham it is lowest. With the

same three values of Q that he gives, we can make any order of the $'s we please.

In the actual tables the relative order is not that given by Mr Yule ; the order of

tetrachoric r agrees with that of </> ; so does the coefficient of mean square con-

tingency and further the probability of independence, i.e. the probability that

death is independent of vaccination. These are given as rt ,
C2 and P in the

last three columns of the table on p. 173, and they entirely reverse Mr Yule's

judgment. P is of course in a different class to any other of the coefficients,

but we return to this point later.

Mr Yule states that any table may be reduced without modification of the

association to its equalised form ; for example the tables

998,667

666
666

1

999,333 and
667

300,000
200,000

200,000
300,000

500,000
500,000

999,333 667 1,000,000 500,000 500,000 1,000,000

are "equivalent," both have Q = '385, but the inferences to be drawn from the two

tables had they originated independently are quite different. In the first case the

probable error of Q = '288, and the result is not definitely significant. In the

second case the probable error is '001 and there is no doubt of the significance.

If Q0 be the Q of an original table and QE of the equalised table, then we have

Mr Yule's vaccination data :

p. is. of Q„ P. E. Of QE

Sheffield 007 •003

Leicester •065 •022

Homerton and Fulham •007 •005

Mr Yule has not entered into this question of the probable errors of the series

of his modified tables. The statistician, however, whose long experience enables

him closely to associate given types of tables with given degrees of reliability,

is largely deceived when an " equivalent table " is presented to him of which the

probable error as it stands may be A- to yi^ or less of the true probable error of

the coefficient given.

We have shown in this section of our discussion that the two coefficients Q and

<j> cannot both be valid. Mr Yule nowhere adequately assigns the type of cases to

which the one or the other should be applied. He tells us that he hopes the
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" comedy of errors " has now ended, that comedy consisting in our overlooking the

"fact" that it is " a very obvious matter" that 0 is applicable in its entirety to the

2 x 2-fold table. That applicability is the very point to which Pearson took ex-

ception in Dr Boas' use of cf>. Were it a fact, Mr Yule might throw both his Q
and his co overboard, for what more is required than a method applicable in its

entirety to a 2 x 2-fold table ? And the </> method at all points contradicts the

Yulean results. But it is not true, for at best it would be a method of ranks, and

the correlation of ranks is never a correlation of variates unless the ranked

quantities proceed by absolute units of variation—as for example in the theoretical

Mendelian case to which Pearson perfectly legitimately applied it—or in counting

the teeth on the carapace of a prawn or the veins on a leaf.

Mr Yule seems to consider that the inoculation with an antitoxin is equivalent

to the addition of a unit of something to the individual ; we consider that this is

wholly erroneous. To begin with, the dosage is not uniform, its repetition does not

always occur at the same interval and the number of doses is not always the same

;

further the interval between the onset of the disease and first inoculation is by no

means the same
;

lastly, apart from the resistance of the individual patients to the

disease, the curative effect of the treatment depends on the relation of the antitoxin

administered to the physiological individuality of the patient. It is idle therefore

to consider this varying complex as a quantity undifferentiated from individual to

individual. The group treated with antitoxin is not made up of identical indi-

viduals but of a number of persons with increased power of resistance to the disease,

which may vary from the case of a person who has gained nothing by it to that of

a person who has immensely increased his power of recovery. In precisely the

same way those who have not been treated can by no means be grouped into

a single quantitative class ; it may be doubted, indeed, whether recuperative

power when disease is incurred is really divided sharply by a line like treatment

or non-treatment with antitoxin. It may be only the sharpest division we can

take under the circumstances, and in our ignorance of the nature of the distribution

a tetrachoric rt
may be as effective a measure of association as Mr Yule's Q. At

any rate no man of " ordinary intelligence " would believe that perfect association

existed between treatment and recovery because out of 23 persons treated none

died, while out of 977 not treated six died, yet this would be the result provided by

Mr Yule's coefficient of association ! Clearly if only 0'6°/
o died without treatment,

we should not expect any to die in a sample of 23 whether treated or not treated.

The vanishing of association for a zero quadrant is a patent fallacy *.

If the problem were presented to us as Mr Yule states it, i.e. the evaluation of

a new treatment, we should certainly not use his Q for solving the problem. We
should probably to-day not use a tetrachoric rt} except as a control. We should

most likely use </>, although certainly not in the sense of a correlation of four points.

We should question how far death and recovery are independent of treatment or non-

treatment ; that is to say, we should ask what is the probability that recovery

* This topic is of such importance that we have discussed it more at length in Appendix I.



Karl Pearson and David Heron 177

was independent of treatment. If n be the total number of observations, then, if

11$- =
p£

2 be calculated, the chance of independence is at once given by finding the

P corresponding to ^
2 from the tables for "goodness of fit" in the case of n= 4.

The column of P in the table of p. 173 shows us that the Homerton-Fulham data

stand at the head of the series in this respect. This is of course in great part due

to the larger numbers dealt with, but obviously in such a question as the effective-

ness of treatment weight must be given to numbers.

If we turn to the problem of rt
and C2 considered merely as coefficients of

association, we must examine what Mr Yule has laid down as the desiderata of such

a coefficient. The fourfold table beinc
d

, he has assumed that the coefficient

must range from — 1 to + 1, and that if any one of the cells be empty the coefficient

ad — be
or another

Vad — V&c

\/ad + \/bc

must be + 1 or — 1. He then guesses a formula& ad + be

out of the many thousands which can be invented*.

But is either of the assumptions above really necessary ? Why should the

association be perfect when 6 = 0? Why should it be perfect even if both b and c

are zero ? Let us toss a shilling and a penny and record heads or tails of both.

Shilling.

Head Tail Totals

Head 1 0 1

Tail 2 1 3

Totals ... 3 1 4

We do it four times and the result is as above, on the whole not a very improbable

result. But according to Mr Yule there is absolute association, and since the

probable error according to him is zero, the result is absolutely reliable. Clearly

* See Pearson, Phil. Trans. Vol. 195 A, p. 15. If <p (z) be a function which vanishes with z,

then any form

\<p(ad)-<p(be)}l{<t>(ad) + <t>{bc)\

satisfies Yule's requirements. Or, we can take a form

1 + k <j>(a>)

if (j>{K) be finite for k = <x> , where K = (bc)j(ad). Clearly for the range 0 to oo of values of k, Qk ranges

from + 1 to - 1 and satisfies Mr Yule's conditions if
<f>

(oo ) is ><p (k), but by an arbitrary choice of cf> we
can get any form of Q-curve we please. No curve of real significance can be obtained, i.e. no reason-

able value of an association coefficient by the simple condition of fixing three of its values without

other hypothesis

!

Biometrika ix 23
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<f>
would be better than this, for it is equal to 33 with a probable error of '15

which makes it for practical purposes unreliable. Or again, we repeat our experi-

ment and find

Shilling.

•A
a

Head Ta.il Totals

Head 2 0 2

Tail 0 2 2

Totals ... 2 2 4

Here Q is again unity or there is absolute association, and the probable

error is zero or this association according to Mr Yule is also absolutely reliable.

Further 0 = 1, and its apparent probable error is zero, but this is only apparent

because the calculation of the probable error (as indeed of that of Mr Yule's Q,

although he has not noticed it) is incorrect for such a case.

These simple illustrations seem to indicate that there is nothing in the nature of

things which necessarily demands that the association shall be unity when either

b or c or both are zero. On the other hand the probability P (as derived from
<f>,

the mean square contingency) that the heads and tails of shilling and penny are

independent is more than "90, and in the second case more than *25. It seems to

us therefore that this mean square contingency method which gives reasonably

satisfactory results, where the Boas-Yulean goes hopelessly astray, is far more

likely to be preferable in the case of medical treatment to which Mr Yule proposes

to apply his coefficient.

There is another point also to be considered. Why should the range of a

good coefficient of association lie for any given number of cells between + 1 and

— 1 ? Let us examine the following table :

(A)
a b c d e / 9 h i 3 Totals

a 40 0 0 0 0 0 0 0 0 0 40

ft o 0 200 0 0 10 110 10 .30 0 360

y 0 0 0 0 0 10 440 0 120 0 570
S 0 0 0 0 0 10 20 0 0 0 30
e 0 0 0 20 10 0 0 0 0 0 30

c 0 120 0 440 10 0 0 0 0 0 570

n 0 30 10 110 10 0 0 200 0 0 360
e 0 0 o 0 0 0 0 0 0 40 40

Totals 40 150 210 570 30 30 570 210 150 40 2000

If we treat each sub-range here as unity we find the correlation negative and

equal to - T120. If therefore we assume this to be the ultimate distribution, this

is the correlation coefficient.
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Now combine b and c, h and i. Proceeding in the same way to rind the Yulean

pseudo-ranks r, we have now for the following table

:

(B)
CL b+ c d Q fJ if

h + i J Totals

(I 40 0 0 0 0 0 0 0 40

0 0 200 0 0 10 110 40 0 360

y 0 0 0 0 10 440 120 0 570
8 0 0 0 0 10 20 0 0 30
f 0 0 20 10 0 0 0 0 30

<T
0 120 440 10 0 0 0 0 570

n 0 40 110 10 0 0 200 0 360
6 0 0 0 0 0 0 0 40 40

Totals 40 360 570 30 30 570 360 40 2000

the value is positive and equal to + -0050.

Now club d and e, / and g, y and B, e and f together, and we have

(C)
a b + c d+ e f+9 h + i 3 Totals

a 40 0 0 0 0 0 40
0 200 0 120 40 0 360

r+s 0 0 0 480 120 0 600

<+{ 0 120 480 0 0 0 600

i 0 40 120 0 200 0 360
6 0 0 0 0 0 40 40

Totals 40 360 600 600 360 40 2000

The Yulean pseudo-ranks r is now + -2562.

Combine a and b + c, h + i and j, a and ft, rj and 9, and we find

(D)
a+ b + c d+e f+9 h+i+j Totals

a+ /3 240 0 120 40 400

y+5 0 0 480 120 600

*+£ 120 480 0 600

v + e 40 120 0 240 400

Totals 400 600 600 400 2000

The Yulean now drops down to + "1429 !

Combine d + e and f+g, y + & and e + f to give

(E)
a + b + c d+e+f+g h + i+j Totals

a+/3
y+8+e+(

r) + 6

240
120
40

120
960
120

40
120
240

400
1200
400

Totals 400 1200 400 2000

The Yulean is now + '5000.
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Combine b + c, d + e, f+ g, h + i together
; /3, 7 + 8, e + £, r/, and we deduce

(F)
a b+e+d+e+f+g+h+i j Totals

a 40 0 0 40

0 1920 0 1920

e 0 0 40 40

Totals 40 1920 40 2000

The Yulean has now reached perfect correlation, or r = + 10000.

Combine a, b, c, d, e together and /, g, h, i, j ;
a, j3, 7, S and e, f, tj, 6, and we

have

(G) a+b+e+d+e f+g+ h + i+j Totals

e + f +r) + d

240
760

760
240

1000
1000

Totals 1000 1000 2000
j

The Yulean is now negative and —"5200.

But if we write the table as a fourfold thus

:

(H) a+b+c+d+e+f+g+h+i j Totals

a + /3-(-y + a + f + (+rj

6

1960 0 1960

0 40 40

Totals 1960 40 2000

the Yulean would be again unity and mark perfect correlation of a positive kind.

Mr Yule's coefficient of association would also be positive and mark perfect

association.

Now it is not open to Mr Yule to turn round and assert that such tables are

extremely unlikely in practical statistics, first because his condemnation of the

coefficient of contingency is based solely on the creation of an artificial table

in exactly the same way, and secondly because he asserts that once we dismiss

the idea of Gaussian frequency the method of correlating ranks with big 1 brackets

'

becomes applicable. Our tables bring out, however, three important points

:

(i) that two variates with an actual correlation of —'112 may exhibit any corre-

lation between - '52 and + 1*00 when treated by the Yulean process of pseudo-

ranks
;

(ii) that Mr Yule's coefficient of association may cover under the heading
' perfect association ' almost any value of the real relationship, it is merely an

association of common names, i.e. class-indices, and not of the real variate beneath

these class-indices; and (iii) that the assumption that a fitting measure of

association should give unity for a fourfold table of the form ^ | ^ is by no
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means obvious. It is conceivable that a better measure of association would give

a limit below unity for such a case, while providing a limit nearer and nearer to

unity as the information given with regard to what really occurs inside the broad

categories is more and more complete. That is to say, a desirable coefficient of

association would be one which would always lie numerically between 0 and 1,

but which would not take the absolute value 1, unless far more detailed infor-

mation were provided than is given in the statement of such a table as (H).

From this standpoint we see at once how idle is Mr Yule's criticism of the co-

efficient of contingency. He suggests that it is invalid because (i) it has an upper

limit less than unity, when the contingency table has a limited number of cells,

and (ii) its value rises when you increase the number of cells. It is less than unity

in the first case, because we are ignorant of what may happen when we analyse

the contents of the big cells ; it increases in the second case because we have

additional knowledge. It only becomes unity when one character A is absolutely

fixed by a second B, i.e. when A is a function of B*. The coefficient of con-

tingency is a valid measure of association, whether the table be fourfold
-f-

or

n x ft'-fold. It presents far fewer logical anomalies than Mr Yule's Q or the Boas-

Yulean <£, and it readily admits of our calculating, what for many cases is essential,

the probability that the two attributes are independent.

But Mr Yule dismisses the coefficient with (a) a quite unreasoned criticism

that it increases in value as the number of cells increases, and (b) an illustration

that it is not equal to the coefficient of correlation for one particular table of

heterogeneous material, i.e. for a surface of zero correlation with a cock's comb

of absolute correlation erected along its diagonal. Nobody, as far as we are aware,

ever asserted it would be. The assertions made with regard to the coefficient of

mean square contingency may be summed up as follows : (i) for any frequency

distribution the coefficient of contingency is a reasonable measure of the extent

of the deviation of the attributes from absolute independence, and (ii) for such

frequency surfaces in homogeneous material as occur in actual practice the co-

efficient of contingency, if tlie proper corrections are made\, gives a value close to

the coefficient of correlation, whether we divide the table up into 3 x 3-fold or

8 x 8-fold groupings. The skewness of the distribution—its deviation from Gaussian

frequency—is not a very disturbing factor, as we shall show in the sequel. When we

take material which has—if there be an indefinite number of cells—an indefinitely

great improbability of independence, i.e. material for which C2 =l, we shall not

* See Pearson, Grammar of Science, 3rd ed. p. 162.

t The probable error of a coefficient of contingency C2 for a fourfold table is

•67449^2

il-2C,2+
C2(1-^V -|GV +

Jn t (1-Cf?)i I

where X and fx have the same values as on p. 170. It does not become zero when the Boas-Yulean <j>

is equal to unity, unless X =
(
u = 0.

% These corrections have been several times referred to (see Grammar of Science, ed. 1911, ftn.

p. 163) and have been in use in the Laboratory, but the further memoir on Contingency which has been

for some time in hand has been delayed owing to pressure of other work. It will shortly be issued and

deal more fully with the corrections merely stated in this paper.
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reduce this infinite improbability by diluting it with a finite amount of non-

correlated material ; and this approach of G2 to unity is all that Mr Yule's artificial

cock's comb surface illustrates. If A is an infinitely improbable event, then we

shall not lessen the improbability of the whole by combining the event A with B
which has a zero improbability* !

Mr Yule cannot determine the efficiency of contingency methods by simply

asserting that the value of the mean square contingency depends on the number of

cells ; it naturally alters with our increased knowledge, but this change may mark

either an increase or a decrease according to the manner in which the material in

the few cells is redistributed in their component cells. We assert that with a

3 x 3-fold table you cannot get further than the contingency, and that further pro-

gress can only be made by some other assumption as to the frequency distribution

of the variates. With that assumption we think we shall be able to demonstrate in

the course of this paper to the unprejudiced reader that the coefficient of contingency

properly handled is, perhaps, the most powerful instrument of modern statistical

theory. The assumption we make is that for correcting the results obtained by con-

tingency, so that coefficients found for 3 x 3-fold, 4 x 4-fold, 5 x 5-fold, 8 x 8-fold

tables may give practically identical results, it is sufficient to deduce the required

corrections by using a Gaussian hypothesis to determine certain means. The method

gives excellent results for the bulk of the distributions which occur in our wide

experience of statistical work. If we can show that it gives good results for the

extremely skew cases which Mr Yule has gone out of his way to cite, our point

will be proved. Since the full development of the contingency method, fourfold

tables have not been used by the Biometric School, except as controls, where

contingency tables could be formed on the given data. But the statement that

contingency was developed in order to overcome the difficulties of the fourfold

table methods is directly disregarded by Mr Yule when he turns to our pigmenta-

* A is the probability that in examining two absolutely independent variates, n cells shall be

occupied and n2 - n cells empty when we make n infinite. B is the probability that the n2 cells shall

each have their theoretically independent contents. No combination of these two events can give less

than an indefinitely great improbability, i.e. C2= l. But we anticipate that if Mr Yule had not raised

his cock's comb at such a conspicuous angle to the rest of his surface that its heterogeneity would

be readily visible to the trained statistician, there would be no very serious error introduced by

applying the mean square coefficient of contingency even to moderately heterogeneous material. We
have not had leisure to investigate the matter closely, but if we superpose two Gaussian frequency-

surfaces with identical means, with the same standard deviations for both variables, and with cor-

relations ri and r2 , then the true correlation by product moment is

p=pr
1 + qr.>,

where pN and qN are the total frequencies of the two components and p + q = 1.

On the other hand

q _ I p
2
(1 + r^) - 2pr t r2 (rt + r2 ) + rt

2 r2
2
(1 + r t

?-
2 )

2 V p
2
(1 + n r2) - 2p n

r

2 + r2) + »-i
2 r2

2
(1 +n r2 ) + (1 - n*) (1 - r2

2
) (1 - i\

r

2
)

'

If ri=l, ?'
2 = 0, as we know 02= 1, while p=p. But if ri = -2, ?-

2 = -

7, with p— -

3, q = "7, the mixture pro-

portions of Mr Yule's illustration, then p= '55 and C2 = -59. If ri= 'S, r-> — '7, p='3, q = 'l, then p = -64

and C2 =-65. Again if i\ = -7, r->= -3, p= -4, q = -6, then p='46 and C2
='49. Thus it does not appear

that small amounts of heterogeneity, not detectable on a study of the table, are likely to give very mis-

leading values when C2 is taken as a practical measure of p.
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tion data*. The recognition, however, that the fourfold table may give discordant

results—a recognition made by the Biometric School within four years of the

publication of the pigmentation investigations for eye-colour in man and coat-

colour in horses—does not dismiss the fourfold table from practical statistics, but

only from that portion of it where multiple contingency tables are available.

Given a fourfold classification alone, how is it to be treated ? We reply unhesi-

tatingly that in the great bulk of cases the use of tetrachoric rt
is the best treat-

ment. We base this on the experience that where nothing is known the Gaussian

is far more likely to describe approximately the frequency than any other hypothesis.

Even taken as a mere coefficient of association, tetrachoric r
t

is better than

Mr Yule's Q or the Boas-Yulean <jf>, except for absolutely discrete units as in

the purely theoretical Mendelian cases ; and in those cases the correlation of ranks

is the correlation of variates, as Pearson indicated in his memoir of 1904f.

(5) On the Surface of Constant Association and on "Natural" Equalisation.

As we have indicated, Mr Yule never states adequately the conditions under

which his coefficients of association and colligation are to be applied. He
apparently considers the nature of the continuity of his frequency surface, if his

variates are continuous, to be absolutely immaterial. Now in the case of every

two continuous variates, whatever their nature, a frequency surface does exist for

which Mr Yule's association or colligation is constant wherever the divisions may
be taken upon which the fourfold table is based. Let npg be all the first quadrant

frequency corresponding to the total frequencies p and q of the two variates, where

p and q are supposed to be absolutely known. If the association coefficient be Q
and the notation

a >> a+b

c d c + d

a + c b+ d N

we have (1 + Q)/(l - Q) = adjbc = x, say.

* In the very same number of Biometrika (Vol. in. 1904) in which the Huxley Lecture appeared, there

is a paper on the inheritance of pigmentation in the Greyhound ; it is the work of Pearson's Laboratory
and started about the same time as the Huxley Lecture reductions. The following words occur

:

"When we first started work on the greyhounds, the method of contingency had not been developed, and
accordingly we made tables for the inheritance of melanism and of red pigment and proceeded to find

the correlations by the fourfold division process" (I. c. p. 252). And again " In order to compare the
fourfold method with contingency methods, 16-fold tables and 25-fold tables were worked out to
compare with the fourfold tables adopted for the inheritance of red and black pigment respectively"

(p. 253).
'

' The results deduced by contingency D method are singularly uniform and steady as
compared with those of the fourfold-table methods, and we believe, if it be adopted generally for
such pigmentation problems, it will not only free us from any question of pigmentation scale, but
afford a good result on a not excessive expenditure of calculating energy" (p. 253). It is clear that
the Laboratory publicly admitted the difficulties of the fourfold-table method two years before Mr Yule
started to criticise it as applied to pigmentation data ! Yet Mr Yule never mentions this fact.

t "On a Generalised Theory of Alternative Inheritance with special reference to Mendel's Laws,"
Phil. Trans. Vol. 203, p. 53.
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Then a = nm , b = q — npq , c = p- npq , d = N - p - q + npq .

Therefore
(x - 1) n2

pq - npq \(x - 1) (p + q) + N) + pqX = 0

is a quadratic to find nm . It' we take as we always can arrange to do Q positive,

then % lies between 1 and go or is also positive. The equation for npq will have

real roots if

{(% - 1) (p + q) + N} 2 > 4% (% - i)pq,

or, if

(%-l)'3 (p-?)2 + (%-l)(p-g)2 + (2^-
jp-^) (x-l)(p + q) + W>0,

which is true since %>1 and 2N > p + q. Hence, since XP9/(X~^) 1S always
positive, the quadratic has always one and only one real positive root.

H? _ XI - nPQ (x ~ !)
Further :

=
dp N + (p + q- 1nm ) (X -1 )

'

but x is > %— l
s §> npq, and p > r>pq , therefore it follows that both numerator and

denominator are positive, or &npq increases with p. Similarly it increases with q,

or in subtracting npq from either np+$p , q
or nPtq+&q

we shall never reach a negative

difference. Thus it is always possible to construct a surface for which Q is

constant for every fourfold division. It seems to us that had Mr Yule realised

the possibility of this surface and studied it*, he would have known more about

the real properties of his Q and its bearing on such distributions as occur in

practice. The fact that in every distribution of continuous variates we come

across there is no approach to constancy in Q, that it varies continuously and

almost in a predictable manner shows how very far the surface of constant Q is

from representing the facts of experience. Still had Mr Yule fitted the best

surface of constant Q to a known distribution of detailed data, and so ascertained

his value of Q, he would have given us a coefficient which would have lived in

statistical practice and theory, and he would have thrown real light on the relation-

ship of association to correlation. We have not spent time in discussing the

complicated equation to the surface of constant Q, but we have provided one

illustration of such a surface. Taking the total frequencies of each eye-colour

group in Father and Son, only adding 5 and 6 together, we have Table I given

below for the eye-colour distribution categories ; this table would within the

limits of our decimal places have the same coefficient of association, Q = 0'6,

wherever we divide it into fourfold tables. For example, taking both divisions

between 2 and 3 we have the fourfold

$=•59996.

191 -55 143-45 335
166-45 498-55 665

358 642 1000

* We suggest that Mr Yule has not studied the matter, for he writes : "There is one case and one only

where Q is independent of the axes chosen, and that is where the variables are strictly independent,"

Phil. Trans. Vol. 194, p. 278. For the equation to the surface see Appendix III.
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Or, again, between 6 and 7 vertically and 8 and 4 horizontally

Q =-60002,

576-60 42-40 619
294-40 86-60 381

871 129 1000

which sufficiently illustrate the feasibility of the construction of the surface.

But at once the fictitious character of Mr Yule's idea of association comes to

light. He tells us that it is "natural" to put a table in the equivalent symmetrical

form— one for example in which we have 50 °/
0
deaths and 50 °j

0
recoveries,

50 °/
0
vaccinated and 50 % unvaccinated. And this is possible because his Q does

not change by such a process. But surely if it is "natural" to have equal

numbers of deaths and recoveries, it is also "natural" to have equal numbers of

fathers, and for the matter of that equal numbers of sons, in each eye-class.

Equal light blue eyes, and equal dark blue eyes, equal light brown eyes, equal

dark browns and blacks. But the instant we study a table of this kind some

TABLE I.

Table of Variates in Father and Son Eye-Classes for Constant Association

Coefficient 0"6.

1 2
|

, 4 5+ 6 V 8 Totals

1 4-08 19-04 6-25 2-60 0-78 1-00 0-25 34
19-54 148-89 75-33 32-54 9-68 12-05 2-97 301

3 7-41 90-46 90-17 52-97 16-86 21-03 5-10 284
2-19 28-54 39-43 33-19 12-53 16-89 4-23 137

5+ 6 1-35 17-12 25-63 26-40 11-82 17-83 4-85 105

i 1-03 13-15 19-94 23-33 12-18 21-60 6-77 98
8 0-40 4-80 7-25 8-97 5-15 10-60 383 41

Totals 36 322 264 180 69 101 28 1000

remarkable points arise, (i) The selection which is advocated by Mr Yule and which

keeps his coefficient constant is a perfectly arbitrary one, and (ii) it must be stopped

at a perfectly artificial limit, namely that at which the arbitrary division has been

made. Mr Yule does not equalise each sub-group, but if, for example, he divides into

light and dark eyes between 3 and 4, he multiplies his light blue eyes, his dark

blue eyes and his greys, not by different factors which would equalise these groups

with each other, but by the same common factor, so that the sub-groups really

remain in the same proportions as before the equalising. Surely if it is ' natural"

to equalise light and dark eye totals, it is equally " natural " to equalise the totals

of light blue aud dark blue eyes. If it is " natural " to equalise the vaccinated

and unvaccinated totals, it is surely for the same reason " natural " to equalise the

several groups of individuals who have one, two, three vaccination scars, for the

number of their scars " is dependent to a large degree on a purely arbitrary

circumstance, the activity of the authorities" in making 1, 2, or 3 punctures.

It is equally "natural" to equalise the numbers who have lived 5, 10, 20, 30

Biometrika ix 24
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or 40 years since their last vaccination, for this " is dependent to a large degree

on a purely arbitrary circumstance," the question of whether the population has

been recently alarmed and revaccinated. The efficiency of vaccination depends

both on size of cicatrix and on interval since vaccination. Yet if Mr Yule makes

these equalisations he will wholly change his association coefficient. That coefficient

admits not of a natural selection, but only of a wholly artificial one, namely, one

which alters all sub-classes on one side of an arbitrary dividing line in the same

ratio and not in their " natural " ratios. Every word Mr Yule has uttered with

regard to equalisation and its " naturalness " applies equally to classifications in

3, 4 or more groups. Why should the relationship of father to son in eye-colour

depend upon the number of light blue eyed fathers taken? It is "natural"

to equalise them with the dark blue. But this is only possible if the multiplying

of a row or column will not influence the result, and the reader has only to test

on the above table how Q is changed when he starts such a selection. A few of

the values we have obtained are Q = '47,
-

44, "36, '17 and 04 ! The fact is that

Mr Yule's is not a general selection, but a perfectly artificial one, which is

not in the least " natural " when we analyse its effect on the constituents of a

given class.

It is as well to stop and inquire what iufluence this " natural " equalising

has on contingency tables. Below (Table II) is given the table for eye-colour in

Father and Son reduced to five classes on account of the labour involved. The

equalising factors are

For the Bows : For the Columns :

y1+2 = 3-73512, x1+2 = -61949,

y3 =3-92073, x3
= -81174,

y, =7-11764, x4
= 1-00000,

ys+6 = 7-47842, ocSH = 2-38871,

y7+8 = 6-35625, *v+8 = 1-34437,

and the resulting table is given as Table III.

TABLE II.

Actual Eye-Colour Table for Father and Son in Five Glasses.

Eye-Colour of Father*.

o
CO

JO
o
o

1+2 3 4 5+ 6 7+ S Totals

1 + 2 194 70 41 9 21 335
3 83 124 41 13 23 284

25 34 55 11 12 137
5+6 27 12 19 24 23 105
7+8 29 24 24 12 50 139

Totals 358 264 180 09 129 1000

* See Phil, Trans. Vol. 195 A, p. 138.
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TABLE III.

Table for Eye-Colour in Father and Son equalised, or put into

Mr Yide's " Natural " Groups.

Eye-Colour of Father.

a
om

3
"3

H

1+2 3 4 5+ 6 7+ 8 Totals

1+2 448-88 212-23 153-14 80-30 105-45 1000
201-60 394-65 160-75 121-76 121-24 1000

4 110-24 196-44 391-47 187-02 114-83 1000
5+ 6 125-09 72-85 142-09 428-73 231 -24 1000

7+ 8 114-19 123-83 152-55 182-19 427-24 1000

Totals 1000 1000 1000 1000 1000 5000

In this case the Q was not constant for all divisions at starting, and therefore

there is no general standard. But Mr Yule tells us that his method of pseudo-

ranks is the best known to him for such a table. The Yulean for this table before

equalisation was "403, after equalisation it is "166 ! Q can change as much as from

"52 to '43. It is only an " unnatural " equalisation which keeps Q constant.

Let us consider another case of this, taken from the one field to which Mr Yule

in his present paper ventures to apply his coefficient, that of vaccination*.

TABLE IV.

Severity of Small Pox.

Haemorrhagic Confluent Abundant Sparse
Very
Sparse

Totals

Vaccinated, [in og
Years since \ , r
vaccination Ti

'.Over /ft

Unvaccinated

0
5

29

1

37

155
35
61

6
114
299
48
41

11

165
268
33
7

12

136
181
28

2

30
457
932
155
115

Totals 49 289 508 484 359 1689

The equalisation factors are :

For Rows

:

For Columns :

= 6-1300, Xx = 11-0816,

= -3631, x2
= 1-5125,

= -1496, xs
= 10000,

2/4
= -6923, 10113,

= 1-0697, {J05
= 1-1659,

reckoning rows and columns from the left-hand top corner.

* See Biometrika, Vol. vn. p. 257.
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After equalising the classes of this table we have the following one :

TABLE V.

Vaccination Grade and Intensity of Disease.

Severity of Small Pox.

Haemorrhagic Confluent Abundant Sparse
Very
Sparse

Totals

Vaccinated. 1 ^„ ^
Years since \ 9r .~

vaccination I ^ \ cv Over J/5

Unvaccinated

0
20-12
48-08

84-40
47-40

9-27

20-32

35-07
36-66
98-68

36-78

41-39

44-74

33 23
43-86

68-19
60-59

40-54
23-11

7-57

85-76
57 '58

31-57
22-60

2-49

200
200
200
200
200

Totals 200 200 200 200 200 1000

Now here are some of the changes that take place in Q, owing to this

equalisation of the classes :

TABLE VI.

Vertical Division Horizontal Division Old Q New Q

Confluent-Abundant Vaccinated-Unvaccinated - -7220 - -7070

Abundant-Sparse ... Vaccinated-Unvaccinated - -8599 - -8945

Confluent-Abundant 25—45 and over 45 -•5714 - -7522

Confluent-Abundant 10—25 and 25—45 - -5411 - -8163

Abundant-Sparse ... 10—25 and 25—45 - -4469 - -7742

Haeniorrhagic-Confluent . .

.

10—25 and 25—45 - -5711 - -7798

Haemorrhagic-Confluent . .

.

25—45 and over 45 - -5449 - -5861

Haemorrbagic-Confluent . .

.

Vaccinated-Unvaccinated - -1009 - -1371

The range of values found for Q for a single table will be considered later
;

it is sufficient here to indicate how largely the bulk of them are changed by

equalisation of the groupings. If further evidence be needed for the radical

changes which invariably accompany Mr Yule's conception of a " natural

"

grouping, we may note that the Yulean deduced from pseudo-ranks is before

equalisation — "3099, but after equalisation — -5375. These two equalisations of

class frequency show that it is impossible to predict a priori how the relationship

of the two variates will be changed by the process ; in the first the relationship

was lowered by 59 °/
0
and in the second case raised by 73 °/

0
of its value as

estimated by the Yulean* ! It is clear that only a fictitious type of equalisation

has been used by Mr Yule. His independence of selection is only an artificial

one
;
sub-groups within his categories are not equalised but only equally selected

;

and further such selection must neither fall short of nor exceed the arbitrary

division he has selected for his class. If for example we agree to equalise each

* Consider as a last illustration the Table VII below. The correlation is -37. The reader will find
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age group of the vaccinated—surely a "natural" process—then we shall modify

the coefficient of association obtained by dividing between vaccinated and un-

vaccinated. If we equalised the totals of vaccinated and unvaccinated, then Q
would have changed, if the division were taken at an interval of 25 years since

vaccination. The whole process is quite arbitrary, and we believe wholly without

validity.

(6) On the Coefficient of Association and the Assumption of Discrete Variates.

Mr Yule has asserted that when we free ourselves from any necessary relation

to the theory of normal correlation, the ordinary theory of correlation is applicable

in its entirety to the 2 x 2-fold table. Apparently he holds that the same is true

for his coefficients of association and colligation although these different methods

lead to diverse and often contradictory results, for the simple reason that selection

vastly affects one and does not affect the other. He has not considered the

surface of equal association, nor discussed the cases to which the " four-point
"

surface, involved in using </> as Boas and he propose, can be legitimately applied.

It is accordingly of interest to see what happens when the coefficient of association

is applied to various types of frequency surface.

It is no valid reply to criticisms based upon such an investigation to say that

such frequency surfaces do not occur in practice. Mr Yule has never entered

into any discussion of the character of the distributions to which he applies his

association ; it is sufficient for him that they give a fourfold table, and he makes

no appeal, as we do, to experience as a basis for the adoption of any coefficient.

It is therefore possible to test his association against the clear idea of correlation

on any distribution whatever.

If Mr Yule replies that this is not fair treatment because the coefficient of

association applies to discrete quantities, we answer that he has never defined

it an amusing task to equalise the total frequencies ; he will then discover that it takes an interesting

form, that of an old friend of Mr Yule's, and the correlation will then be recognised as '50.

TABLE VII.

First Variate.

a b C d e / 9 h i j Totals

a 11 20 30 35 40 45 50 40 30 2 303
b 20 4400 600 700 800 900 1000 800 600 40 9860
c 30 600 9900 1050 1200 1350 1500 1200 900 60 17790
d 35 700 1050 13475 1400 1575 1750 1400 1050 70 22505
e 40 800 1200 1400 17600 1800 2000 1600 1200 80 27720

f 45 900 1350 1575 1800 22275 2250 1800 1350 90 33435

g 50 1000 1500 1750 2000 2250 27500 2000 1500 100 39650
h 40 800 1200 1400 1600 1800 2000 17600 1200 80 27720
i 30 600 900 1050 1200 1350 1500 1200 9900 60 17790

j 2 40 60 70 80 90 100 80 60 44 626

Totals 303 9860 17790 22505 27720 33435 39650 27720 17790 626 197399
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discrete quantities, and we can oidy judge what he means by this term from seeing

the cases to which he has applied it. We shall therefore deal first with the

discussion of the cases to which Mr Yule has applied his methods, and then

consider their effects as applied to (a) continuous, (b) discrete variates.

Mr Yule opens his paper by observing* that if we classify objects into two

classes only, for example "peas into yellow-seeded and green-seeded, or the

members of any group of mankind into male and female, the resulting data are

of the simplest possible form." The data may be thus in the simplest possible

form, but difficulties might occur even in such simple cases as those cited by

Mr Yule. The classification even into yellow- and green-seeded peas is by no

means so simple as Mr Yule suggests, and certain types of hermaphrodite in man
might undoubtedly puzzle even Mr Yule's powers of discrimination. To under-

stand really what Mr Yule proposes to classify we must turn to the cases to which

he has applied his method. They are as far as we can judge from an examination

of his writings the following: (1) Good and Bad Temper, (2) Presence and Absence

of the Artistic Faculty, (3) Stature in Man, (4) Tallness in Plants, (5) Mental

Dulness, (6) Low Nutrition, (7) Defects in Development involving "size, form or

proportioning of parts," (8) Abnormal Nerve Signs, involving " abnormal actions,

movements, and balances," (9) Mental Derangement involving imbecility and

idiocy, (10) " Blindness," (11) Deaf-mutism, (12) Recovery and Death in the case

of Smallpox, (13) Vaccination or non-vaccination, (14) Male and Female, (15) Cross

and Self-Fertilisation, (16) Eye-Colour, (17) Colour of Flower, (18) Prickliness of

Fruit. Mr Yule has probably used or suggested the use of the coefficient of

association in other casesf. Looking through the above cases we see it is in

the rarest instances, possibly only in (14) and (15), that Mr Yule has confined

himself to discrete variates. He has applied his coefficient of association over

and over again to continuously varying quantities. Temper (1), artistic faculty (2),

stature (3), tallness (4) are all quantitatively determinable variates, even if

difficult in some cases to measure. One man has a better or worse temper than

another ; one man has a greater or less degree of artistic faculty ; where the

division between presence and absence of the faculty is put, or what is called good

or bad temper is largely matter of personal equation. But nobody doubts the

range of such variates
;
they are continuous, there is no sudden break.

Now turn to the next four characters (5)—(8). No one who has studied the

essential difficulty of defining what is feeble-minded will doubt the continuity of

mental dulness. It is not a discrete character, but a continuous variate. There

are certainly all grades of mental defect, and the groups idiot, imbecile, feeble-

minded, " simple " are quite artificial. If the whole population were graded

according to intelligence, the frequency curve would be continuous; no one knows

whether it would be Gaussian or not, or whether it would be ' humpy" towards

* Journal R. S. S., Vol. lxxv. p. 579.

t He has apparently approved of its application, as we shall see later, to a long series of absolutely

continuous variates by Professor Niceforo.
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the tails. If there i.s a gap between the defective and the normal members of the

same sibship, intermediates in plenty will be found elsewhere. The whole difficulty

associated with the Government Bill for the care of the feeble-minded turns on

the questions how and where to draw the line between the " normal " and " feeble-

minded." Whatever may be finally done, it is quite certain that there will be

no real distinction between two individuals who fall just one side and just the

other of the dividing line. Even the personal equation of trained observers will vary

in classification, and Mr Yule takes the untrained record of thousands of the laymen

who make census returns as marking off in some manner a " discrete" character of

"mental defect." Absolutely the same remark applies to nutrition. The boundary

of "low nutrition" is also an arbitrary dichotomy in a continuous variate fixed

by the personal equation of the observer. (7) tells its own tale, for it is based on

continuously changing and measurable characters. (8) is less obvious, but not

only in number, but in quantitative intensity " nerve signs " are really continuous.

To these also we may add mental derangement (9) ; there is a very great range

of variation in imbecility and idiocy as we have already indicated under mental

dulness. If we turn to " blindness" (10) the source of it may be most varied, but

if we define it merely as the loss of the faculty of sight, there is, as the simple cases

of either congenital or senile cataract might have shown Mr Yule, almost every

iutensity of the failure of sight. Even certain cases of albinism are to be found

in the Blind Asylums and are educated as semi-blind. Semi-blindness is so well

recognised that special schools have been started for the semi-blind by certain

educational authorities. In Bristol out of 22 children sent to the Blind Asylum

at the expense of the Education Committee 13 had some degree of vision, and

7 could read large print with varying degrees of difficulty, and were able to do

some form of handwork by sight. Out of 75 children specially examined for eye

defects at Bristol in 1911, beyond those requiring glasses were 9 suitable for the

partially blind class*. Of (11) deaf-mutism, we are less competent to speak, but

we have been informed by the very best authorities it is far from an absolutely

fixed condition and that it has a great variety of grades. The grades are more

marked in the acquired than the congenital cases, but in the latter cases they

vary with the cause of the congenital deafness. Cases even exist with slight

degrees of deafness which would probably have been associated with mutism had

the deafness been more considerable. Different degrees of hearing are found among
deaf-mutes. There are scores among them who undoubtedly possess an amount of

vowel hearing, and it helps the tone of their voices when they are being taught

articulation; this is true, although they canuot distinguish speech without watching

the lips and without their ears being within two or three feet of their interlocutor.

* We have had before us the diary of a man who "went blind" in old age. At 70 the writing

is perfectly clear and legible. It closes at 80 with the words scrawled in an almost unreadable

trembling hand across the page. " I am now almost blind and with great difficulty I write this.

Oh! the misery I feel, no one comprehends it.
—" When was this man "blind" for a census return?

Tbe category " blind " covers a vast range of cases of partial sight, and it would be hard to draw a

dividing line between "blind" and "normal" in such cases.
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The number unable to articulate is negligible ; all the deaf can make sounds and

probably 90 °/
0
could articulate with more or less success. Those who acquire

deafness later in life retain their speech, but with impaired quality. The census

returns club together the congenital and acquired forms. Where then is the

" discrete " attribute ? As for the blind so for the instruction of the semi-deaf,

special schools have been established by some educational authorities. There were

19 scholars reported on in the Bristol Education Committee's Report for 1911 as

attending the semi-deaf school at Broad Weir. From "very deaf" to "very slight

deafness" we have every graduation of hearing from those that can only hear

under 1 yard to those who can hear at 6 yards. There is every variation in

speech from the " unintelligible," " now beginning to use a little," " voice very

weak," up to "lisping nearly overcome " and "speech of good quality." Speech

-

reading forms an essential feature of the instruction, and the cases are those

of transitional deaf-mutism.

We entirely disagree with Mr Yule's statements that such attributes as blind

and seeing, deaf and not deaf, mentally deranged and not deranged, " if not

absolutely discrete, are very largely distinct from each other " (loc. cit. p. 638), and

we wholly fail to follow his argument on this point.

Mr Yule has apparently seized on recovery and death in cases of small-pox as

discrete instances, but by Dr Macdonell and one of the present writers they were

used to measure a continuous quantity—the severit}' of the attack. The data due

to Dr Brownlee, and published by one of us in Biometrika, Vol. VII. p. 256, show

that when the severity of the attack is classed by such categories as haemorrhagic,

confluent, abundant, sparse, very sparse, that variate is essentially continuous, and

that the mortality is largely confined to the two highest classes. Again when the

immunity conferred by vaccination is reclassed under " unvaccinated," vaccinated

over 45 years ago, 25—45 years back, 10—25 and 0—10, we at once recognise

that vaccination regarded as conferring immunity is an essentially continuous

variate. The same notion of continuity comes in, if we classify severity by the

number of pustules on the face, comparison being made with a standard series of

photographs of typical cases, or again show that area of vaccination scar affects

the extent of the immunity. Mr Yule can hardly be ignorant of all this work,

yet he lightly chooses the vaccination data as good illustrations of his method*.

The classifications of intensity of attack by number of pustules and of vaccination

by period since vaccination show in general frequency surfaces of a rough " cocked

hat" type, and dispel at any rate the notion that immunity and severity can be

treated as discrete variables. It is only the confirmed Mendelian who would

classify any pigmentation character, whether of eye "or of coat or of flower, into

two alternative groups. The intensity of pigment is undoubtedly a continuous

* That he was, as long ago as 1899, acquainted with the varying intensity of vaccination is con-

clusively proved by the following sentence from his memoir on ' Association ' (Phil. Trans. Vol. 194 A,

p. 289) :
" The association between non-vaccination and attack is very high indeed for young children

— -8 to - 9—but drops sharply to -5 (owing presumably to the loaning protection of the vaccination made

in infancy) in the older age groups." The italics are ours.
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variate, when we consider the actual frequency of pigment granules, and it is

only confusing the issue when eyes are divided into two classes, those with both

posterior and anterior pigment, and those with only posterior pigment. We shall

return to the question of eye-colour later, as it is a case out of which Mr Yule

makes much capital, but which in his last paper is the only one he treats by his own

association methods. If we take " prickliness " in fruit, there is no evidence yet

that it has ever been properly measured, and that it would not prove to be a

continuous variate, much as " hairiness " proved to be in the case of Lychnis when

actually measured by Weldon*. To sum up, there are not among the attributes

used by Mr Yule to illustrate association coefficients any but those of sex and

nature of fertilisation which can reasonably be considered discrete quantities, and

in using even these he always couples them with characters which in our opinion

are distinctly continuous variates.

We shall therefore start this criticism of Mr Yule's statistical investigations by

indicating the fallacious nature of his coefficients of association and colligation as

applied to continuous variates. We shall then deal with the question of discrete

alternative variables, and show their absurdities in that case. Finally we shall

show reason for questioning the details of the bulk of his memoir, which is not

occupied with the discussion of his special coefficients at all, but in advocating a

new empirical method which there is ample reason for considering equally fallacious.

(7) On the Idleness of Mr Yules Coefficient of Association when applied

to Continuous Variates.

(a) The Need for either Knowledge or Hypothesis as to the Nature of the

Frequency.

Let us start from a very general case of two continuous variates. The first

question that we require to answer is whether for a given value of one variate

the mean value of the other variate changes. If we can find the mean values

of the arrays of the second variate for given values of the first we obtain the

regression line ; should this be a straight line the correlation coefficient r is a suit-

able measure of the relationship, if it be not then the correlation ratio rj gives us

a measure, and ^
2 — r2 marks the deviation of the regression from linearity. In

cases where the regression lines are both straight and r = 0, it by no means

follows that the two variates are absolutely independent. The next essential

condition is the equal variability of the arrays, or what is nearly the same thing

the probability of a combination of one variate x between x and x + Bsc with the

other variate y lying between y and y + By is the product of the probabilities

* Biometrika, Vol. n. pp. 47—55. The danger of this sort of classification has come home very

emphatically to one of the present writers, who had tried to use the category of "short-muzzle"

as against "long-muzzle" in breeding dogs. He was convinced that "short-muzzle" was a dominant

character in the Mendelian sense, until he took actually to measuring the muzzles of the hybrids of

first and later generations, when the idleness of treating such categories as discrete quantities became at

once obvious.

Biometrika ix 25
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of x lying between x and x + Bx and of y lying between y and y + By. This is the

true measure of independence of the two variates. It is always possible to test

the independence of two variates— i.e. the probability of their independence—
by aid of the mean square contingency and the use of Palin Elderton's

Tables*. But there is a whole class of continuous variates for which the

regressions are linear and the correlation coefficient is zero, but which are yet

heteroscedastic, i.e. the arrays of the ?/-variate for a given *--variate are not similar

frequency distributions. Any frequency surface, with two planes of symmetry, one

perpendicular to the axis of measurement of each variate, is representative of this

class. Let DEFG be the oval contour line within which, for a given population N,

all the frequency lies. This may be the actual curve in which the frequency surface

cuts the plane of xy, or if the surface asymptotes to that plane, the contour within

which all individuals of the N observed actually lie. If the distribution were

Gaussian, this contour would be an ellipse. Generally let us suppose it any non-

re-entering oval curvef.

Let the frequencies in the four classes made by divisions parallel to the axes

of the variates, i.e. to DOF and EOG, be represented by
d

, which we have

used throughout in preference to Mr Yule's more cumbrous ~~
g

J
^g

~'

Then Mr Yule's coefficient of association Q is (ad - be) / (ad + be) ; it is

unnecessary at this point to consider Mr Yule's coefficient of colligation &>,

which is only a special function of Q.

All along EOG taken as one dividing line (the other will be perpendicular

to it), Q = 0 ; all along DOF also, Q is zero. All along the arcs EF and DG,

Q = + l; all along the arcs FG and BE, Q = —\. These values are indicated by

numbers in the diagram. If the frequency surface be non-re-entering, then when

the axis of the rectangular dividing planes is taken anywhere in the quadrants

EOF and DOG, Mr Yule's Q is positive and varies from 0 to 1 ; if this axis be

* Pearson, Drapers'
1 Research Memoirs, " On the Theory of Contingency," p. 6 (Dulau and Co.), and

Biometrika, Vol. i. p. 155.

t If the curve be a re-entering one, the rapid value changes of Mr Yule's coefficients are still more

remarkable!
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taken in the quadrants EOD and FOG, Q is negative and varies from 0 to — 1.

Hence for two continuous variates, whose actual correlation is zero but which

are not homoscedastic, we find Mr Yule's coefficient will run through the whole

range of possible values from —1 to + 1, and what its observed value will be

depends solely on where we take our dividing planes.

It is perfectly true that Mr Yule's Q vanishes if the variables are theoretically

independent, but no variables are practically independent, and in actual statistics

of two continuous variates when the grouping is fairly small we do not get DEFG
a rectangle, the sole bounding contour for which Mr Yule's coefficient of association

is zero all round. The fact that Mr Yule gets + 1 or — 1 for his coefficient round

his boundary contour would be of small importance were it not that he appears

to hold that, when Q= ± 1, then its probable error is zero. Round the bounding

contour of a distribution of this kind Pearson's normal coefficient has usually a big

probable error, and the investigator is thus warned that its vagaries are of no

account *. When the investigator comes, however, to a fourfold classification leading

to Q= ± 1 by the zero of one of its classes, he would, if he were to follow Mr Yule,

assume his result absolutely reliable, and to be so independently of the total

population used. As a matter of fact, his dividing lines may have given Q = ± 1

solely because they chanced to be taken near the bounding contour of a frequency

distribution, of which the investigator knows nothing ! The real fact of the case

is that Mr Yule's investigation of the probable error of Q, while correct as long

as the frequency of any of his four classes is substantial, fails entirely when one

of his four classes is zero, and is correspondingly in error when Q is very large

owing to one of the four classes being very small. Even if Mr Yule determines

the probable error of Q for such cases by higher approximations, it will be

meaningless without consideration of the frequency distribution of Q, which is

an exceedingly skew curve for high numerical values of Q.

Before we leave these cases of zero correlation it is worth while to indicate

how Q works for various artificial frequency surfaces.

(1) A rectangular block. Q is zero all round the boundary and for all

possible divisions.

(2) A square prism
;
diagonal planes parallel to the variate axes. Q is positive

in two quadrants and negative in two, and takes all values between + 1 and - 1

according to the point of division. It is essential to note that Q does not, as

* The matter is discussed more at length in Appendix I.
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might be thought, give small values except in immediate proximity to the

boundaries, it rises to quite substantial values when the percentage in any quad-

rant takes a value which Mr Yule has not hesitated to use when criticising

other methods of approaching the problem of association, and—according to

Mr Yule—as it approaches these values the reliability of his coefficient increases

!

Diagram II. Frequency surface of zero correlation exhibiting every possible variation of

Q with different dichotomic lines.

o'o

+ I O O'O — I 'O

oo

(3) Let us now take a cylinder on circular base. Here again the correlation

coefficient is zero, but Mr Yule's coefficient runs through its whole range from — 1

to + 1, being negative in two quadrants and positive in the other pair.

The above cases illustrate, we think effectively, the point that the coefficient of

association tells us absolutely nothing, unless we make some assumption as to the
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nature of the surface of frequency. For surfaces of zero correlation it must always

take all values from + 1 to — 1 according to the position of the dividing planes.

We will take one more of these zero correlation tables because it leads up to

certain new points. Such a table as that given as Table VIII might well occur in

practice ; worked out by the product-moment method, the regression lines are

linear and there is zero correlation. Table IX shows how extraordinarily the

Diagram III. Frequency surface of zero correlation exhibiting every possible variation

of Q with different dichotomic lines.

O'O

coefficient of association varies from point to point of division. It is not only zero

along the axes, but zero along a contour line in each quadrant. Thus, starting from

the centre of the surface, we descend in the first and third quadrants to a negative

association — '45, then crossing the zero contour, we rise to a positive value of

+ '50 and ultimately reach + "87 ! In the second and fourth quadrants the process

is reversed ; we rise first to + "45, then sink to zero and descend first to — '50 and
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then to —"87. What information can the coefficient of association give us as to

the nature of these two uncorrelated variates ? It is no doubt a measure in some

manner of the heteroscedasticity of the arrays. But how and in what way does

it measure this phase of want of independence by a value which varies from — 1

to + 1 several times over ? If it in some manner measures this heteroscedasticity,

it is only by its local values, it measures nothing of the dependence of the variates

as a whole. Will Mr Yule tell us how to infer whether, when Q = + -87 or — "87,

it is a measure of the relation between the means of the arrays corresponding

to given variates, or is merely a measure of the differences in the variabilities of

those arrays ? Will he also tell us in what manner, by a multiplicity of values,

it measures mere heteroscedasticity ?

Are we doing Mr Yule an injustice in taking any notice of Q at the extreme

limits of our table, e.g. of such values as -+ '81 or — "81 ? Well, consider the

corresponding fourfold table

:

3 707 710

77 174,295 174,372

80 175,002 175,082

§=+•811

and multiply each entry by the factor

32,527,843

175,082
we find

= 185-78633,

557 131,351 131,908

14,300 32,381,629 32,395,935

14,863 32,512,980 32,527,843

Compare this with the fourfold table deduced by Mr Yule from the Census

data of 1901

:

Blindness.

CD

Present Absent Totals

Present
Absent

558
24,759

132,096

32,370,430

132,654
32,395,189

Totals 25,317 32,502,526 32,527,843

§= + •693,

or the following one from the same Census, again formed by Mr Yule

Deaf-Mutism.

Present Absent Totals

Present 96 25,221 25,317

Absent 15,150 32,487,376 32,502,526

Totals 15,246 32,512,597 32,527,843

§=+•782
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and it will be obvious that we are doing Mr Yule no injustice at all. Our 3 in

175,082 is 557 in 32,527,843 and is far higher than Mr Yule's 96 in 32,527,843 !

Why his 96 in over 32 millions might almost consist of the persons who had

been rendered at the same instant both deaf and blind by accident ! Yet on the

basis of this result Mr Yule has asserted a "very high association" between deaf-

mutism and blindness

!

But, since Mr Yule has no hypothesis as to the nature of his frequency, why
should not the relation between blindness and deaf-mutism be precisely like that

of the nature of the variates exhibited in Table VIII ? If this be so, what has

Mr Yide's coefficient of association told us ? The variates would be actually

uncorrected, but we should anticipate :

(i) That extremely bad sight would be associated with extreme deafness

—

this is the above Q = + "78.

(ii) Extremely bad sight would be associated with great aural acuity. This

has often been asserted of the blind. Here Q would be high and negative.

(iii) Extremely good sight would be associated with extremely good hearing,

i.e. Q would be high and positive. Persons with exceptionally good capacity of one

sense very frequently have it of another sense.

(iv) Extremely bad hearing would be associated with exceptionally good

vision, i.e. Q would be high and negative again. This is quite possible, although

we have no conclusive evidence on the point. In a small school for deaf-mute

girls 90 °/
0

°f the children were found to have normal vision (| or §), none

had worse than ^g. In a group of children of normal hearing with light hair

only 69% nacl normal vision and ll'5°/
0
with vision of ^ or worse. London

girls give 85°/
0 >

Glasgow 82 °/
0
and Edinburgh 80 °/

0
normal vision—all lower

values than in the case of our small sample of deaf mutes.

Results (i)—(iv) would hold if there were no correlation between goodness

of sight and hearing—the average sight of a very deaf person being the same

as one of normal hearing—-provided the variability in sight of the very deaf were

less than that of the general population, and the variability in hearing of the very

blind were also less than that of the general population*.

Thus given a fourfold table which is based upon continuous variation, if we

make no hypothesis with regard to the nature of the frequency, we have in fact

no idea at all of what Mr Yule's coefficients of association and colligation really

measure. They measure in some form or another deviation from independence,

it may be true correlation or it may be heteroscedasticity, and divisions taken at

very slight distances apart may give hopelessly divergent values of Q, of which

difference of values Mr Yule has given no intelligible interpretation.

* In the case of our Table VIII, the variability of the horizontal character for the whole population

= 1-6686, and for the vertical character 1-5979. The variability of the combined two top arrays is

1-6444, and for the extreme vertical column on the right 1-8166. Had the variabilities of the two sets

of arrays been the same as those of the general population, the association would have vanished.

Biometrika ix 26
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If we turn from surfaces of zero correlation to those of finite correlation, we

find in the same way that Q takes innumerable values which have no mutual

relationship. Heron has already demonstrated this as far as the Gaussian surface

of frequency is concerned*. For example, in a Gaussian distribution Mr Yule's

association can take every value from '37 to TO if the correlation be truly "3

and the divisions be taken along the diagonal. These give for a Gaussian

distribution the complete range of Q, but it by no means follows that this is

true for other types of frequency. Mr Yule, however, makes no hypothesis as to

the nature of his frequency surface. To test the kind of meaning Q conveys,

suppose the frequency surface to be a rectangular block, length 2a, breadth 26,

height h—that is to say, within a given rectangular area the frequency of all

combinations of the two variates is equally probable. If the block slopes with its

side 2a at an angle of 6 to the *"-variate, we have the correlation

(a2 — b2
) cos 6 sin 0

Va2 cos2 0 + b2 sin2 0 Va 2 sin2 0 + b2 cos2 0
'

The regression lines are built up of straight lines ; for a considerable distance

they coincide with the axes of symmetry, but are afterwards bent round horizontally

or vertically as the case may be. At the four corners Q = 0 and along one pair

of parallel sides Q = + l, along the other Q = — 1. Thus two contour lines of

zero association pass through the corners pair and pair. In the accompanying

diagram (p. 203) the values of Q are given for the special case where 0=45°, a=l'5b,

and accordingly ?
, = ,3846. Going along the longer axis Q changes from — 10 to

- -295 and so to zero, then it rises to + '6 at the centre and falls to zero again,

becoming negative and ultimately concluding with — TO at the boundary. Along

the shorter axis Q varies from + TO to + '6 at the centre and rises to + l'O again

below it. What can be learnt as to the real association of two variates by a

coefficient which behaves in this way ? The case would be quite different if

Mr Yule had indicated a type of surface for which Q was constant for all

divisions and demonstrated that it represented, even with moderate approxi-

mation, such distributions as occur in statistical practice. One such surface of

" stable association " at any rate is known for the tetrachoric r
t
treated as a

coefficient of association merely, and that surface is not widely divergent from a

considerable number that we actually meet with.

(b) The Fallacy of Mr Yule's Selection in the case of Continuous Variates.

If Q be not even approximately comparable with itself when taken on the

same surface with different dichotomies, how can it be comparable as a measure

of any real relationship from one surface to a second ? Mr Yule will no doubt

reply that a function of Q does measure certain percentages when the table

is dressed in an equalised symmetrical form. Our reply is that that form has

been obtained by a method of selection which makes very large changes in every

other coefficient, including the Boas-Yulean, which has been used to measure

* Biometrika, Vol. viii. p. 109.
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relationship ; that we dispute entirely the legitimacy of such selection which is of

a singularly arbitrary character, both in the extent to which it is applied and the

region to which it is circumscribed. If we apply it to continuous frequency

surfaces, so that a certain Q remains constant, all other Q's are changed, and r

taken as a measure of the relationship of the variates as a whole is often

Diagram IV. Q for frequency surface a right six-face. To illustrate how variation of Q depends

on form of distribution and how it has no relation whatever to true correlation. Actual corre-

lation -3846.

O'O

oo

immensely changed. A correlation table has a multiplicity of Q's and one product-

moment r ; a process of selectiou, which changes all Q's but one, and widely

modifies r, has attributed to it by Mr Yule some special merit by which that Q,

in preference to any other, is considered for the time being to measure the

" association " of the variates !

26—2
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Any argument, as we have already indicated, which is valid when applied to

the columns and rows of a fourfold table ought to be valid when applied to the

columns and rows of a multifold table. Such a table should also not be affected

by selection. Well, let us take the Table from the Census of the age of husband

and wife and let us select so as not to change certain Q's and see what effect

this has on the correlation. The following tables give Q and r before and after

a series of selections.

Let the divisions be at the same ages for both husband and wife, say under 30

and over 30.

Coefficient of Association = '9745

Coefficient of Colligation = "7958

Correlation before Selection = -9136*

Percentage of those over 30 years selected

:

Actual Correlation Actual Correlation

100 % 9136 5% •6969

10% •8347 4% •6479

»7. •8175 3% 5921

8% •7961 2 7. •5360

7% •7698 17. •4952

6% •7369 0 7. •4850

In other words the selection which reduces the actual correlation from *914

to "485 leaves Mr Yule's coefficients of association and colligation unchanged

!

No, this is not true
;
every other coefficient of association and colligation for

the table is changed, except the particular two for the arbitrary division at

30 years ! What legitimate inference of any kind can be drawn from the constancy

of this individual pair ?

Now let us select husbands and wives unequally but still at age 30 divisions:

Husbands

100 %
10 7; over 30

1 °/o over 30

10 % under 30

1 7. under 30

•000 7„ under 30

•000 °/
0
over 30

Wives

100 7„
10 °/

0
under 30

10 7„ under 30

1 7„ over 30

0-1 7o
over 30

•000 7„ over 30

000 70
under 30

Actual Correlation

•914

908
•850

•715

•285

- -009

- -038

During all these operations which reduce the actual relationship as measured

by correlation from the very high value -914 to zero and even to negative values,

Mr Yule's association and colligation for his selected dichotomies show the constant

"very high values" 975 and -796. At other dichotomies of course they cover

pretty well the whole possible scale.

* Value without Sheppard's corrections, because in dealing with selection it is not clear that those

corrections are always appropriate.
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Nor has the result anything to do with the division at ages 30. If we divide

at 21 years we find

:

Percentage
selected over 21 Actual Correlation

100% -914

10 7„ -939

1 7o
-941

•1 7o
-493

•000 7o
-272

Here the Q and a> of Mr Yule retain throughout the operations the values

"987 and "853, which mark, we have been told, "very high association"!

Nor is the absurdity in the least confined to ages of husband and wife. Let

us take stature in Father and Son* and divide into a fourfold at Fathers 67'5"

and over, and Sons at and over. The actual correlation is "520, Q = "683

and tw = -395.

Selection of Father Selection of Son Actual Correlation

100 7„ 100 7„ -520

10 7„ over 67-5" 10 °/
e
over 68-5" -314

10 °/
0
under 67-5" 10 °/

a over 68-5" -275

•000 7„ over 67"5" -000 °/
0
over 68-5" '251

1 7„ under 67-5" 1 °/
a
over 68-5" -185

The result is exactly the same as before, the real relationship is immensely

modified by selection, while the colligation and association remain unchanged for

one pair of arbitrary divisions and for this one only. What can be learnt from

such a statistical method? We venture to believe that from the standpoint of

common sense it is wholly without meaning.

What is the precise physical character which is to be attached to this wide

difference between "association" and correlation? That correlation is affected

by selection we know only too well ; it is one of the factors of progressive

evolution under natural selection, but what profitable meaning of any kind

is to be attached to the statement that one out of an indefinite number of

associations has remained unchanged by a special selection ? Does not the

principle that " association " or " colligation " is unchanged by selection arise

from the fact that Mr Yule has merely guessed a denominator to his coef-

ficient, which denominator has no theoretical justification of any kind; and his

principle that selection makes no change is a later discovery and has no validity

at all, for it is not a "natural " selection and has no generality beyond the fourfold

table ?

We think we have sufficiently indicated that Mr Yule's coefficients of associa-

tion and colligation fail entirely for any variates which may be suspected in any

way of continuity, and the bulk of the variates to which Mr Yule has applied his

methods undoubtedly have such continuity.

* Biometrika, Vol. n. p. 415.
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Mr Yule would no doubt tell us that he has distinctly stated that he distin-

guishes between correlation and association and that he knows they may lead

to diverse results. We reply that, wherever there is any real continuity, the

assumption of a discrete " attribute " disguises its existence and will lead to

erroneous conclusions. Further he directly states* that :
" The methods applicable

to the former kind of observations, which may be termed statistics of attri-

butes, are also applicable to the latter statistics of variables. A record

of statures of men for example may be treated by simply counting all measure-

ments as tall that exceed a certain limit, neglecting the magnitude of excess or

defect, and stating the numbers of tall and short (or more strictly not-tall) on

the basis of this classification. Similarly, the methods that are specially adapted

to the treatment of statistics of valuables, making use of each value recorded, are

available to a greater extent than might at first sight seem possible for dealing

with statistics of attributes. For example, we may treat the presence or absence

of the attribute as corresponding to the changes of a variable which can only

possess two values, say 0 and 1."

Here Mr Yule directly claims that his methods can be applied to stature, and

in the next sentence suggests that it is reasonable to treat the difference between

any tall man and any short man as unity because they have been placed under two

class-indices " tall " and " short "
! He started his statistical work from the stand-

point of the pure logician, and he does not perceive that he is applying his

reasoning to the class-names of things and not to the things themselves behind

these names. Let us take head length and head breadth with a correlation,

say, of '50, and lengths of femur and humerus with a correlation, say, of '60, then

it is perfectly easy by selecting your head length and breadth division and your

femur length and humerus length divisions, to make the association between head

length and breadth either greater or less than that between femur length and

humerus length. What is the value of the coefficient of association as a measure

of relationship if this be the case ? Every new division gives a different ratio

of association for the two sets of attributes. The application of such methods

in practice can only tend to the detriment of modern statistical theory.

(H) On the Application of Mr Yule's Coefficients to Discrete

Variates. Mevdelism.

May we not, however, accept Mr Yule's claims for his coefficients of association

when the classes differ by a real discrete unit-—not a unit arbitrarily introduced

by calling a "short" man 0 and a "tall" man 1 ? Well, the difficulty is to find

such cases. However, supposing them to exist, then there is no question that the

coefficients of association and colligation are not the right methods of approaching

the problem, but that the ordinary product-moment correlation coefficient is the

* Theory of Statistics, pp. 7—8.
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correct method; but this will lead us to results absolutely opposed to those of

Mr Yule's association and colligation.

We ourselves, however, doubt the existence of this discrete unit; we have

only come across it in theoretical Mendelian investigations and doubt whether

the " unit character " which is absent or present has any existence in somatic

classifications. Of this we should like to give two or three illustrations.

The first illustration we take is from a paper* by Professor E. M. East,

entitled "The Mendelian Notation as a Description of Physiological Facts."

Professor East is a vigorous Mendelian making the very best defence he can

of the Mendelian notation in the present parlous condition of Mendelian theory

—

which assumes the truth of the unity of the unit. The cross which Professor

East cites is one between a "long" corolla and a "short" corolla race of Nicotiana.

Speaking of other Mendelian investigations into size, Professor East writes of

them :
" No criticism could be made except that certain of the characters used

varied considerably in the mother varieties and therefore were presumably not

homozygous for all character factors*!". This criticism is apparently answered by

a recent investigation of the writer's, as yet unpublished, where two species,

Nicotiana forgetiana and Nicotiana alata grandiflora, were crossed. As seen by

the table, the corolla length is very slightly variable in either species j, nor is it

affected to any extent by environment, yet each species was absolutely reproduced

by recombination in the F2 generation."

TABLE X.

Frequency Distributions for Length of Corolla in a Cross between Nicotiana

forgetiana (314) and N. alata grandiflora (321).

Class Centres in Millimetres

Designation Totals

SO 25 SO 35 40 45 50 55 60 65 70 75 80 85 90

314 9 133 28 170
321 1 19 50 56 32 9 167

(314x321)^ 3 30 58 20 111
(314x321) F2 5 27 79 136 125 132 102 105 64 30 15 6 2 828

Now let us call short all " below 60 mm." and long all " above 60 mm." We
have all the offspring " below 60 mm." Hence there is " dominance " of short

corolla, and we may apply the magic formulae :

(DD)x(RR) = 4>{DR),

(DR) x (DR) = (DD) + 2 {DR) + {RR),

* The American Naturalist, Vol. xlvi. p. 639.

t Note the writer's interpretation of the results by the preconceived theory

!

t The author does not tell us how many plants were grown in each generation. In the parent

generation presumably only two. How many were considered in Fx
and F2 ? The difference of

variability would largely turn on this factor.
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with the result that the segregating generation F2 shows 222 (RR)'s, a very

plausible Mendelian quarter.

Prof. East does not do this, although it was a step absolutely compatible

with current impressionist classifications by Mendelians. All he says is that

" each species was absolutely reproduced by recombination in the F2 genera-

tion " and " I do maintain that the Mendelian notation satisfies the facts of

size inheritance as well as it satisfies the facts of qualitative inheritance

"

(I.e. p. 639).

Well, the fourfold Mendelian table of somatic characters would give in the

F2 generation (RR) = 222, (DD) + (DR) = 606 *. Now will anything be discovered

by assuming that those two groups differ by a unit ? This is the " dichotomy" of

Mr Yule's association. We contend that, while theoretically (RR) differs from

(DR) by having no D as against one D and from (DD) by the latter's having

two D's, this theory is idle when pushed into actual Mendelian statisticsf. The

division at 60 is not a dichotomy of things differing by a unit, except in name,

but an arbitrary cut across a continuous distribution, and the application of either

the Boas-Yulean
<f>

or such coefficients as those of association and colligation is

entirely misleading. We are told that "short" is "dominant" over "tall" as

a result of experiment, and the importance of dividing at 60 mm. to get our

tables is dropped out of sight.

Piebaldism is another unit character of the Mendelians, and doubtless

Mr Yule would be content to take his dichotomy between piebald and whole

colour. Now here are 2314 mice classified according to the ratio of pigmented

area of coat to whole area of coatj. Where shall we make the division between

Total •10, -15 20, -25 SO, -35
•Ifi, -45 50, -55 60, -65 70, -75 80, -85 90, -95 975 1-00

2314 6 31 60 81 126 111 138 176 79 393 1113

the piebald and the whole colour ? The group '975 largely refers to individuals

with a very small white area on belly; but as a matter of fact the TOO group

has been divided into three sub-groups of individuals who, without having white

areas on belly, have or have not somewhat lighter pigmented areas there. Where

is the true dichotomy, especially when we can show that each grade of pie-

baldism is hereditary? Mr Yule would no doubt apply his association to

piebalds and whole colours as giving a Mendelian unit, but in doing so he

will be applying his dichotomy to words, to class-indices and not to the real

things represented by them.

* Whether this means anything or not would of course depend on the 105 at 60 never in later

generations giving anything below 60

!

t Take the division at 35 mm. and we have dominance of long corolla, but the Mendelian quarter

now fails.

X From the late W. F. It. Weldon's mice data now at press.
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Again, an illustration from Mendelian dichotomy may be found in a paper

by Hurst entitled "Mendel's 'Law' applied to Orchid Hybrids*." He desired

to give a proof that the F2 generation consists of 50 % of (DR)'s and 50 °/
c

of "specifics," (DD)'s and (RR)'s. He recognised that the first cross gave an
" intermediate," so he defined his (DD) as all those, which show § (DD) character

and more, his (RR) as all those that show ^(RR) character and more, and the

"intermediates" or apparently the (DR)'s all those that show character between

%(DD) and f (RR). As a result his "specifics" came out as 2281 and his

"intermediates" as 2267 in number, a plausible Mendelian 1 :1 ratio. Thus the

classification into every one of the groups (DD), (DR) and (RR) in the F2

generation is by trisection of a continuous variate at arbitrary valuesf.

Pearson has come across an exactly similar instance of the vagueness of the

Mendelian unit in breeding dogs. If a short-muzzled dog be crossed with the

long-muzzled dog, the hybrid would be described by general impression, and was

so considered by him, as short-muzzled. The result was to indicate dominance

of the short-muzzle. But when muzzle indices were formed and the dogs' heads

measured in a variety of ways, the hybrids were found to be intermediates, and,

crossed in again with the short-muzzled stock, they gave a group the mean of

which had a position intermediate between the hybrid and that original stock.

Each generation had very considerable variation. Dichotomy giving Mendelian

ratios was possible, provided an arbitrary division was taken across the con-

tinuous distribution. Mr Yule's unit difference, short-muzzle—not short-muzzle,

would be a perfectly idle one across what in the F2 generation is a continuous

distribution.

One of the most remarkable features, indeed, of the present situation is the

assumption that in some mysterious manner Mr Yule's coefficients of association

or colligation can be applied to Mendelian results. Mr Sanger, in his contribution

to the discussion, said :

" One additional reason why he welcomed the Paper was that the rise of

Mendelian biology had made a great difference. There they were always dealing

with things which were discrete, whereas according to all Galtonian laws they

always dealt with things which were thought to be continuous. At present there

was this difficulty that mathematicians had a prejudice in favour of more elegant

mathematics, and the Mendelians had not yet learnt algebra ; but that day would

come, and then Mr Yule's work would be the work for the Mendelians" (J.R.S.S.

Vol. lxxv. p. 646).

Mr Yule nowhere repudiated this application of his coefficients, and yet they

are the last which can possibly be applied to Mendelian data ! We put on one

* Journal of the Royal Horticultural Society, Vol. xxvi. Part 4.

t Martin Leake has found continuity in the Fx generation with an intermediate mean in the ease of

Indian cottons, Journal Asiatic Soc. of Bengal, N. S. Vol. iv. p. 13, 1908. Even more astonishing-

frequency distributions for the F2 generation for "tails" and "shorts," number of nodes and lengths

of internodes may be obtained from Mr R. H. Lock's "Studies in Plant Breeding in the Tropics,"

Annals of Royal Botanic Gardens, Peradeniya, Vol. n. In these cases it is wholly impossible to speak

of a unit difference between the members of either class.

Biometrika ix 27
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side what Mr Sanger can possibly mean by " all Galtonian laws " dealing with

things thought to be continuous—he has clearly never read the treatment of eye-

colour in man nor of coat-colour in Bassett hounds by Sir Francis himself, who

distinctly treated them as discrete quantities and applies "his laws" to them. But

we must indicate the fallacy of applying coefficients of association and colligation

to Mendelian characters. The reason for applying them is the assumption made

that a Mendelian character is a discrete unit. But if this be so, fourfold, and

three by three Mendelian tables should be treated as discrete tables and true

product moments formed of them. We believe that one of us was absolutely the

first to apply these methods, treating the Mendelian theoretical characters as

units*, and his work has been followed up by a whole series of workers in the

Biometric Laboratory f. There was thus no question with the Biometric School

of how Mendelian theoretical problems should be dealt with, and Mr Yule wholly

misses the point when he states that Dr Snow's " recent comments in Biometrika

on the use of the normal coefficient for Mendelian tables in Dr Brownlee's paper"

were "a much stronger condemnation of Professor Pearson's than Dr Brownlee's

work" (J. R. S. S. Vol. lxxv. p. 651). Pearson has never used a normal corre-

lation coefficient on a true fourfold tablej, which he believed to be Mendelian in

character. He has only applied such coefficients when he believed the character

under consideration to be at bottom continuous, and as far as eye-colour is con-

cerned, the many dissections of eyes he has been able to examine in his recent

investigations as to albinism have confirmed rather than weakened that stand-

point. But even had he done so, although the use of such a normal coefficient

might be criticised on the ground of the labour involved in determining it.it cannot

be condemned on any other ground, for it is in all respects as good a coefficient of

association as Mr Yule's Q or a>, and possesses the important property that it is

subject to selection—in opposition to the wholly fictitious merit which Mr Yule

claims for his coefficients, namely that they are uninfluenced by selection.

This point is so well illustrated by Mendelian theoretical tables, that we stay

to demonstrate it here. Let us consider the correlation of father and offspring

when a population represented symbolically by the fathers

I (AA) + m (A a) + n (aa)

is crossed at random with a population of mothers given by

V (A A ) + m (Aa) + n (aa).

Here we can put N = I + m + n = total of fathers, /' + m' + n = N' = total

mothers, and the fundamental Mendelian formulae

(AA) x (aa) = *(Aa),

(AA) x (Aa) = 2 (.4.1) + 2 (.4a),

(Aa) x (Aa) = (AA) + 2 (Aa) + (aa)

* Phil. Trans. Vol. 203 A, pp. 53—86, and R. S. Pruc. Vol. 81 B, p. 225.

+ Jacobs, R. S. Proc. Vol. 84 B, p 23
;
Snow, R. S. Proc. Vol. 83 B, p. 37, and Biometrika,

Vol. vin. p. 420.

J The error of Dr Brownlee's work was that he went back on all this and applied continuous

methods to theoretical Mendelian tables ; see Proc, Boy. Soc, Edin. Vol. xxk. p. 473.
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are assumed to hold. If every possible father be mated with every possible

mother so as to insure random mating, we have the contingency table for father

and offspring

:

Father.

(A A) (Aa) (aa) Totals

(-1-1) 21 {21' + ni) m(Zl' + m') 0 (21 + vi) (2l'+vi)

(Aa)

c

21 (m'+Zn')

i

2m(l' + m' + n') . 2»(2Z'-fem')
\ZV {m+2n)+2vi (l + m+n)
\ + 2n'(2l + m)

(aa) 0 m (m'+ 2n')

f

2n (m' + 2n') (m + 2n) (m' + 2n')

Totals 41 (I' + m' + nf) 4m (l'+m'+ n') 4n (I'+ rri + n') 4 (l+m+n) x (I'+ m' + n)

be

.(B

O

Now there are four points at which we can make a fourfold classification, a, /3,

7 and 8, and these will give tables for which the association and colligation in

Mr Yule's sense can be calculated. Now we will suppose

N = I + m + n and N '= V + m! + n

to remain constant, so that the total population is the same. Then if we divide

at a no selection of (AA) or "dominant" fathers will affect the coefficient of asso-

ciation ; if we divide at /3 or 8, Mr Yule's coefficients are unity, or there is perfect

relationship between parents and offspring, and if we divide at 7, no selection of

recessives will affect the Yulean association. What light can Mr Yule's coefficients

possibly throw on Mendelian inheritance, when for two possible divisions they

make the parental relationship perfect and for the other two they give substantial

values of the relationship, but render it completely independent of selections,

which in reality widely influence the relationship of parent and offspring, if we
proceed by the theory of discrete units ? If we accept—which the present writers

do not—the theory of dominance and assert that (AA) and (Aa) are somati-

cally identical, and represent one somatic character, then 7 is the only reasonable

division to make, and the typical Mendelian table becomes

:

Father.

(A A), (Aa) (aa) Totals

(AA), (Aa) 4(1 + m) N' - m (m + 2n') 2n{2N' -(vi + 2ri)} 4NN' - (m + 2n) (vi+ 2ii)

(aa) m (vi + 2n') 2n (m' + 2n') (m+2a) (m' + 2n')

Totals 4(l + m) N1 4nN' 4NN'

o

•21—2
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We have at once from this table Mr Yule's coefficient of association

N' (21 + m)
Q N' (21 + m) + m (21' T m')

'

But the correlation r, as found by the product-moment method for discrete unit

characters, is

Vwi' + 2n' (21 + m)

V(m + 2n) (I + m) [*NN' - (m + 2n) (in' + 2n')J

'

Now examine Mr Yule's coefficient:

(i) There is perfect association, Q = l, when we take no heteromorphic

fathers (m = 0).

m, , c /I {in + 2h')
Ihe value of r = A / ^, , T ,

7—r ,V UN' + n (2V + m')'

and takes, as it should do, all sorts of values according to the nature of the

mothers, and the proportions of true dominant and true recessive fathers in

the whole paternity. Thus, for all fathers recessive, it is zero, and for all fathers

true dominant (n = 0) with all mothers purely recessive (V = m' = 0) it is unity.

Thus the true correlation under the influence of selection can take every possible

value while Mr Yule's coefficient gives perfect association throughout

!

(ii) There is perfect association, Q = 1, when we take only recessive mothers,

i.e. I' = m' = 0.

The value of r = A / ,— ^ ^,7^
(m + 2n) (I + m)

'

and depends entirely on the distribution of fathers. When there are no hetero-

morphic fathers (m = 0), it is unity. When there are no recessive fathers (n = 0),

it is zero. That is to say, while Mr Yule's coefficient shows perfect relationship

throughout, the true correlation or real association can run through the whole

range from zero to unit}'.

It is not too much to say that those who suggest that Mr Yule's coefficients

of association and colligation will be of service in Mendelian problems cannot have

had any acquaintance with the nature of those problems at all. Mendelian theory

relates to discrete units and every coefficient which is uninfluenced by selection is

on that very ground wholly unsuited for use with such units. Selection modifies

correlation when we deal with discrete units just as much as when we deal with

continuous characters, and any coefficient is valueless which directly starts with

the property that it will not be modified by selection.

Mendelian practice classifies under unit designations individuals which, as we

have just indicated, often show no sharp line of division at all. In such cases to

treat the difference of two classes as a unit is juggling with class names, not

dealing with the things so classed. Mr Yule has failed in these matters because
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he starts from the held of pure logic and not from the observation and record of

actualities. Even if the actual Mendelian differences were units, not the differences

of continuous variation, then would be the right coefficient to use, not those

of colligation or association*. But even here the results will be often difficult to

interpret. In the usual case, however, of Mendelian practice, what we need is

not the value of a correlation, but an investigation of whether observation is a

reasonable fit to theory, i.e. we must use the ordinary "Goodness of Fit" testf.

This point is discussed in Appendix II, as there has recently been some mis-

interpretation of the matter.

* We have taken the series of those symmetrical fourfold tables for which <p has always the Mendelian

value 1/3; the values of Q range from -6 to 1. What interpretation can association give of such

Mendelian tables?

t The evil done by Mr Yule's preaching of association to the neglect of more general methods is

manifest in a recent paper by G. N. Collins in The American Naturalist, Vol. xt/vi. p. 572. He gives

such numbers as the following for flower colour and long pollen in hybrid sweet peas, taken from

Bateson, Saunders and Punnett, Report III to the Evolution Committee, p. 9, 1906. The calculated

Purple Red White

Long Round Long Round Long Round

Observed
Calculated

1

1528
1448-5

106
122-7

.

117
122-7

381
401-5

1199
1220-5

394
407-4

numbers are curious ; the authors do not explain adequately how they have obtained them. Assuming

them to be correct—but of this we have doubts—the problem proposed by Mr Collins is to determine

whether the observed "Purple" and "Red" as distributed into "Long" and "Round" are a random
sample from the calculated values, i.e. we compare

Observation ... I 1528

Theory 1448-5

106

122-7

117

122-7

381

401-5

Mr Collins remarks "No method has been proposed for making definite comparisons between such

series of numbers "
(p. 572), and continues "A customary and direct method of comparing the degree

of relationship that exists between any two characters is to compute the coefficient of correlation or

Yule's 'coefficient of association.'" In the discussion which follows Mr Yule's "coefficient of asso-

ciation" (1900) is used. Considering the work of Pearson and Elderton on "Criteria of Goodness

of Fit" (Phil. Mag. Vol. l. 1900, pp. 157—175, and Biometrika, Vol. r. pp. 155—163), Mr Collins can

hardly have gone far in statistics, for how would he have proceeded had he included the "White"
in his series? The proper method appears to us the general one, i.e. to determine the probability

P of the recorded divergence between observation and theory, calculating

„ (observation - theory) 2

X
2 = sum — —

,

theory

and deducing P by Elderton's Tables : see our Appendix II. In this case a deviation as large as that

observed would only occur once in twenty-one trials or the odds are 20 to 1. But we believe Messrs

Bateson and Punnett have done themselves injustice. We do not write this in disparagement of

Mr Collins' work; he is undoubtedly right in demanding some test for "goodness of fit" in these

luxuriant Mendelian formulae.



214 On Theories of Association

(9) On the Limitation in Value of the Boas-Yulean
(f>.

Given two total variate frequencies, if we can assert nothing of the nature of

the distribution, the maximum value of the uncorrected mean square contingency

coefficient depends on the number of cells and cannot for a finite number of cells

exceed a certain limit. Mr Yule has spoken of this fact as if it were a serious blot

on the method of contingency. We do not agree with him, but it is singular that

if he thinks so, he should not have rejected the use of
<f>,

the " theoretical value of

the correlation." The fact that </> had a maximum limit was known to Mr Yule*,

yet he never throughout his paper refers to it as detrimental to his own " theoretical

value of the correlation." Consider any table :

ihm2

iV
Ml

>!.
2Wl, nonio

,

m 2 N

This is the most general form the fourfold can take for given n2 ,
mlt m2 . We

then have

= ocNIJn1ni
>m1mi:

This will be a maximum of a positive kind when x takes the largest possible

value, i.e. when x is equal to the lesser of n^j/iVand n^mJN. It will be a maximum

of negative kind when x is equal to the lesser of and —^ . Thus 0 always

lies between definite limits which may be most restricted.

Consider the table

2269 + .v 97261 -x 99530

1 1 - X 459 + .? 470

2280 97720 100000

Here the limits are given by x= 11 and # = — 459 or we have the two tables

2280 97250 99530 and 1810 97720 99530

0 470 470 470 0 470

2280 97720 100000 2280 97720 100000

These give </> = -0106 and
<f>
= - "4499.

* Journal of B. S. Soc. Vol. lxxv. p. 604.
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Mr Yule's association coefficient is for the two cases

Q = l and Q = -l.

In the first case the tetrachoric r
t

is +10 and in the second tetrachoric

rt
= — 10, since A = 2"0 and k = 2'6*. As another illustration take

5000 0 5000

4772 228 5000

9772 228 10000

This table gives the least positive <p for the given marginal frequencies ; and

with these frequencies </> can never rise above the value + "1527 which it has for

this table. But both Q and tetrachoric r
t
= + TO.

The minimum value of for the same total frequencies is given by the table

4772 228 5000

5000 0 5000

9772 228 10000

This has <j> = — '1527, while Q = — 1 and tetrachoric r
t
= — 1. In other words,

<f>
is restricted to lie between + '1527 and — T527, while Q and tetrachoric rt

may

pass through the whole range + l'O to — TO. Why has Mr Yule not pointed out

these facts when recommending (j> as obviously suitable for all fourfold tables when

we get rid of normal variation ? Clearly, if he had done so his criticism of

uncorrected contingency would have been shown to apply with still greater force

to his own coefficient. The standard deviations of the variates of the fourfold

a
|
b . , V(a + c) (b + d)

,
V(a + b) (c + d)

table —\—, are not given by — — A and ~— A and the
c

|
d & N N

. . ad — be . . . , . . , .

product moment by — — uA , unless we may concentrate each variate into

points at distances A and A' which Mr Yule takes as units. But it is clear that

when we have done this we (i) have fixed the standard deviations of the variates,

(ii) can shift our dichotomic lines throughout the whole ranges of A and A' with-

out influencing the result. If the variates are really not concentrated into points

their standard deviations are wholly independent of the dichotomic lines, and

every shifting of those lines will change the proportions of each variate falling into

the two categories. The independence of the standard deviations of the dichotomic

lines is the advantage of the tetrachoric rt over ; and in practical Mendelian

statistics it is in most cases impossible to shift the dichotomic lines without

* Actually /( = 1-999087 and k = 2-597180. As we have already indicated and shall further emphasise

in Appendix I, the value of tetrachoric r
t
is indeterminable by the usual method in such cases.
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modifying the frequencies. This is the ground we have had for applying
<f)

to

theoretical but not to practical Mendelism*.

A further illustration of this limitation of </> for given marginal frequencies of

the fourfold is provided in the accompanying Diagram V (p. 217). Here the range of

values possible for the Boas-Yulean is given for the special case where one variate

has a median division, and the percentage at which the dichotomy of the other

variate takes place is given on the horizontal line; for example, for a 10°/
o
dichotomy

(p must lie between + "3333. We do not ourselves lay stress on this limitation of

the range of values in the Boas-Yulean, but if it be a defect of the coefficient

of mean square contingency that for a fourfold table its value cannot exceed

•707, it is also a defect of the coefficient recommended by Mr Yule that it also has

a limited range for given marginal frequencies, a limitation not shared by the

tetrachoric coefficient or even Mr Yule's coefficient of association.

(10) The Coefficient of Contingency.

We do not propose to take up at great length a defence of this coefficient

because one of us has had for some years a memoir on the subject in hand which

will soon see the light of day. But Mr Yule's criticisms arise from two sources,

(i) from his disregard of corrections which practice has taught us were needful and

which have been known for some time, (ii) from his obvious want of that con-

fidence iu the method which arises from long experience of its applicability.

The corrections needed are (a) those due to number of cells, and (b) the

correction for class-index. If k — number of rows, A, = number of columns, then on

the average of many random samples the correction for number of cells is

* We have the following results for the small-pox data :

Possible range of 0
Boas-Yulean <p for given frequencies

Sheffield -531 + -9181 to --1221

Leicester -249 +-2806 to --2228

Homerton-Fulham -423 +-8101 to - -2301

How would Mr Yule compare these values of <p with each other or with those of ?• from continuous

frequencies, which can range from - 1 to +1, or again with a Boas-Yulean <j> from such tables as

499,200 800 500,000 499,988 12 500,000

498.306 1694 500,000 499,987 13 500,000

997,506 2494 1,000,000 999,975 25 1,000,000

0= + -O2, <£=+-0003,

Possible range +-05 to --05, Possible range 4- -005 to - -005 '?

The bulk of the mental defect and blindness data considered by Mr Yule has for
<f>

total possible

ranges varying from -4 to -6 on the positive side and -006 to '004 on the negative side. How can

the resulting coefficients be intercomparable ?
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(k — 1) (X — l)/iV to be subtracted from ft
2

. This is the chief but is not the only

correction for number of cells. It is, however, the one of most importance for our

present purpose. It must only be applied when our material can be looked upon

as a random sample. It should not be used of course when our material is an

actual theoretical frequency surface, and not a random sample from such a surface.

The second correction is for the use of class-indices in grouping. The theory of

this correction is discussed in an earlier paper in this number of Biometrika

(Vol. ix. p. 116), where it has been detached from the memoir in preparation on

contingency in order to indicate certain fallacies in Mr Yule's statistical theories.

Diagram V. Maximum and minimum values of <j> (or r
hlc )

for a 50% division of one category and

various percentage divisions of the other.

, . .
liO

-10

The area inside the curved figure contains all the possible values of <j>.

Each variate must be corrected independently for the use of broad categories, by

calculating the correlation of the variate with its class-index. In order to test the

efficiency of the coefficient of contingency for a variety of groupings an arbitrary

series of groups must first be selected to work upon. We choose the groupings of

the eye-colour data published by Pearson and Lee for father and son as being

perfectly arbitrary groupings fixed before any controversy arose on this subject

Biometrika ix 28
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and therefore clearly not selected to obtain favourable or unfavourable results.

These frequencies are

1 2 3 4 5 6 7 8 Totals

Father... 36 322 264 180 5 64 101 28 1000
Sou ... 34 301 284 137 5 100 98 41 1000

The reader should remember that the eye-colour groups are as follows

:

1 = light blue, 5 = light brown,

2 = blue, dark blue, 6 = brown,

3 = blue-green, hazel, 7 = dark brown,

4 = dark grey, hazel, 8 = very dark brown, black.

Group 5 has been usually clubbed with group 6 because in 5 only five fathers

and five sons occur.

The following table gives the class-index correlations for various groupings

:

TABLE XI.

Table of Glass-Index Correlations *.

Order of
Divisions

Class Correction Class Correction Corrective Divid-
Table Fathers Sons ing Factor

1st 7x7 1 : 2 + 3 :

4

.5:6 7 :8 •9010 •9011 •8118,9110

2nd 7x7 1 2:3:4 5+ 6 7 : 8 •9624 •9645 •9282,3480

1st 6x6 1 2 + 3 : 4 • 5 + 6 7 : 8 •9009 •9010 •8117,1090

2nd 6x6 1 : 2 : 3 : 4 : 5 + 6 7 + 8 •9542 •9553 •9115,4726

1st 5x5 1 : 2+3+4 5 + 6 7 :8 •8070 •8352 •6740,0640

2nd 5 x 5 1+2:3:4 5 + 6 7+8 •9259 •9296 •8607,1664

1st 4x4 1 2 + 3 + 4 5 + 6 7+8 •7971 •8246 •6572,8866

2nd 4x4 1+2 : 3+4 5 + 6 7 + 8 •9054 •9144 •8278,9776

3rd 4x4 1+2:3:4 5+6+7+8 •9156 •9130 •8359,4280

1st 3x3 1+2+3 :

4

5+6+7+8 •8253 •8191 •6760,0323

2nd 3x3 1+2 : 3+4 5+6+7+8 •8949 •8975 •8031,7275

3rd 3 x 3 1 . 2+3+4+5+6+7 :

8

•5669 •5968 •3383,2592

The reader should note that while the corrective dividing factor on the whole

gets smaller and smaller as the classes get fewer and fewer, yet it is not possible

to assert a priori that more classes will have a higher factor than fewer classes,

e.g. our 1st 7x7 table has a lower corrective factor than our 3rd 4x4 table, and

our 2nd 3x3 table a higher factor than our 1st 5x5 table. This point is

important in reference to a criticism we shall make later of Mr Yule's statistical

methods.

* The justification for obtaining the class-index correlation by determining the mean by the

Gaussian hypothesis is given later in this paper ; see also Biometrika, Vol. ix. pp. 127, 139, etc.
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Taking this system of classification we divided up a Gaussian surface of

"5 correlation into the same groups, and also a Gaussian surface of 3 correlation.

We pwhlish these surfaces below*.

TABLE XII.

Gaussian Surface for r = "5 in Eye-Colour Groupings.

1 0 &
4 5+ 6 7 8 Totals

1 7-38 19-85 4-94 1-38 0-26 0-18 o-oi 34

2 20-58 145-47 78-94 35-98 9-72 9-27 1-04 301

3 6-01 93-63 85-41 54-34 18-59 22-33 3-69 284

4 1-26 31-81 39-49 31-03 12-29 17-36 3-76 137
5+ 6 0-53 18-11 27-79 25-14 11-09 17-62 4-72 105
7 0-22 11-02 21-59 23-66 11-86 21-89 7'76 98
8 0-02 2-11 5-84 8-47 5-19 12-35 7-02 41

Totals 36 322 264 180 69 101 28 1000

TABLE XIII.

Gaussian Surface for r = 3 in Eye-Golour Groupings.

1 2 3 4 5+ 6 7 8 Totals

1 4-04 17-16 7-55 3-30 0-91 0-92 0-12 34
2 17-41 123-59 79-76 44-64 14-61 17-67 3 32 301
3 8-86 93-00 78-31 52-04 19-20 26-40 6-19 284

4 2-83 37 73 37-24 27-51 10-95 16-31 4-43 137
5 + 6 1-62 25-21 27-75 22-09 9-26 14-64 4-43 105

1-02 19-50 24-47 21-39 9-58 16-36 5-68 98
8 0-22 5-81 8-92 9-03 4-49 8-70 3-83 41

Totals 36 322 264 180 69 101 28 1000

In applying the method of contingency to these two tables, no correction for

mean of (/>
3 in the random sample should be made

;
they are actual surfaces and not

random samples from these surfaces. Further in order to measure what effect

dealing only with round numbers in the cells would make we replaced the first

table by the following Table XIV in which the decimals were cut off and a slight

adjustment made to preserve the total variate frequencies. This table is pub-

lished so that the reader can judge on what we worked.

This working to units cannot be expected to give quite as good a result as

working to two decimal places, but it is more consonant with an actual table.

Next we took Pearson's Family Data cards and arranged 1000 cases of Father

and Son, first in order of magnitude of Father's stature, next in order of Son's

* Mr Yule states that he has divided up the -3 Gaussian surface in a somewhat similar manner, but

he does not publish his table, and it is therefore impossible to test his results. We should like here

to enter a protest against this procedure, which recurs in Mr Yule's memoir, and throws an immense
amount of unnecessary arithmetic on any one traversing Mr Yule's arguments.

28—2
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TABLE XIV.

Gaussian Surface for r — -

5 adjusted to give whole units in cells.

1 2 3 4 5+ 6 7 8 Totals

1 7 20 5 2 34

2 21 145 79 36 10 9 1 301

3 6 94 85 54 19 22 4 284

4 2 32 39 31 12 17 4 137

5+ 6 18 28 25 11 18 5 105

7 11 22 24 12 22 7 98

8 2 6 8 5 13 7 41

Totals 36 322 264 180 69 101 28 1000

magnitude of stature and divided up the frequencies of Father's and Son's stature

exactly in the eye-colour groups. The following contingency table resulted.

TABLE XV.

Stature of Father and Son in Eye-Colour Groups.

Stature of Father.

1 2 4 5+ 6 ? 8 Totals

1 4 22 7 1 34
2 23 154 84 26 8 6 301

8 87 75 66 22 24 2 284

4 1 29 36 37 14 14 6 137
5+ 6 18 27 26 11 18 5 105

7 9 26 19 7 29 8 98
8 3 9 6 6 10 7 41

Totals 36 322 264 180 69 101 28 1000

We have thus one table which for practical purposes is absolutely Gaussian,

one Gaussian table modified to give units in the cells, and one table typical of

what occurs in, perhaps, 9 out of 10 cases in every-day statistics.

The next table gives the results obtained by the method of mean square

contingency with the appropriate corrections. It will be seen that 3x3 tables

give as good results as 7 x 7 tables and the method is thus justified for Gaussian

material and for the bulk of such tables as occur in statistical practice.

It will be seen not only how closely the mean of the contingency values

agrees with the product-moment value of the correlation, but how little the

individual values differ from the mean. Worse cases may possibly be found by

those who go to seek them by extreme divisions—we have taken them as they

came, and feel convinced by a wide experience that contingency gives in practice

remarkably satisfactory results.

We now take a step further and ask, if we depart from the ordinary run of cases

and pick out skew distributions, can we place equal reliance on the contingency
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Order of Table Classes Grouped
Stature

Father and Son
Gaussian

Surface ?-= 0 -5

Gaussian
Surface r= 0'3

2nd 7 x 7 1:2:3:4: 5 + 6 : 7 : 8 49 •49 30
2nd 6 x 6 1:2:3:4: 5+6 : 7+8 •49 •48 •30

2nd 5x5 1+2:3:4: 5+6 : 7+8 •52 •48 •31

2nd 4x4 1+2 : 3+4 : 5+6 : 7+8 •52 •49 •30

3rd 4x4 1+2 : 3 : 4 : 5+6+7+8 51 48 •30

2nd 3 x 3 1+2 : 3+4 : 5+6+7+8 •51 •48 •31

1st 3x3 1+2+3 : 4 :5+6+7+8 52 •51 •30

Mean by Contingency
Product-Moment Value

7x7 Product Moment
i Classes concentrated at i

]
Gaussian means and,-

( corrections usedlT 1

•5080*

5189§

•5231

•4884t
•5000

•5023

•3017 t
•3000

3005

method to give results of practical value ? By practical value we mean results

within -05 of the true value of the correlation, for very small weight is given in

practical statistics to deviations of less than this order. We cannot do better in

answering this problem than by taking the very surfaces (some of which were

originally selected by Pearson to illustrate extreme non-Gaussian material) which

Mr Yule has gone out of his way to collect, for they are very far from random

samples of average statistical experience.

These cases are (i) a hypothetical Mendelian surface constructed by Pearson

and noted by him as skew at the time, (ii) the barometric table for Laudale and

Southampton, (iii) the ages of husband and wife, (iv) the length of ivy leaves in

various stages of growth—all cases selected as tests by Mr Yule.

The following Tables give the data as we have used them. It will be seen

from this material (i) how wide is the divergence from Gaussian type and (ii) what

a large range of diverse classifications have been used.

There is here extreme deviation from the Gaussian type, the arrays have every

variety of skewness from the ./-shaped curve of the zero couplets to the normal

symmetry of the four couplets arrays. The actual correlation as found by the

product-moment method is ^.

Now in this case there is (i) no corrective factor for random sampling as the

Table is a theoretical table and not a random sample from such a table, (ii) there

is no correction for class-indices because the class-indices are the actual values.

* The 1st 4 x 4 and 1st 5x5 were also worked out and gave respectively -5151 and '5174.

t The slightly greater divergence from the true value here was we believe due to the adjustment

of the table to unit frequencies.

I The 1st 6 x 6 and the 1st 5 x 5 tables were also worked out and gave -3049 and -3089 respectively.

§ The original table of Father and Son with 1078 entries gave r= -5140; see Biometrika, Vol. n.

p. 378.

If Class-index corrections made : see Biometrika, Vol. ix. p. 128.
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We have <j>
2 = -1251373 and C, = "3335 against actual r = '3333. A better illustra-

tion of the value of C2 properly used could hardly be imagined.

TABLE XVI.

Mendelian Inheritance of Recessive Couplets on Pearson's Theory*.

Case of Four Couplets.

Number of Recessive Couplets in Parent.

>

go
cd .2 &o" a
<4-( CO • rH

O +=> H

Id
iZ5

We now take

0 1 2 3 4 Totals

0 625 500 150 20 l 1296
i 500 800 360 64 4 1728
2 150 360 276 72 6 864

20 64 72 32 4 192

4 1 4 6 4 1 16

Totals 1296 1728 864 192 16 4096

TABLE XVII.

4x4 Table for Hoinotyposis in Ivy Leavesf.

First Leaf.

(1)

Under 6-95

(2)

6-95—10-95

(3)

10-95—14-95

(4)

Over 14-95
Totals

(1) Under 6-95 3358 3133 452 41 6984

(2) 6-95—10-95 3133 13566 7497 1124 25320

(3) 10-95—14-95 452 7497 10474 2889 21312

(4) Over 1^95 41 1124 2889 2330 6384

Totals 6984 25320 21312 6384 60000

CP

a
o
o
<D

CO

In the original paper Pearson gives the correlation as "562 + -009. Reworking

the original table with use of Slieppard's correction it is found to give '567. The

Table is extremely skew, arid owing to its method of construction— i.e. taking pairs

of leaves out of 25 gathered from each of 100 plants—it is markedly lumpy.

The massing into a 4 x 4 table has removed this lumpiness and the result probably

represents the organic relation between leaves of ivy from the same spray better

than the original table. We find

:

cj)
2 = -353,307 when corrected for random sampling, (7.2 = -51095, and the class-

index correlation given by r2cxx = *870,404, which leads to -587 for the corrected

contingency. No investigation has been made of the linearity of the regression,

but it seems to us that the value of the correlation in its general sense may be

* Phil. Trans. Vol. 203 A, p. 60. Here is another illustration of Mr Yule's peculiar methods. This

table takes some calculating, but Mr Yule does not give the table, so that his results might be verified.

Further any reader of his memoir would suppose that Pearson had applied on this occasion or on

other occasions tetrachoric r
t
to tables of this character, whereas the exact contrary is the fact, Pearson

having been the first to apply product-moment formulae to theoretical Mendelian data, including this case.

t Phil. Trans. Vol. 197 A, p. 351.
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even better given by the '587 of the contingency method than by the "567

of the product-moment method. Anyhow the difference is of no practical signi-

ficance ; and we again see that contingency applies effectively to skew material.

We next take into consideration a 7 x 7 table, the barometer data from

Laudale and Southampton.

TABLE XVIII

7x7 Table for Barometer Heights at Laudale and Southampton.

Southampton.

(1)

Over

30-55

»^

o

2J- 1

30

91

^ i

c>

g 1

OS

CO
—- 6i
CD 0>

l£5

®3

OS

S 1

o
6i

30

6i^ ®*
Totals

(1) Over 30-45 50 63-75 2-25 116

(2) 30-45—30-05 42 503-25 248-5 64-5 6-25 864-5

(3) 30-05—29-75 193-5 340 221 -25 39-5 41-75 2-5 838-5

(4) 29-75—29-55 35 120-25 169 45 72-75 15 457

(5+6) 29-55—29-85 4-5 49-5 117-75 63-25 77-25 14-75 327

(7) 29-35—28-95 17-5 54 46 102-25 46-75 266-5

(8) Below 28-95 1 1 20 30-5 52-5

Totals 92 800 778 627-5 201 314 109-5 2922

This is a singularly unfavourable table for contingency methods for it is a well-

known rule in practical working to avoid cells whose actual frequencies or those

of independent probabilities are zero or a few units. We should therefore anticipate

getting the best results in such cases from few divisions in which cells with zero

or small entries rarely occur. We have numbered the divisions to correspond

with the eye-colour data nomenclature.

Order of

Table
Divisions Mean Square

Contingency

Southampton
rxCx

Laudale

ryCy

7x7 1:2: 3:4: 5 + 6 : 7 : 8 •69791 •9667 •9659 •75

6x6 1:2: 3:4: 5 + 6 : 7 + 8 •67755 •9570 •9596 •74

5x5 1+2 : 3:4: 5 + 6 : 7 + 8 •63210 9345 9324 •73

1st 4x4 1+2 : 3+ 4 : 5 + 6 : 7 + 8 •60952 •9089 •9136 •73

2nd 4x4 1 + 2 : 3:4: 5+6+7+8 •61368 9238 •9164 •72

1st 3x3 1+2 : 3 + 4 : 5+6+7+8 •58899 •8979 •8973 •73

•792nd 3x3 1+2+3 : 4

:

5 + 6 + 7 + 8 •55020 •8450 •8215

3rd 3x3 Extra •57530 •8823 •8736 •75

4th 3x3 Extra •45500 7972 •7540 •76

Data classified to •1" give Product Moment /= •780t Mean •744

* Two cases of this for 3 x 3-fold tables had already been worked out by Pearson in his paper in the

earlier part of this number and are cited here ; see Biometrika, Vol. ix. pp. 136— 7.

t Given as -757 in the original paper, Phil. Trans. Vol. 190 A, p. 455, which antedated the publi-

cation of the correct ' Sheppard's ' corrections.
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Here again for practical purposes the mean square contingency gives quite

good results. It is very unlikely that in practical statistical work stress would be

laid on a difference of "05 occurring in a correlation of this magnitude.

We now turn to the table of ages of Husband and Wife taken from the Census

of 1901. We have first arranged an 8 x 8-fold table in unequal frequency

groups, as follows

:

TABLE XIX.

Age of Wife.

73

(1) (2) (3) (4) (5) (6) (7) (8)

Totals15—20 21—29 30—39 40—44 45-49 50—54 55—64 65—

(1) 15-24 44112 194620 4962 162 40 16 8 1 243921
(2) 25—34 15763 881320 590180 14046 2669 645 186 17 1504826
(3) 35-U 873 98200 910238 388586 78648 13986 3362 240 1494133
(4) 45-49 90 6584 85583 178474 251519 58699 12223 576 593748
(5) 50—54 43 2573 27000 56976 146990 194509 53322 2027 483440
(6) 55—5.9 29 1166 10275 17810 46192 110115 176506 7847 369940
(7) 60—69 16 788 6570 10233 21314 50238 261167 102356 452682
:(8) 70- 184 1257 1780 3290 6759 36251 125302 174830

Totals 60933 1185435 1636065 668067 550662 434967 543025 238366 5317520

The following cases were investigated by contingency

:

Order of

Tcable
Division

Contingency
uncorrected
for classes

Wife
rCx x

Husband
rcvy

6x6 1 + 2 3:4:5:6: 7+8 •7821 •9470 •9346 •88

5x5 1+2 3:4: 5+6 : 7+8 •7677 •9447 •9327 •87

4x4 1 + 2 3 : 4+5 : 6+7+8 •7405 •9312 •9223 •86

3x3 1 + 2 . 3+4+5 : 6+7+8 •6995 •8959 •8954 •87

The true value of the coefficient of correlation by product-moment method

= "925. These values in an extreme case of skewness, rendered more complex by

heterogeneity of the material*, so far from discrediting the method of contingency

are definitely in its favour. On material given by a 3 x 3-fold or 4 x 4-fold table

no reasoning is likely to be based which would be modified by a change of -03

to "05 in the correlation. We think that for even these exceptional cases—which

rarely occur without warning in practical statistics—the corrected contingency

will not lead any one astray f.

* Skewness of wife's ages = - 71; skewness of husband's ages = -76. The heterogeneity depends

on the fact that the table represents the ages of all married couples without regard to second or later

marriages.

t Here are a few comparisons of results reached by the method of pseudo-ranks with those deduced

by contingency :
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What has Mr Yule to place against this method for tables 3 x 3-fold up to

6 x 6-fold in classification ? He writes: "From several trials—more than are here

given—I have come to the tentative conclusion that the best guide to the cor-

relation that would be found for given data, if the grouping were other than that

which in fact it is, is the correlation for the existing grouping, provided that you

are given at least some five or six arrays" (loc. cit. p. 618). He does not venture

to inform us what he would do for a table of 3 x 3, or 4x4 cells ! As a matter

of fact such tables can give even by Mr Yule's method of pseudo-ranks better

results than the 5x5 or 6x6 groupings. Mr Yule is, however, not content with

his statement that his method is tentative; before he has done with it* he has

assumed that by increasing his classes he will approach a limit which is the true

product-moment correlation. As a matter of fact there is no such approach at

all ; the Yulean method of pseudo-ranks may give a better result for a lower than

a higher number of cells, and if it did go far enough to reach a limit, it would

Order of
0*5 Gaussian Correlation

Barometer Results Age of Husband and Wife arranged in Father and Son
Table.

Number
Eye-Colour Groups

of

Classes
Contingency Pseudo-Ranks Contingency Pseudo-Ranks Contingency Pseudo-Ranks

7x7 •75 •73 •49 •46

6x6 •74 •73 •88 89 •48 •45

5x5 •73 •72 •87 •88 •48 •44

1st 4x4 •73 •67 •86 •86 •49 •42

2nd4x4 •72 71 •48 •43

1st 3x3 •73 •66 91 •83 •48 •41

2nd3x3 •79 65 •84 •81 51 •40

3rd 3 x 3 •75 •67

4th 3 x 3 •76 52f •87 •79

Mean •744 •674 890 •845 •488 •431

True r •780 •780 •925 •925 •500 •500

It will be seen that the method of contingency, especially with few classes, is markedly better than

that of pseudo-ranks. We bave purposely introduced the Age of Husband and Wife, because the

divisions there have ranges not very diverse in magnitude. In such cases the method of pseudo-ranks

becomes almost exactly that of the true correlation of variates, if the proper Sheppard's correction be

made. In the case of Ages of Husband and Wife, if this correction be included, we are practically

finding the true correlation by the method of pseudo-ranks. It is remarkable that Mr Yule has not

drawn attention to this, because it at once indicates how fallacious the method is, if the subranges

be unequal.

* On the basis of what he starts by calling a tentative method, he then proceeds to assert that all

the biometric pigmentation work is "wholly untrustworthy" (loc. cit. p. 622)—a characteristic illustra-

tion of how Mr Yule's mind rapidly grows obsessed by a theory which he has not properly investigated.

t This case is of remarkable interest as indicating the futility of Mr Yule's method of pseudo-ranks.

The table although 3 x 3-fold has sensibly equal ranges. Therefore the correction to pass from ranks to

variates is closely Sheppard's. The Yulean pseudo-ranks coefficient thus corrected is raised from -522

to -775, close to the true correlation !

Biometrika ix 29
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give the correlation of ranks and not that of true variates*. The fallacy of

Mr Yule's arguments and the extreme inferiority of his method to that of con-

tingency will be manifest in the following comparisons. We, however, draw the

attention of the reader to this : that if the method of pseudo-ranks did approach

a limit it would be the correlation of ranks uncorrected for huge brackets, i.e. we

should still have to correct for passing from ranks to variates and for class-indices.

Comparison of Method of Contingency with Method of Pseudo-Ranks.

Coefficients deduced from Table XV, Stature of Father and Son. Product-

Moment Correlation = "52.

Order of

Table
Nature of Divisions

Pearson's
Contingency

Yule's

Pseudo-Banks

7x7 1 : 2:3:4 5+6 : 7 :

8

•49 •48

6x6 1 : 2:3:4 5+6 : 7+8 •49 •48

1st 5x5 1 : 2 + 3+ 4 5+6 : 7 :

8

•52 •37

2nd 5 x 5 1+2:3:4 5+6 : 7+8 •52 •47

1st 4x4 1+2:3:4 5+6+7+8 •51 •46

2nd 4x4 1 : 2 + 3 + 4 5+6 : 7+8 •52 •36

3rd 4x4 1+2:3:4 5+6+7+8 •51 •46

1st 3x3 1+2+3 :

4

5+6+7+8 •52 •37

2nd 3 x 3 1 + 2 : 3 + 4 5+6+7+8 •51 •44

The inferiority of the method of pseudo-ranks will be obvious. The contingency

gives as good results for a 3 x 3 table as for a 5 x 5 table f ; but for two different

tables of the same order the method of pseudo-ranks will give results differing by

as much as -

10, ten times the difference of the contingency method.

Here is another Table j, to which Mr Yule has applied his method of reaching

a limit to the actual correlation, namely that for eye-colour for pairs of brothers.

Mr Yule having so to speak ingeniously " dressed the window " to show a

falling correlation of pseudo-ranks with his increase of classes, then asserts that this

pseudo-rank correlation approaches a limit below 0"28, and extending his fallacious

reasoning holds that this limit of ranks is the limit to the true correlation of

* The fog in Mr Yule's mind on this subject is well illustrated by his table on p. 619. He takes

a table for a Gaussian distribution of correlation 0 -3 and says that with an infinite number of classes

the Yulean coefficient would become 0-3. There is not a trace of any knowledge on his part that

the limit of a process by which unit-range is given to each individual is not the same as that of a

process by which unit-area of the frequency curve is given to each individual. Here and elsewhere

he makes no distinction between the correlation of variates and the correlation of ranks. In the actual

case his limit would have been -2876 and not "3000, but far greater differences will arise if the

material be skew. We return to this point later.

t Like all statistical methods, that of contingency must be used with due regard to the data to

which it is applied and to the manner in which it is applied. Compound or heterogeneous material

may give a contingency coefficient differing considerably from true correlation, and groupings of great

inequality in the cells may render idle the corrective factor, e.g. if the great bulk of the material be

placed in one or two cells.

+ Phil. Trans. Vol. 195 A, p. 140.
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TABLE XX.

First Brother.

1 2 3 4 5 + 6 7 S Totals

1 16 38 19 10 3 6 6 98

2 38 404 205 53 65 41 27 833

3 19 205 418 97 56 78 28 901

k 10 53 97 168 47 50 18 443
5+ 6 3 65 56 47 70 42 14 297

7 6 41 78 50 42 72 8 297
8 6 27 28 18 14 8 30 131

Totals 98 833 901 443 297 297 131 3000

variates. Now it is clear that there is no such general rule about the correlation

of pseudo-ranks always moving in one direction. It is possible within certain

limits to vary that correlation in an almost endless manner according to where

we take our divisions. It is far more influenced by the size and position of our

"brackets" than by whether we work with a 3 x 3-fold or a 7 x 7-fold classification.

We can choose in this case a 3 x 3-fold table to give this spurious coefficient of

Resemblance of Eye-Colour in Brothers.

Order of

Table
Nature of Divisions

Pearson's
Contingency

Yule's

Pseudo-Ranks

7x7 1:2:3:4:5+6:7:8 •51 •29

1st 6x6 1+2:3:4: 5+6 : 7 :

8

•52 •29

2nd 6 x 6 1:2:3:4: 5+6 : 7+8 •49 •29

5x5 1+2:3:4: 5+6 : 7+8 •50 •30

1st 4x4 1+2:3:4: 5+6+7+8 •51 •33

2nd 4x4 1+2+3 : 4 : 5+6 : 7+8 .
-53 •27

3rd 4x4 1 + 2 : 3 + 4 : 5 + 6 : 7 + 8 •44 •27

1st 3x3 1+2+3 : 4 : 5+6+7+8 •54 •29

2nd 3x3 1+2 : 3+4 : 5+6+7+8 •44 •30

3rd 3x3 1+2:3: 4+5+6+7+8 •50 •36

Mean •498 >-28*

Mr Yule any value from "19 to almost '-iO. This flows from the fact that the

class-index correction may take a wide range of values according to the arrange-

ment of the classes, and Mr Yule makes no allowance whatever for this factf.

* " Can we have any hesitation in similarly estimating the correlation for the eye-colour table, if we
were in a position to adopt a finer and more uniform grouping (without assuming that we will compel
that grouping to give us a normal distribution) as something slightly less than 0-28?" Yule, loc. cit.

p. 619.

t It is not possible to correct the Yulean pseudo-ranks correlation (i) for"passing from ranks to

variates, because Mr Yule not only rejects any appeal to the Gaussian, for which we know the proper

correction, but because his assumption of unit ranges precludes the use of that curve, nor (ii) for class-

index correlation, because the same assumption hinders any rational method of finding the class-index

correlations.

29—2
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We have seen that the corrected contingency gives a good practical approach

to the actual correlation, even if the material be skew as in the Husband and

Wife or in the Barometric Data ; are we to argue from the entirely fallacious

reasoning of Mr Yule that the method is in this case on the average 44 °/
0

in

error although in the skew Mendelian table it is only -06 °/
0

in error and in

the Husband and Wife data only 3 -8 °/
0 in error ? We shall need some far better

reasons for believing that the value usually assumed for the correlation of eye-

colour in brothers, i.e. circa -

50, is in error, than such as Mr Yule seems able to

adduce.

Another piece of remarkable special pleading on the same lines is that

provided by Mr Yule in the case of Pearson's tables for parental heredity in coat-

colour in horses*. Those tables are remarkable in their nature, because although

16 classes are formed, there are practically no entries except in the three main

groups Brown, Bay and Chestnut. Here is the frequency distribution for sires,

where bl. = black, br. — brown, b. = bay, ch. = chestnut, ro. = roan, gr. = grey :

bl. bl.jbr. br.jbl. br. br.jb. b.jbr. b. b.jch. ch./b. ch. ch.jro. ro.jch. ro. ro.fgr. gr.jro. gr.

7 4 1 209 0 19 G91 0 0 362 1 0 0 0 0 6

Now Mr Yule arranges this in 11 classes

:

7
j

5 209
I

19 691
|

6 362 1 0
|

0
|
6

|

and also in three classes, presumably as :

j

0
|

—
|

221
j

—
|

710
j

—
|

369
|

—
j

0
|

—
|

0
|

He then obtains sensibly the same values for the two groupings and speaks

of the equality of the pseudo-correlation of ranks thus obtained as marking in

some way a limit to the correlation of the variates ! Naturally he would obtain

almost identical values, because the whole calculation of products and moments

turns on the three dominating groups of brown, bay and chestnut and practically

all he has done in his arrangements of three groups and eleven groups is to call

his sub-range unity in one case and two in the other

!

There is, we believe, only one classification possible of these tables on the

reasonable assumption that the amount of pigment forms a continuous variatef;

namely that which makes a 3 x 3-fold division between brown, bay and chestnut

* Phil. Trans. Vol. 195 A, pp. 122 et seq.

f I still see no error in my original classification by amount of pigment ; there are more melanin

pigment granules in the brown hairs than in the bay, and,—if we disregard the black chestnuts, which

are very rare among thoroughbreds as compared with hackneys,—more in the bay than in the chestnut;

the latter colour depends more, and in some cases almost entirely, on diffused pigment. K. P.
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and either excludes the few roans and greys or, as done below, throws them into

the lightest group. The threefold tables are then :

Sire. Sire.

79 132 47 258
105 426 132 663
37 152 190 379

O
221 710 369 1300

58

66
25

149

102
406
121

99
146

629 272

187
571
292

1050

Dam. Dam.

o
Q

82
101

33

73
319
129

23
99

141

178
519
303

63
106
34

83
327
118

23
88

158

169
521
310

216 521 263 1000 203 528 269 1000

And the corrected contingency coefficients are :

Sire and Colt: 41, Dam and Colt: 45,

Sire and Filly : '47, Dam and Filly : "46,

Mean : "45.

Mr Yule states that the correlation is in this case of the order '33. Are we
again to assert that the mean of the contingency coefficients shows an error of

•12, or is 36 °/
0
in excess of the true correlation, when as we have seen the error

we find in even extremely skew distributions is of the order of 4 °/
0
and under ?

Mr Yule says that the correlation of his pseudo-ranks is '33. Well and good,

then the correlation for variates would be about "35, probably more for skew

variation, and the factor for correction of class-indices about '80, or the true

correlation is of the order '35/'80 = '44, which brings it strangely nearer to the

value found by contingency than to Mr Yule's £ !

It is quite true that the values obtained in the original memoir were higher

than "45, but the theory of contingency was not then developed; when a fourfold

table had to be formed there were very good reasons for dividing it in the way

actually selected. In the first place the division between Chestnut and Bay was

physiologically more reasonable than one between Brown and Bay, which would

throw the Chestnuts into the Bays. In the next place it was the division nearest

to the median and so liable to the least error from either random sampling or skew-

ness. The other, the asymmeti"ical, divisions are less reasonable because they

give one quadrant with only 2 to 3 °/
0
of the total frequency in it, they divide

parent and offspring differently, and mix in one or other case Bays with Chestnuts.

Let us suppose with Mr Yule that these tables did show a correlation of ^ (which

they certainly do not), then we fail to grasp why Mr Yule should not get his

Mendelian \ quite directly without elaborating an erroneous theory of pseudo-

ranks and using 3 x 3-fold and 11 x 11-fold tables to show approach to a limit.
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The Mendelian £ should come at once by the simple division of the tables into

Chestnut and not-Chestnut and it comes pretty closely indeed by taking only the

Chestnut groups of the 3 x 3-fold tables, as indeed it must do if we remember the

rarity with which a Chestnut x Chestnut gives other colours. Our four tables

become

:

Sire. Sire.

o
O

o
O

N.-C. C. Totals N.-C. C. Totals

N.-C.

C. ...

742
189

179
190

921

379
N.-C.

C. ...

632
146 .

126
146

758
292

Totals 931 369 1300 Totals 778 272 1050

Dam. Dam.

N.-C. C. Totals N.-C. C. Totals

N.-C.

C. ...

575
162

122
141

697
303

N.-C.

C. ...

579
152

Ill

158
690
310

Totals 737 263 1000 Totals 731 269 1000

The pseudo-rank correlations, <p, are :

Sire and Colt: -3094

Sire and Filly : "3414

Dam and Colt : -3030

Dam and Filly : "3638

Mean = -3294

Could a better demonstration of the Mendelian ^ correlation be possible ?

Now let us look at a similar arrangement of other data in which the true

correlation is actually known. We take the following cases with approximately

similar total frequencies

:

From Table XV.

Stature of Father.

From Table XIV.

Gaussian Surface for '5.

Son. 1—4 5-8 Totals

O 1-4 659 97 756
<D
Sh

5—8 143 101 244
3

Stat Totals 802 198 1000

1-4 5—8 Totals

1—4 658 98 756
5—8 144 100 244

Totals 802 198 1000

Actual Correlation -518.

Yulean <£ ... -308.

Actual Correlation -500.

Yulean
<f>

... -302.
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From Table XIII.

Gaussian Surface for '3.

1-4 5—8 Totals

1—4 634-97 121-03 756
5—8 167-03 76-97 244

Totals 802 198 1000

Actual Correlation -300.

Yulean <^> ... -167.

In other words for any surface approaching the Gaussian the Yulean </> for a

fourfold table with such frequencies in the total columns must be raised by "20 in

the scale of correlation. Let us consider the same sort of tables in non-Gaussian

materia], material of Mr Yule's own choosing ; we have the following fourfold

tables

:

From Table XIX.

Age of Wife.

O ti
cS

CD -Q
bo ES

a b-f Totals

a 1,135,815

110,553

612,932

3,458,220

1,748,747

3,568,773

Totals 1,246,368 4,071,152 5,317,520

Actual Correlation -925.

Yulean 0 ... -686.

From Table XVI. Heredity of Mendelian Couplets.

Father. Father.

so
a
'G

-CO

o

0 1-4 Totals

Tspring.

0—1 2-4 Totals

0

1-4
625
671

671
2129

1296
2800

0—1
2-4

2425
599

599
473

3024
1072

Totals 1296 2800 4096 O Totals 3024 1072 4096

Actual Correlation -333.

Yulean </> ... -243.

From Table XVIII.

Southampton.

Actual Correlation -333.

Yulean ij> ... -243.

Barometer Heights.

Southampton.

cS

h-3

1-4 5—8 Totals

audale

1—2 3—8 Totals

1—4
5—8

2053-25
244-25

222-75

401-75
2276
646

1 -2
3—8

659
233

321-5

1708-5

980-5

19415

Totals 2297-5 624-5 2922
M

Totals 892 2030 2922

Actual Correlation -780.

Yulean
<fr

... -531.

Actual Correlation -780.

Yulean
<fr

... -566.
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From Table XVII. Ivy Leaf Length.

First Leaf.

Whorls of Woodruff*.

Members of First Whorl.

Under 6-95 Over 6-95 Totals

Under 6-95

Over 6-95
3358
3626

3626
49390

6984
53016

Totals 6984 53016 60000

O o
CO -C-

u fe-
ci) t>

£ s
cu o
^ CD

Under 8 8 and over Totals

Under 5 7268 2281 9549
5 and over 2281 1400 3681

Totals 9549 3681 13230

Actual Correlation '567.

Yulean cp ... '412.

Now let us put together these results in a Table

Actual Correlation -173.

Yulean 0 ... -141.

Actual Yulean for
r - <j>

Percentage
Correlation Fourfold Increase on c/>

925 •686 •239 35
•780 •566 214 38
•780 •531 •249 47
•567 •412 •155 38
•518 •308 •210 68
•500 •302 •198 66
•333 •243 •090 37
•300 •167 133 80
•173 •141 •032 23

Now these results bring out the important point that whether the distribution

of the frequency be Gaussian or not, we may have to add anything from 23 °/
c up

to 80°/
o f to the value of as found from a fourfold table to obtain the true

correlation. For values about -33 we may have to add anything from 37 °/
0

to

80 °/o- For the tables for coat-colour in horses we must add to the Yulean at a

moderate estimate something like 40°/
o > which gives a value, not near the -33 of

Mr Yule, but near our '46 and close to the value found by contingency or closer

to the values originally assigned by the tetrachoric r, method.

If Mr Yule continues to assert that the true value of the correlation of these

tables is J, then he may as well argue from the <j> of the fourfold tables obtained

* Selected as a case of irregular and skew correlation of a low product-moment value; see Phil.

Trans. Vol. 197 A, p. 325.

t One Ivy Leaf distribution as below actually gave Yulean </)='278 against actual correlation

•567, requiring a 104 (l

/n increase on the Yulean !

First Leaf.

Under 11-95 Over 14-95 Totals

TJjnder 14-95 49502 4054 53616
Over 14-95 4054 2330 0384

Totals 53610 0384 60000
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by taking as classes Chestnut and non-Chestnut. But in that case his only

logical standpoint is to assert that inside the Chestnut and outside the Chestnut

there are no hereditary differences of pigment, that Chestnut is a unit character

that differs by a unit from all other shades in Bay and Brown. This, however, is

not a fact as a very little microscopic examination of horse hair would show him,

Pearson's tables themselves indicate that excluding Chestnut, there is correlation

of intensity of pigmentation between parent and offspring ; further unpublished

material indicates that within the Chestnut and for different shades of it the like

relation holds. If there be a correlation between parent and offspring inside and

outside Chestnut the value for the fourfold tables in the Chestnut and non-Chestnut

unit classes must be a minimum and not a maximum value as Mr Yule asserts, and

his criticism collapses with the fallacies on which he has constructed it.

The chief of these fallacies is the principle that stress of some kind can be laid

on the Yulean, or pseudo-rank coefficient proceeding to a limit; the fact is that it

can be made anything we please by a suitable choice of divisions. The divisions

which for a given number of cells give it a maximum value are those which make
the sub-range frequencies of the two variates equal. Every deviation from this

equality lessens the value of the Yulean, whether the deviation consists in heaping

up the frequency at one or both ends or in the middle of the variate range.

In the following table are a few results for the pseudo-ranks coefficient for

3 x 3-fold divisions of the Husband and Wife Table (see our p. 224). They fully

substantiate the view that it can be made to take almost any value by a proper

choice of grouping in the scale classes :

Wife Groups Husband Groups
Yulean

Coefficient

1 2 : 3—8 1-6 : 7:8 •184

1—6 7 : 8 1 : 2 : 3—8 •254

1—3 4 : 5—8 1 : 2—7 : 8 •268

1 2—7 : 8 1—2 : 3—4 : 5—8 •297

1 2—7 : 8 1 : 2—7 : 8 •551

1—4 5 : 6—8 1_4 : 5 : 6—8 •605

1—2 3_4 : 5_8 1—2 : 3—4 : 5—8 •809

The whole fallacy becomes at once obvious in the light of the class-index

correlation correction, for even with a 6x6 or 7x7 table wide changes may
be made owing to changes in the classification influencing the class-index

correlation*.

Mr Yule has selected the following Series A for Brother-Brother's eye-colour

in order to show that decreases to a limit of less than "28. But why should

he not have taken Series B in order to show that it increases to a value greater

than -28 ?

* Cf. Table XI, p. 218.

Biometrika is 30
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Mr Yule accentuating Series A writes (loc. cit. p. 619) "The result emphasises

the entire non-normality of the eye-colour table. For the normal distribution

Order of

Table

Series A

Divisions
Yulean

Series B

Divisions
Yulean

2x2 1+2+3 : 4+5+6+7+8 •34 1+2+3+4+5+6 7 + 8 •16

3x3 1+2:3: 4+5+6+7+8 •36 1+2+3+4+5+6 7 8 •17

4x4 1+2:3:4: 5+6+7+8 •33 1+2+3+4 : 5+6 7 8 •20

5x5 1 + 2:3:4: 5 + 6 : 7 + 8 30 1+2+3+4 : 5 :

6

t 8 •21

6x6 1:2:3:4: 5+6 : 7+8 •30 1+2+3:4:5:6 1 8 •25

7x7 1:2:3:4: 5 + 6 : 7 : 8 •29 1+2:3:4:5:6 7 8 •28

8x8 1:2:3:4:5:6:7:8 •28 1:2:3:4:5:6 7 8 •28

the correlation gradually increases towards the known true value as the number
of arrays is increased : with five or eight arrays, notwithstanding the extreme

irregularity of the grouping, we have the same moderately good approximation

to the correlation as is given by the coefficient of contingency in this case*.

For the eye- colour table the correlation decreases as the number of arrays is

increased."

The fact is we can select series of table divisions for some of which the

Yuleans go up, for others they go down, and for still others first go up and then

go down. That any series must ultimately reach -28 is obvious, because that is

the value of the only possible 8x8 table, but a 9 x 9 table might equally well

show 24, and then we suppose that taking the down series Mr Yule would have

asserted the limit to be '24. But suppose Mr Yule's data had stopped at a

5x5 table, then according to the nature of that 5x5 classification, Mr Yule

might have found '21, or -

33f as his limit, for all his tables of lower order must

have gone up or down to those limits

!

Mr Yule's method if indefinitely continued would lead him to the correlation

of ranks, but what relation this would have to the correlation of variates in cases

of markedly skew variation with emphasised deviation from linearity no one at

present is in a position to say. Some light, however, can be thrown on it by

considering the actual deviations produced in calculating means by aid of Mr Yule's

hypothesis which places unit distance between each group of individuals, and

ultimately between each individual
J.

Let d be the range Mr Yule assumes

between each individual of a population n and R = {n — l)d the total range. Then

* In this case, namely the Gaussian for -3 correlation, the Yulean gives -26 for both 5x5 and 8x8
tables, the corrected contingency gives -31 and -30 for these tables ; this is Mr Yule's idea of the

"same moderately good approximation"!

t Using the division 1:2:3:4 + 5 + 6 + 7:8.

t It is remarkable at this stage of statistical progress to find any one so incapable of appreciating

Galton's work on first and second prizes as to replace the equal areas occupied by individuals by equal

ranges

!
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it is obvious that Mr Yule's mean character will always coincide with his median,

or his

M = mean = character of individual with minimum value of variate +^R.

a- = (standard deviation)- = ~ ^1 +

or, if n be at all large,

o- = iZ/(2 V3).

It will be clear that for large numbers

maximum value — minimum value of variate
° = Mi

a relation entirely opposed to the practical independence of range and standard

deviation in variates with which we are familiar*. But another difficulty at once

arises; in actual practice the subranges have all sorts of different values, and we

may know one or more of them. Which one of these subranges is to be taken as

the standard unit and have the range expressed in terms of it ? Some numerical

illustrations will emphasise the extraordinary difficulties, not to say contra-

dictions, of Mr Yule's process of treating subranges as equal units in determining

correlation.

For example, the Registrar-General gives ages of Husband and Wife from 15

to about 100. Hence by Mr Yule's method :

Mean Age of Husband = 5
7
'5 years,

Mean Age of Wife = 5
7
'5 years,

Standard Deviation, Husband = 18 -7639 years,

Standard Deviation, Wife = 187639 years.

The actual values are :

Mean Age of Husband = 42-8306 years,

Mean Age of Wife = 40-5838 years,

Standard Deviation, Husband = 13'0649 years,

Standard Deviation, Wife = 12 -6813 years.

Thus the Yulean values may differ by 30 °/
0
to 50 °/

0
from the true values.

To assume that the skew distribution is Gaussian will give much better results

than this. Let us illustrate it on the very skew Husband and Wife, Barometer,

and Ivy Leaf data. In dealing with actual data, we have to express the means of

a variety of arrays in terms of a known subrange common to them all, e.g., bay

colour in horses or hazel eyes in men. We will apply in succession Mr Yule's

hypothesis and the normal curve to the above data.

* For such frequencies as occur in practice it is much safer to take the range about 6 times rather

than 3 -5 times the standard deviation.
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Ages of Husbands in the Eight Groups of Table XIX.
True Mean Age of Husband 42-8306.

J. UUI1U liUill

Group

By Gaussian By Yulean

Value Deviation Value Deviation

2
3

5
6

7

38-57

41-14

40-48
40-20
40-13
41-91

-4-26
-1-69
-2-35
-2-63
-2-70
-0-92

46-32

46-32
45-66
45-66

45-66

31 -32

+ 3-49

+ 3-49

+ 2-83

+ 2-83

+ 2-83

-11-51

Mean
From whole

Eange

2-43

57-50

4-49

+ 14-67

In five cases out of six the Gaussian gives better results than the Yulean in

the simple matter of finding means even for such a skew distribution as those of

ages of Husband and Wife.

Now let us turn to the Ivy Leaves (Table of Breadth) *
:

By Gaussian By Yulean

Groups

Value Deviation Value Deviation

5-95— 7-95
7-95— 8-95
8-95— 9-95
9-95—10-95

10-95—12-95

11-83
12-93
12-60

12-57

12-87

-1-39
-0-29
-0-62
-0-65
-0-34

14-18

11-06

11-06

11-06

11-18

+ 0-96
-2-15
-2-15
-2-15
-2-04

Mean
From whole Range

0-66

19-95

1-89

+ 6-74

It will be seen that with one exception the true mean breadth (13'2148 for this

very skew distribution of ivy leaves) would be substantially better found by using

the Gaussian than by Mr Yule's assumptions.

Taking the barometric height at Southamptonf we have, noting that the actual

mean height is 29'9814, the results given in the table on the following page.

In every case the Gaussian, we see, gives markedly better results than Mr Yule's

method.

We think it safe to conclude that the Gaussian can be used to give quite a

good approach to the means of variates classed in "broad categories"; it is far

* Phil. Trans. Vol. 197 A, p. 352. Breadth instead of Length taken for that character appears still

more skew.

t Phil. Trans. Vol. 190 A, p. 428.
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more adequate than the Yulean pseudo-ranks method. It must give better results

than a process which concentrates at unit-distances and renders any attempt at

class-index correction impossible.

Groups

By Gaussian By Yulean

Value Deviation Value Deviation

29S
29 '6 to 29-9
30-0 to 30-1

30-2
30 -8 to 30-5

30-036
30-006
29-998
29'997
30-007

+ -055

+ -025

+ •016

+ -016

+ •026

29-695
30- 128
30-039
30-095
29-784

-•287

+ •147

+ •058

+ •113

- -198

Mean
From whole Range

•028

29-750

•161

- -231

It may be said that Mr Yule has not used the Yulean to find means ; in

appearance perhaps not; in actuality he certainly has, for all product-moment

processes reduce in actuality to rinding the means of arrays. In fact

:

S(nxyxy)/N - xy

= S(nxxyx)/N-xy
ax ay

Here x in the summation term should be really the mean x of the individuals

in the class nx . Thus in finding r we actually use the means x and y of the two

variates, the means yx of the y variate for all individuals in the class nx of x's, and

the mean x of all the individuals in the class n x . Mr Yule's method, as we have

just seen, must lead to big errors in all these means; it also as we have seen leads

to big errors in ax and ay . Hence if r comes out near the true value, this can

only arise from a compensation of errors, the exact measure of which has so far

only been determined for the case of a Gaussian distribution.

(11) The Eye-Colour Data.

We now turn to the eye-colour data for parent and offspring where we think

Mr Yule has been led into precisely the same fallacies by his method of pseudo-

ranks as in the coat-colour of horses. The colour shades recognised by Francis

Galton in his inquiries were :

1. Light Blue. 5. Light Brown.

2. Blue, Dark Blue. 6. Brown.

3. Grey, Blue-Green. 7. Dark Brown.

4. Dark Grey, Hazel. 8. Very Dark Brown, Black.

The book of data presented by Francis Galton to Pearson in 1899 contains

under these entries a record of each family, grandparents, parents, offspring, uncles

and aunts. No other data concerning the family were provided ;—only quite



238 On Theories of Association

recently have the original records come into possession of the Eugenics Laboratory

and we now find they contain the important desideratum of age. It is proposed

shortly to revise these tables of eye-colour, paying regard to the increasing pigmen-

tation of the eye in extreme infancy and the decreasing pigmentation in extreme

age. The inclusion of all cases, as no age was provided, has possibly something

to do with the admitted irregularity of the tables. But does this irregularity

invalidate the main conclusion drawn from the tables, i.e. that eye-colour pigment

is inherited at the same rate as the measurable physical characters with a

correlation lying somewhere between *46 and '50 ? The divisions made originally

in the tables were selected purposely and with very definite ends, namely,

(i) to give as good a physiological difference between the two groups as possible,

(ii) to put into the same class the same eyes of both parents and offspring, and

(iii) to get the least probable error by taking the divisions as near the median

as was practically realisable. Mr Yule disregards the importance of (ii) and (iii)

and gives the values of the tetrachoric r
t
found from a number of divisions,

several of which have so few individuals in the quadrant that they are extremely

untrustworthy. At the time the data were dealt with there was very little avail-

able knowledge as to the distinction between a blue and grey eye. They were

put into the same class, because it was considered that the total pigmentation of the

iris of the grey eye was more akin to that of the blue eye, than to that of eyes like

hazel with some macroscopic anterior pigment. The difference between the blue

and the grey eye was considered to be one of structure rather than of pigment.

With what we know of eyes now, we are not prepared to accept the Mendelian

classification of eyes into those without and those with anterior pigmentation of

the iris. If such a classification were absolutely legitimate, then grey eyes ought to

be put with non-blue or with blue according to whether they possess such pigment.

On such a classification as we have indicated the cj> for inheritance of eye-colour

between parent and offspring ought to be ^. Accordingly to test the position for

the grey eye we ought to consider whether the correlations come out more nearly

^ with the greys put with the browns, or put with the blues, i.e. whether
(f>

for

a fourfold table is nearer ^ for the division 1 + 2:3 + 4+5-1-6 + 7+ 8 or for

1 + 2 + 3:4 + 5+ 6 + 7 + 8. There cannot be a moment's hesitation as to which

is the more strictly Mendelian division. We find

:

Values of Boas-Yulean <jf>.

Paii-
Blue only, Blue and Grey,
i.e. 1 + 2 i.e. 1+2 + 3

Father and Son 33 •37

Father and Daughter 22 •28

Mother and Son •28 •32

Mother and Daughter ... •24 •34

Mean •27 •33
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There seems no doubt that from the Mendelian standpoint, if anterior pigment

be taken as a " unit," then pure grey eyes should be included with the blues and

the correlation then comes out the true Mendelian third. Thus the original

division of the tables between grey and the hazel groups, which appeared at the

time the most reasonable physiologically and statistically, is amply justified by the

theory of posterior and anterior pigment.

Now Mr Yule tells us on the basis of his erroneous theory of pseudo-ranks

that " the average estimated correlation " of these eye-colour " tables is something

like A not \" (loc. cit. p. 620). We have indicated earlier in this paper (p. 232),

that if a fourfold table for continuous variates—skew or Gaussian—give by </> a

Diagram VI. Regression of eye-colour with eye-colour in brothers, the grade intervals being

assumed to give a normal distribution. Inset, the same, colours 4 to 8 only, the grade

intervals being of same value as before, to show resemblance within the darker grades only.

5&6

5&6

4

1

(Light)

3 4 5X6

First Brother. (Dark)

correlation of "33 this must be increased by something like 40 %> if we wish to

find the true correlation of the variates. Had Mr Yule asserted that eye-pigmen-

tation was not a continuous variate, that all brown and hazel eyes were alike and

differed from blue and grey by the possession of some mysterious unit character,

then he would have been justified by the mere fourfold tables in asserting that the

correlation was In doing this he would have taken up the simple Mendelian

position. That he did not do so was probably owing to the fact that he recognised,

as the tables indeed show, that within the two groups, 1 + 2 + 3 the blue-grey

group and 4 + 5 + 0 + 7 + 8 the hazel-brown group, there was distinct heredity of

sub-divisions. The father with hazel eyes has an offspring less pigmented than the

father with dark brown eyes. That such heredity exists must dispose at once of a
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correlation of ^ as representing the heredity of eye-colour in man. And here it

may be well to point out a very distinct difference between the problem which

Pearson set himself and the problem for which the Mendelians profess to provide

a solution—both speak of the heredity of eye-colour—but in no sense deal with

the same problem*. The Mendelian says: " I treat the heredity of the character,

presence or absence of anterior pigment." The correlation in this case should

be ^. This problem, however, is not that of the heredity of the various grades of

pigment in the iris. There is very little doubt that grade of pigment is a perfectly

continuous variate. The pigment of the iris is not solely confined to anterior and

posterior faces, and quite different grades of pigment can occur in both these

Diagram VII. Eegression of eye-colour of brothers, the grade intervals being supposed equal.

Inset, the same, colours 4 to 8 only, to illustrate the reduction in the regression—which

is here the correlation—produced on the pseudo-rank hypothesis.

5+6

5+6

1 2

(Light)

5+6

First Brother.

7 8

(Dark)

situations, until you get in the albinotic eye almost a complete absence of pigment.

The accompanying diagrams, which have been drawn by two different methods,

show how the heredity of eye pigment holds as well inside the blue-grey group as

inside the hazel-brown group. They have been obtained in two ways, (i) by the

use of the Gaussian to obtain the means of the arrays, and the relative ranges of

* Even in the treatment of this problem we have only the papers of Hurst and Davenport which

have been assumed to confirm each other. As a matter of fact on Hurst's postulates as to the methods

of observation, Davenport ought to have reached results discordant with Mendelism instead of con-

firmatory ! For the nature of these authors' work on similar problems, see p. 209 above and Biometrika,

Vol. vii. p. 403 and Vol. vm. pp. 269, 271, 272.
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the eye-colour, (ii) by Mr Yule's method of unit groupings to indicate that even

that method shows the same result, the inheritance of the intensity of pigment

inside the two main groups*. In an inset figure we have given, by the same

methods, the increasing pigmentation of the second brother as the pigmentation

of the first brother increases, when we remove all the blue-grey group from con-

sideration. The general weakening of the correlation produced by using the

method of pseudo-ranks will be obvious if Diagrams VI and VII are compared.

The later diagrams, Nos. VIII and IX, show precisely the same point for the

parental eye-colour data. It will be clear that if i were the limit to the corre-

lation of these eye-colour tables, then all the correlation within the blue-grey and
hazel-brown groups ought to have disappeared. Instead of this we find that the

£ is only the correlation on the Mendelian hypothesis that there is a unit difference

between individuals in the one group ami individuals in the other; whatever

this " unit difference " may refer to, it does not refer to a quantitative difference

in pigmentation, because there is correlation within the groups.

We have then the following results for fourfold parental eye-colour tables, the

division being made between marked and less marked anterior pigment

:

Classes

Variates supposed
to be discrete.

Yulean <j>

Variates supposed to be

continuous and Gaussian.
Tetrachoric r

t

Father and Son ...

Father and Daughter
Mother and Son ...

Mother and Daughter ...

37
•28

32
•34

55
•44

48
•51

Mean 33 •49

Mr Yule's statement that the correlation is " something like 4-, not J
" amounts

to the denial that the variate is continuous ; and the slightest inspection of our

diagrams shows that the variate is continuous ; the question therefore turns on

whether the Gaussian assumption gives a l'easonable approximation to the influence

of this continuity in increasing the correlation. We have shown that the fourfold

table result (</>) obtained by treating the variate as discrete requires, whether the

distribution be skew or Gaussian, to be increased by amounts ranging from 37 °/
0
to

80°/
o , when the value of $ is '3 or upwards. We have accordingly little hesitation

in asserting that the true correlation exceeds + by at least 40%. Another way

of approaching the problem is the one adopted by Pearson, when he found the

want of stability in the tetrachoric r
t
as applied to these eye-colour tables, the

method of mean square contingency.

* Note how the slope of this regression line is *5 for the main portion of Diagram VI.

Biometiika ix 31
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Making the proper corrections we find :

Order of

Table
Nature of Classification

Father
and
Son

Father
and

Daughter

Mother
and
Son

Mother
and

Daughter

7x7 1:2:3 4 5+6 7 : 8 •57 •48 •50 •43

6x6 1:2:3 4 5 + 6 7 + 8 •58 •50 •48 •44

5x5 1+2:3 4 5 + 6 7 + 8 "55 52 •50 •44

1st 4x4 1+2 : 3+4 5 + 6 7 + 8 •53 •50 •45 •41

2nd 4x4 1 + 2:3 4 5+6+7+8 •54 "56 50 •45

1st 3x3 1+2 : 3+4 5+6+7+8 •52 •45 •45 •41

2nd 3x3 1 + 2 + 3 4 5+6+7+8 •60 •51 •56 •50

Mean* 55 •50 •49 •44

Values originally giveu by Pearsont 55 •44 •48 •51

That the eye-colour tables present anomalies has been fully admitted, but the

average mean square contingency based on 28 groupings of these four tables gives

the mean value '4961 ; the mean given by Pearson originally from what he con-

sidered and we still consider the natural fourfold division was "4947. We have

no experience whatever of the average of a large number of corrected and wholly

a priori unselected contingencies giving a result too high by 33 °/
0
of its value

!

On the contrary, as we have shown on pp. 221—226 the contingency method

appears on the average to give values slightly in defect of the true correlation.

A study of our diagrams shows that it is in the very small groups 1 and 8

containing only 2"5 % to 4'5 °/
G

of parents that the marked deviations from

linearity of the regression occur, that is to say in the light blue-eyed and very

dark brown parents' offspring. We suggest here that a considerable number of

the light blue parents may have been erroneously classified, on account of extreme

age, and a considerable number of the offspring of very dark-eyed parents may
have been classified as light blue because of extreme infancy. Both may really

belong to the mediocre classes. It is only in the extreme classes of small fre-

quency that the effect of this shifting of the mediocre would be sensible. The
Diagrams IX and X (pp. 248 and 250) j show that in the bulk of cases, from group

2 to 6 or even to 7, the regression line has a slope of over '5
; the inset figures

show that this regression is maintained inside the brown group when we remove

the blues. We have already given similar diagrams for the Brother-Brother table.

These again show that in the centre of the figure the slope of the regression line

is at least '5, while the defect at the tails very probably indicates the results of

* Calculated from the corrected contingency to four decimal places.

t Phil. 1 fans. Vol. 195 A, p. 106. The division taken is that which for the use of a single division

only is physiologically and statistically the most reasonable ; see above, p. 238.

% The Diagrams VI and IX were obtained by applying a normal curve to each array to obtain

the position of the mean on the assumption that the range of groups 3 and 4 remains the same on
the scale,
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including cases in which one brother was an infant. The second diagram (p. 240)

worked out by Mr Yule's pseudo-ranks indicates also the heredity within the

brown group when blues are excluded, but it obviously distorts the whole system

and gives the spurious appearance of far less correlation.

Another manner of illustrating the idle character of Mr Yule's assertion that

the true parental correlation is about 4 may be obtained from a comparison

of the following tables :

A 1+2 3 4 5+ 6 7+ 8 Totals

1+2 162 87 48 16 22 335
3 102 78 52 19 33 284

4 41 37 28 11 20 137
5+ 6

j

27 28 22 9 19 105
7+ 8 26 34 30 14 35 139

Totals 358 264 180 69 129 1000

B 1+2 s 4 5+ 6 7 + 8 Totals

1+2 194 70 41 9 21 335
83 124 41 13 23 284

4 25 34 55 11 12 137
5 + 6 27 12 19 24 23 105
7+8 29 24 24 12 50 139

Totals 358 264 180 69 129 1000

C 1+2 3 4 5+ 6 7 + 8 Totals

1+2 193 84 38 10 10 335
3 100 85 54 19 26 284

4 34 39 31 12 21 137
5+ 6 18 28 25 11 23 105
7 + 8 13 28 32 17 49 139

Totals 358 264 180 69 129 1000

Now the changes that will convert A into B are given by the scheme

:

B-A 1+2 O 4 5 + 6 7+ 8

1+2
O

4
5+ 6
7 + 8

+32
-19
-16
0

+ 3

-17
+ 46
- 3
-16
-10

- 7

-11
+ 27
- 3
- 6

- 7

- 6

0

+ 15
- 2

- 1

-10
- 8

+ 4

+ 15

That is to say to obtain B from A we must take between | and £ of the

material of A and transfer it to the diagonal cells from those cells away from the

diagonal, the only failure of this rule is the + 3 in the cell 1 + 2:7+8. There
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can be no doubt that tbe correlation of B is very much greater than the correlation

of A. To convert G into A the changes are given by the scheme :

B-C 1+2 3 4 5 + 6 7 + 8

1+2 + 1 -14 + 3 - 1 + 11

O -17 + 39 - 13 - 6 - 3

4 - 9 + 24 - 1 - 9

5+ 6 + 9 - 16 - (i + 13 0

7+ 8 + 10 - 4 - 8 - 5 + 1

Here again the candid reader will, we believe, admit that B has more correla-

tion than C. The general difference is again a transfer to the diagonal cells of

frequency to the right and left of this diagonal, the total number so transferred is

78 ; but the transfer is rendered more complex by the appearance of 36 units in

the cells in the top right-hand and bottom left-hand corners. This transfer is

only half the size of the other towards the diagonal, and it probably measures

the frequency of senile blues in the parents and of infantile blues in the offspring.

We hold that we must still credit B with more correlation than C, although this

secondary movement can now be well recognised. B is the contingency table for

Father and Son's eye-colour (see p. 186). A is a table for a Gaussian surface with

•3 correlation, G is a similar table for a Gaussian surface with "5 correlation, both

beiug adjusted to give frequencies to unit places only with the same marginal

totals as the Father and Son eye-colour table. These comparisons suffice to

indicate that the correlation of Father and Son is far greater than "30 and is

probably slightly greater than -

50.

Precisely similar treatment of the Brother-Brother eye-colour table leads to

like conclusions, as the reader may judge from what follows.

Consider the three tables :

J 1+2 g 4 5+ 6 7 + 8 Totals

1+2 398 283 113 66 71 931

0 283 281 135 87 115 901

4 113 135 72 50 73 443
5+ 6 66 87 50 36 58 297
7+ 8 71 115 73 58 111 428

Totals 931 901 443 297 428 3000

B 1+2 3 4 5+ 6 7+8 Totals

1+2 496 224 63 68 80 931
224 418 97 56 106 901

4 63 97 168 47 68 443
5+ 6 68 56 47 70 56 297
7 + 8 80 106 68 56 118 428

Totals 931 901 443 297 428 3000
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c 2+* 4 5+ 6 7+8 Totals

1+2 471 278 94 48 40 931

3 278 300 140 86 97 901

4 94 140 78 55 76 443
5+ 6 48 86 55 42 06 297
7 + 8 40 97 76 66 149 428

Totals 931 901 443 297 428 3000

Now mark what change must be made in A to correct it to B ; this is

given by the scheme

:

B-A 1+2 3 4 5 + 6 7 + 8

1 + 2 + 98 - 59 - 50 + 2 + 9
'J -59 + 137 -38 -31 -9
4 - 50 - 38 + 96 - 3 - 5

5+ 6 - 31 - 3 + 31 _2
7 + 8 XI - 9 - 2 + 7

Can there be any doubt that the scheme B — A marks immensely increased

correlation ? To pass from A to B, we must accumulate 372 individuals along the

diagonal as against 11 individuals drawn towards the corners away from this

diagonal. We take it that only the most captious person could possibly deny

that to reach B from A, we must transfer individuals in a manner which markedly

increases the correlation.

Now consider the change which must be made in G to obtain B. It is given

by the scheme :

B-C 1+2 3 4 5+ 6 7 + 8

1+2 + 25 - 54 -31 + 20 + 40
-54 + 118 -43 -30 + 9

4 -31 - 43 + 90 - 8 - 8

5+6 + 20 - 30 - 8 + 28 -10
7+8 + 40 + 9 - 8 -10 -31

To pass from O to B we must transfer 261 individuals to the diagonal ; but

there is an outward movement of 69 to each corner and a resulting defect of — 31

in the fifth diagonal cell. There is a total movement of 261 individuals towards

greater, and of 169 towards lesser correlation. We should have no hesication in

saying that the correlation of B is higher than that of the C table. We would go

further and say that until we find a table D in which these movements towards

the diagonal and towards the outer corners nearly balance we have not yet reached

a table with a correlation equal to that of B. Consider the table

:
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D 1+2 o 4 5+ 6 7+8 Totals

1+2 494 275 88 42 32 931

275 308 142 86 90 901

4 88 142 81 56 76 443
5 + 6 42 86 56 44 69 297

7+8 32 90 76 69 161 428

Totals 931 901 443 297 428 3000

We have the scheme :

B-D 1 + 2 O 4 5+6 7 + 8

1+2 + 2 - 51 -25 + 26 + 48
3 -51 + 110 -45 -30 + 16

4 -25 - 45 + 87 - 9 - 8

5+6 + 26 - 30 - 9 + 26 -13
7+ 8 + 48 + 16 - 8 -13 -43

Here 225 individuals must be transferred to the diagonal to get from D to B,

i.e. there is an increase to this extent of the correlation, but 223 have got to be

transferred outwards to the ends of the other diagonal, although not in such a

concentrated fashion. There can be small doubt, we think, that the correlation of

B is nearly, if not slightly greater than, that of D. B is the correlation table for

Brothers, A, G and D have correlations respectively of "28, "45 and '50. We feel

confident in asserting that the unknown correlation of B is far nearer to that -of

G or D, than of A, which Mr Yule gives as its limit ! Nor can the reader who

examines these tables fail to obtain true insight into the peculiar nature of the

con-elation of B. It is clear that B fails of normality because there is an excess of

dark brothers having brothers with blue eyes. The excess is greater than in the

case of father and son and this is actually what we should expect, if the excess be

due to the inclusion in the record of infants. For an infant will be reckoned

once as a son, but if he is one of n brothers, he will appear n(n — 1) times. If

our surmise be correct there may be no failure at all of approximately Gaussian

frequency in these eye-colour tables, but anomalous lumps in the second and

fourth quadrants due to this unconscious inclusion of infants. If these lumps,

which the inclusion of a dozen to twenty infants would suffice to produce, be

removed, we should expect the correlation to rise as in the Huxley Lecture to

about '60. What the final value would be after the correction for the more

gradual changes in eye-colour, which occur after infancy*, remains to be deter-

mined ; we may be quite certain, however, that it is likely to be 80 to 100 °/
Q

above Mr Yule's maximum of -

28.

* The influence of age on parental and fraternal tables of eye-colour will be shortly considered

de novo.
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But let us look at the matter from other standpoints. We have the stature

data for Father and Son arranged in the eye-colour groups. Let us arrange it

in a fourfold table, precisely as we did the eye-colour in order to demonstrate

Mendel'ism, i.e.

Stature of Father.

Son. 1+2 + 3 4+5+6+7+8 Totals

o 1+2+3 464 155 619

are
4+5+6+7+8 158 223 381

Totals 622 378 1000
CO

We may give these a class-name, say, Short and Tall—corresponding to Short

Muzzle and Long Muzzle, or to "Over 30" and "Under 30" egg hens, etc., etc.

We have at once a Mendelian table :

Short Fathers Tall Fathers Totals

Short Sons 464 155 619
Tall Sons 158 223 381

Totals 622 378 1000

Now assume a discrete unit between Short and Tall and find the Boas-Yulean <£.

It is

$ = -335,

and as its Mendelian value should be "333, the agreement is extraordinary ! Tall-

ness and shortness in man are clearly Mendelian presence and absence of a unit

character ! The eye-colour tables at the same divisions show exactly the same

result. Surely Mr Yule is satisfied that the correlation of stature in man is of

the order | ? Yet the tetrachoric r, in these cases at the same division gives for

eye-colour "55 and for stature "51, i.e. is some 60 to 70 °/
Q
greater. Now let us

treat these two cases by an identical process ; we use a normal horizontal and a

normal vertical scale, and we determine all ranges in terms of the range of the

frequency of groups 3 + 4 treated as of length h. We find the mean values of the

arrays of sons for each group of fathers by assuming that the means will be

approximately given if the array be treated for this purpose as Gaussian (see

p. 236). The results are given in the table on p. 249.

Can any reader who examines these data deny the remarkable parallelism of the

two cases ? Let him also look at the Diagrams VIII and IX (p. 248) drawn for

stature and eye-colour and ask himself whether it is possible to make any distinc-

tion between the cases of inheritance of eye-colour and inheritance of stature,

beyond the irregularity depending on the group of 36 cases (3"6 °/
0
of the whole)

of dark blue-eyed fathers. The two regression lines run with almost complete

agreement, the stature data being a little more regular than the eye-colour data.



248 On Theories of Association

Diagram VIII. Regression in Stature. Father and Son. Based upon means obtained by

Gaussian assumptions from graded but unmeasured stature groups, equal to the eye-

colour groups.

8

£ 7

5 + 6

4

§ 3

2

8

Mean

l

] 2 3 4 5+e 7 8

{Short.) Father. {Tall.)

Diagram IX. Regression in Eye-colour. Father and Son. Based upon means obtained by Gaussian

assumptions. To be compared with the like regression for stature.

Mean

Mean

8

1 2 3 4 5& 6 7 8

[Light.) Father. {Dark.)
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Mean Son Eye-Colour Stature

Group 1

%
3 . ...

4
» 5 + 6

8

- -4336/i

- -5065A
- -0166A

+ '1319/t

+ -6704A

+ -7513/i

+ 1 -14147?

- -8255A*
- 4778/i
- -0246/i

+ -2686A

+ -361U
+ -7353/i

+ 1 -0455/r*

Standard Deviation o> •8247/t

"8932/i

•8247A

'8932/i

ij uncorrected from above
77 corrected

Slope of Regression Line, from r) used as r ...

True value of r

Tetrachoric r
t \

•5217

5420
•5870t

1

•5503

•5074

•5224

•5658

•5189

•5104

Can any one continue to assert with Mr Yule that the correlation for eye-colour is

about i and that for stature is \ ? Is it not clear that for eye-colour in Father

and Son the value given by Pearson in 1900 is within '02 of the true value ?

A similar figure (Diagram X) is given on p. 250 for Mother and Son. This is more
irregular in the terminal groups (which contain 3 -

6 % and 4'6 % 0i' tne frequency

only), but it shows the same points. The uncorrected 77 = "4930, the corrected

r) = '5109 and the regression is
-

5459. These are in quite good agreement with

the value of r as found from contingency, i.e. "4885 (see p. 241), but differ slightly

in excess from the value given by the tetrachoric r
t
for the "Mendelian" table,

i.e. correlation '4817 and regression '5145. It is clear from the diagram that r,

as regards 77, has been lessened by the deviations from linearity in the terminal

classes^. Still the slope of the regression line shows that we are far from dealing

with a correlation of i for there is approximate equality in the variations of the

eye-colour in mother and son, aM = -8574 h and a s = 9161 h.

(12) The Vaccination Data.

We now turn to the question of vaccination and recovery from small-pox.

Mr Yule apparently considers either his coefficient of association, or his coefficient of

colligation, to be the right coefficient to use here. Now both these coefficients are

* The means in the case of the two terminal arrays had to be somewhat differently treated as there

is no frequency in the first array of groups 5—8 and in the last array of groups 1 + 2. Accordingly if the

h of the table be 7)3+4, the mean of the first array was found in terms of h-2 , i.e. the range of group 2

for that array, and the mean of the last array from 7i6+6+7 for that array, i.e. the range of groups 5 + 6 + 7

for that array. h 2 and /ig+6+7 were then expressed in terms of h3+i , i.e. of h of the table by means of

the relations between these subranges in the marginal total frequencies for sons.

t To four figures the value as given in 1900 was -5159.

£ For divisions as originally given in the Phil. Trans, memoir, Vol. 195 A, p. 106.

§ See remarks, p. 164 above, on the true measure of correlation.

Biometrika ix 32
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unchanged by the artificial selection in which Mr Yule sees* "a most important

property and one of special importance in such cases as those I have chosen for

illustrations," i.e. vaccination and recovery. On the other hand the <j), or pseudo-

rank correlation, is for a fourfold table immensely influenced, as we have shown, by

selection of this artificial kind. If this <£, however, be artificially selected, so that

it deviates widely from the <j> of the data actually provided, then this artificial

value of
<f>
—for a table, say, in which the number of vaccinated has been made

equal to the number of unvaccinated and the number of deaths equal to the

number of recoveries—is Mr Yule's coefficient of colligation. From our stand-

point it is hard to conceive a stronger argument against this coefficient of

colligation than the fact that it is unequal to <j), unless you have artificially

Diagram X. Kegression in Eye-colour. Mother and Son. Based upon means obtained

by Gaussian assumptions.

8

~5&6

5 2

•

Mean

^
e

• -

«

{Light,

3 4

Mother.

5+6

5?6
(DarJc.

doctored
(f>

to bring the two into agreement. What is the probable error uf

0 thus doctored or how is it related to the probable error of
<f>

found from

the undoctoied material ? Mr Yule, however, writes :
" We have therefore the

important theorem briefly mentioned without proof in p. 17

—

the coefficient of

colligation a> for any table is the product-sum correlation rf for the equivalent

symmetrical table. These two coefficients r and a> form, accordingly, a natural

pair, the first giving the actual correlation in the given table, the second the

correlation in a derived table of standard form, thus enabling ns to compare the

* Loc. cit. p. 587.

t Mr Yule here as elsewhere terms <p the "product-sum correlation" and uses for it the letter ?•.

This is wholly unjustifiable, it is merely a correlation of pseudo-ranks and not of true variates

at all.
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two tables freed from the effects of ' selecting varying proportions of A 's and B's '
"

(loc. cit. p. 597). The italics are Mr Yule's. We have rarely come across more

specious reasoning. A coefficient is selected which for one type of artificial

selection is not changed, and this peculiarity is termed a special and important

feature of the coefficient. Another coefficient which is intensely subject to this

selection is then commended because it can be selected so as to agree with the

first ; and Mr Yule terms them a " natural pair." Algebraically Mr Yule starts

with the table
^J

-
^ > and the Q for this is (ad — bc)j(ad + be). This value of Q

remains unchanged if we write the table
\

where the marginal fre-
V&c

|
vW 6

quencies have now been rendered artificially all the same. The original 0 however

was

(ad - bc)j\/{a + b) (a + c) (6 + d) (c + d),

and has changed to

(vW - »Jbc)/(^ad + \/bc),

which is Mr Yule's colligation and a function of Q. The original (/> has many
important properties, it is Pearson's mean square contingency for a fourfold table

and determines the probability of the two variates being independent ; it is also

the correlation of means if they be measured from their dividing lines in terms of

their standard deviations, supposing the material continuous and approximately

normal. The new $ possesses neither of these really important properties, it is

the </> of the table after most artificial selection, and that it agrees with Mr Yule's

coefficient of colligation neither gives validity to that coefficient, nor endows it

with any new property whatever.

Mr Yule has not taken the trouble to see what sort of effect his artificial

selection really has on actual material. We propose to illustrate it on certain

vaccination data. We give, as Table XXI, the table of Glasgow data published in

Biometrika, Vol. vil. p. 257. It is not true that the haemorrhagic and confluent

cases all die, but a very large percentage of them die and it would be not far

from the fact to represent the data by a fourfold table :

Deaths Recoveries Totals

Vaccinated 273 1301 1574
TJnvaccinated ... 65 50 115

Totals 338 1351 1689

This table is only illustrative, not, of course, a rigorous experience.

Now we have not assumed Table XXI to be a Gaussian distribution, but we have

found the means of the arrays by assuming each to be represented by a Gaussian

curve, a process which, as we have seen, gives a fairly close result even for skew

material. We have also, in order to get scales of a reasonable character, arranged
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TABLE XXI. Severity of Attack and Strength of Immunity due to

Vaccination City of Glasgoio Hospital.

Seventy of Attack.

2

'o
o

!>

CD I

03—
o

Haemorrhagic Confluent Abundant Sparse Very Sparse Totals

0—10 0 1 6 11 12 30
10—35 5 37 114 165 136 457
25—Jf5 29 155 299 268 181 932
Over 45 11 35 48 33 28 155

Unvaccinated 4 61 41 ' 2 115

Totals 49 289 508 484 359 1689

Diagram XI. Regression of the intensity of vaccination upon severity of attack and of severity of attack upon
intensity of vaccination, showing the continuity of the relationship. Measured on Gaussian scales.

10-25

s

-a

s
25-45 —

Un\ hc-
cirmted

Haemorrhagic. Confluent. Abundant. Sparse.

Severity of Attack.

Very Sparse.
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the severity of attack and immunity due to vaccination on Gaussian bases. This

is done in Diagram XI, and the corresponding regression lines are drawn. These

were calculated by supposing the range of the mid or ' abundant ' group the same

for all arrays of immunity, and the group 25—-i-5 the same for all arrays of

severity. It will be seen at once from this diagram that the division into

vaccinated and unvaccinated is a merely verbal one, that Mr Yule is playing with

words, not dealing with the realities under class-names*. Immunity and severity

are continuously changing quantities and they vary in almost linear relationship to

each other, the greater the intensity of the immunity associated with vaccination

the less severe is the attack. We do not think the deviations from linearity

of regression found in this case differ sensibly from the sort of values that

frequently occur in the case of the regression line found by the product-moment

method.

In order, however, that Mr Yule may not attribute this result to the use of the

Gaussian distribution to find the means, we applied his method of pseudo-ranks to

determine the means of the arrays and then put in the regression lines on his

hypothesis that the rank of a huge bracket is a suitable unit in which to measure

correlation. This is done in the lines A of Diagrams XII and XIII. Although

the previous scheme is much distorted, we see that on Mr Yule's own hypothesis

the two variates behind the "vaccination—non-vaccination" and "death—recovery"

classifications are continuous, steadily increasing in one direction, and that there

is the correlation of a continuous two-variate system behind them.

Now let us proceed to do exactly like what Mr Yule has done, namely make

divisions at vaccinated and non-vaccinated, and between confluent and abundant,

and dress the table so that there shall be equal numbers of vaccinated and un-

vaccinated and of the very severe and less severe cases. The table thus transformed

is Table XXII. The difficulty now is to know what to do with the marginal scales;

if these in the natural condition were normal, they are hardly likely to remain so

after selection. But these scales—especially as we have found the correlations by

the T?-process—are not of first class importance except for exhibition of the results

graphically. We have therefore retained the old scales and merely calculated the

means of the arrays condensed at the old means of the old scale of years since

vaccination (see Diagram XIV). In order that the reader may see how little

assumption is thus made we have had a second diagram drawn indicating what

* " The division may also be vague and uncertain : sanity and insanity, sight and blindness, pass

into each other by such fine gradations that judgments may differ as to the class in which a given

individual should be entered. The possibility of uncertainties of this kind should always be borne in

mind in considering statistics of attributes ; whatever the nature of the classification, however, natural

or artificial, definite or uncertain, the final judgment must be decisive ; any one object or individual must

be held to possess the given attribute or not." Theory of Statistics, pp. 8, 9. Similar words are used

by Mr Yule in Biometrika, Vol. n. p. 121: "The judgment must however be finally decisive; inter-

mediates not being classed as such even when observed." We can hardly conceive statements more

liable to prejudice the mind of a wavering recorder of actual data. No wonder Mr Sanger said that

"Mr Yule's work would be the work for Mendelians" !



254 On Theories of Association

TABLE XXII. Immunity and Severity of Vaccination Table after a Yulean

Equalisation Process.

Period since

Vaccination
Haemorrhagic Confluent Abundant Sparse Very Sparse Totals

0—10 0 0-9 2-8 5-1 5-6 14-4

10—25 4-4 32-8 52-8 76-4 63-0 229-4

25—45 25-7 137-4 138-5 124-1 83-8 509-5
.844-5

Over J)5 9-7 3.1-0 22-2 15-3 13 0 91-2

Unvaccinated 37-1 565-5 198-4 33 9 9-6 844-5

Totals 76-9 767-6 414-7 254-8 175-0 1689-0

844-5 844-5

Diagrams XII and XIII. Intensity of Vaccination and Severity of Disease treated by the method oi

pseudo-ranks.

Assumed unit grades. (^1) original data, (B) Haemorrhagic and Confluent made 50 °/
0

and vaccinated made 50 °/
Q .

(i) Regression of intensity upon severity. (ii) Regression of severity upon intensity.

Diagram XII.

(i)

0-10

| 10-25

25-45

45

Un vac-
cinated

t- - - - . _

A

-*' j,^—

- ?

Haemorrhagic. Confluent. Abundant.

Severity of Attach.

Sparse. Very Sparse.
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Diagram XIII.

(ii)

0-10

10-25

25-45

Over
45

Unvac-
cinated

\\
\\

V- -

\ \
Sparse Very S})arse.Haemorrhagic. Confluent. Abundant.

Severity of Attack.

changes would have been made had we used as horizontal scale a Gaussian calculated

on the new distribution of total severities. It will be seen on comparing Diagrams

XIV and XV that no substantial difference is made in the fundamental result.

Further to test the effect of concentration we have had tj the correlation ratio

calculated by concentration at the means of the unselected scale of years since

vaccination and by treating each array as a Gaussian ; the value found for it in

the former case (when uncorrected for class-index correlation of severity) is '32,

while in the latter case the three-rowed table gave t] = -32 and "34, with a mean
value "33*. Both these values would need the same class-index correction for

severity, i.e. rxC = -9502, which renders them "34 and '36 respectively.

Further, to show that a wide range of hypotheses can be made without

modifying the fundamental conclusion, we have again plotted the regression lines

on the Yulean hypothesis of pseudo-ranks before and after equalising deaths and

* Biometrika, Vol. vn. p. 257. The value of r found by concentrating at the Gaussian means of the

marginal subranges is -31, quite close to the r\ values as corrected.
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recoveries, vaccinations and non-vaccinations (see Curves B of Diagrams XII and

XIII). The fundamental result is obvious in all these diagrams, the selection,

which does not change Mr Yule's coefficients, changes widely the true relationship

as measured by the regression lines between the variates immunity conferred by

vaccination and the severity of small-pox. Take a given grade of severity of the

disease, and the grade of immunity which is associated with it is entirely altered by

the selection, or take a definite grade of vaccination and the average severity of the

disease is represented by quite different figures before and after selection. Mr Yule's

most important property of his coefficients—the property that they remain

unaltered by this selection—is the very property which forces us to the conviction

that they are wholly unsuited to use in such a case as that which he asserts is

eminently fitted for their use.

If we consider the matter algebraically, we find

:

1 r
*

Yulean 0 Contingency

Uncorrected Corrected Uncorrected Corrected

Before selection •32 to -34 •34 to -36 •26 •34 •31 •36

After .selection •58 61 •52 •60 •50 •58

We contend that a method which so substantially changes the real relationship

between immunity and severity is wholly incapable of leading those who use it to

any just inference as to the association of immunity and severity. It is only a

logical quibble quite unworthy of the reputation of the man who uses it, and

directed at an audience which had made no thorough study of the mathematics

of statistics, to state as Mr Yule does that a man dies or does not die after

incurring small-pox, and that he is vaccinated or not vaccinated. Death and

vaccination are crude class-indices of severity and immunity, and Mr Yule's

coefficients tell us nothing of the real relation between the two variates which

is what we at least are seeking.

(13) On the Stability of Coefiicients of Association.

If we have, as we believe we certainly have, in this paper succeeded in

demonstrating the idleness of Mr Yule's coefficients of association and colligation

for any purpose of applied statistics
;

if, as we hold, they are merely of interest

from the standpoint of symbolic logic, i.e. in the discussion of verbal classifications,

not in the treatment of the real things lying behind class-indices ; the reader may
naturally ask how we propose to treat similar problems. The answer to our mind

is fairly clear. When the variates truly advance by unit grades, then there is no

difficulty whatever about the problem. The right method to use is the product-

* Calculated by concentrating the contents of each cell at the Gaussian centroids of the subranges

of the marginal totals and correcting for class-index correlations ; see Biometrika, Vol. ix. p. 119.
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moment correlation. This method has been used from the " earliest times " by

biometricians, e.g. in dealing with the teeth on the carapace of prawns, the

prickles on holly leaves, stigmatic bands on poppies, veins on leaves, etc., etc.

There is absolutely nothing new in the Yulean method of pseudo-ranks applied to

these data, the rank is the true measure of the variate in such cases. But the

method is wholly false when applied to continuous variates in such cases as

Mr Yule applies it. It is wholly false in particular when applied to fourfold

tables, unless the difference between the two classes is a measurable unit. Tbis,

as we have indicated, is not the case in the Mendelian results of actual practice
;

it is not the case in the vaccination data or in any one of the cases to which

Mr Yule has applied his coefficients. In no cases is he dealing with discrete unit

differences. The nearest approach to a discrete difference is possibly in the case

Diagrams XIV and XV. Regression of Intensity of Vaccination upon Severity of Small-pox.

{A) Original data. (B) Vaccinated made 50% and haemorrhagie and confluent 50°/o

(Yule's Hypothesis). Intensity of Vaccination and Severity of Attack treated by Gaussian

Methods.

(i) Assuming "severity" has a Gaussian distribution after the change of frequencies.

(ii) Assuming the eentroids of each severity group unaltered by the change of frequencies.

Diagram XIV.

(i)

0-10

10-25

25-45

Oi
45

Means

- <

Haemorrhagie.

Biometrika ix

Confluent. Abundant.

Severity of Attack.

Sparse. Very Sparse.

33
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Diagram XV.

(ii)

0-10
_

10-25

Haemorrhagic. Confluent. Abundant. Sparse. Very Sparse.

Severity of Attack.

of sex, or in the use of a spear or a sword in negro tribes as alternatives, although

even in these cases it is hard to understand why the male is a unit in excess or

defect of the female or why a spear is a sword plus or minus a unit. But if we
admit this, then cf> is the appropriate coefficient to use, and not Mr Yule's

association or colligation, and it should be applied to the original data and not

to the adjusted or equalised table. Personally we should never use
<f>

in such

cases ; we should measure the probability that the variates were independent,

i.e. deduce the P from nty
2 by Elderton's tables, and this would guide our judg-

ment in the matter*.

* We can get rid of the main effect of influence of total number of cases considered, and of the

inequality of the marginal grouping, by adopting the method proposed by Pearson and thinking on a

correlation scale : see " On a Novel Method of regarding the Association of two Variates classed solely

in Alternate Categories," Drapers' Company Research Memoirs, Biometric Series VIII, Dulau & Co. 1912.

In that paper the values of the correlation on the probability scale rP were only tested against tetra-

choric r
t
for such totals and divisions as occur most frequently in everyday practice. A caution must be

given here against the extension of that method without fuller investigation of such cases to divisions

giving small percentages in the marginal frequencies. For such cases we know that tetrachoric r
t
gives

poor results.
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But the cases of approach to discrete differences are exceedingly few in number

compared to the mass of cases with which we have to deal
;
they exist as a rule

only in the class-names, not in the things classified. Personally we have rarely

found them except as already stated in theoretical Mendelian investigations, and

to such cases the method of ranks, i.e. use of a ranks coefficient whether for four-

fold or manifold tables, was first and rightly applied by Pearson. The Biometric

School criticise not the application to Mendelian theory of these methods by Dr
Brownlee and others, in which they only followed what had already been done, but

Dr Brownlee's applying tetrachoric r, to such theoretical tables and then supposing

that he had got at the root of the difference between theoretical and actual heredity

correlation tables ! Mr Yule nowhere distinguishes between a theoretical Mendelian

table and what we can absolutely demonstrate not to be theoretical Mendelism,

e.g. Pearson's pigmentation tables. He writes :
" As regards Dr Snow's recent

comments in Biometrika on the use of the normal coefficient for Mendelian

tables in Dr Brownlee's paper, he really thought that those comments were a

much stronger condemnation of Professor Pearson's than of Dr Brownlee's work.

Professor Pearson had repeatedly used the normal coefficient for inheritance

tables, that were in all probability representations of Mendelian inheritance, as

if it were an approximation to the product-sum correlation" {loc. cit. p. 651).

It is a pity Mr Yule has not the courage of his opinions, and did not assert that

the eye-colour data had a correlation of the Mendelian value ^ because they were

Mendelian. Instead of that lie throws the sop of J to the Mendelian Cerberus,

having carefully produced it not from the proper fourfold Mendelian table, but by

applying the method of pseudo-ranks, which involves just the same assumption

of continuous variation and regression beyond the Mendelian divisions into unit

characters, as is involved in the tetrachoric r
t

. What Mr Yule means by "in all

probability representations of Mendelian inheritance " is eloquently demonstrated

by our discussion of the case—eye-colour in father and son—which he has himself

selected to illustrate the Mendelian §.

If we leave the Mendelian theoretical table and any other truly discrete

fourfold classifications, which are indeed difficult to find, and pass to the fourfold

classification in general, what method are we to use ? We assert that the four-

fold or tetrachoric r, is a coefficient of association infinitely superior to Mr Yule's

old Q or new &>.

Mr Yule says he attaches no importance to the fluctuations of Q and a> for

different divisions of the same table. If so, how can he usefully compare the

values of Q or w found from two tables with different divisions ? If so, on

what ground can he complain of the use of tetrachoric r, because in certain

cases it fluctuates for different divisions of the same table ? He admits that

"the coefficients of association and of colligation for different divisions of the

same table in many cases fluctuate more largely than the normal coefficient"

{loc. cit. p. 651), yet the only illustration he gives in his paper is that of the

33—2
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table for eye-colour in brothers, for which he discusses the relative fluctuations

of his coefficients and tetrachoric r
t
by a method which from the standpoint of

scientific statistics is wholly inadequate. He states that "as soon as we leave the

narrow field within which normal or ' strained normal ' correlation holds good, the

normal coefficient fluctuates as we change the axes of division quite as largely

as any other coefficient" (loc. cit. p. 633). How does this "narrow field" tally

with the " many cases " in which these other coefficients fluctuate more largely ?

Mr Yule has purposely selected three or four markedly skew distributions to

show how the tetrachoric r, fluctuates; why did he not test adequately and

completely its fluctuation as against those of the coefficient of association on

this material ? Would he ever have written his above dogmatic assertion had

he done so ?

Now we do not for a moment agree with Mr Yule that there is no importance

in the fluctuations of a coefficient of association for different divisions of the same

surface. On the contrary we assert that a true coefficient of association should

be as stable as possible, that is to say that for a given surface it should have

fluctuations which are within a reasonable range indicated say by twice its probable

error. Indeed, for most practical purposes fluctuations of "05 are of small im-

portance. It is purely idle to do as Mr Yule has done, namely proceed to test

such fluctuations by their ranges or their standard deviations obtained from the

raw values. Each value must be considered in conjunction with its probable

error. Q = l and r = "70 are not comparable if the probable error of the first is

zero and of the second "05, the weight of the first observation is infinite and of

the second finite. Mr Yule has compared such results without any regard to their

relative weights.

Starting with tetrachoric r
t
we have a definite surface, the Gaussian, either in

its original or strained condition, for which there are no fluctuations in r
t ,
except

such as might arise from random sampling. No such surface has been discussed

by Mr Yule for Q or
<f>.

But is an approximation to the Gaussian surface a

rarity ? Does it only occur in
<: a narrow field " ? On the contrary it covers

within the approximations required in practice a very wide field, namely nearly

all distributions in anthropometry and many characters in plant, insect and

animal forms. Even the irregularities of the eye-colour data may well turn out

to be due to neglect of the age-corrections and not to failure of the Gaussian

system. Can Mr Yule produce, even with careful seeking, actual distributions,

in number one-tenth of the Gaussian cases just referred to, for which Q and

therefore « are practically constant for all divisions? There is no reasonable

and logically consistent theory of deviations which leads to a surface of constant Q,

although there is such a theory leading to a surface of constant r
t

. We hold that

stability of an association coefficient is not only a desirable, but an essential part

of any true theory of association, and the fact that one theory does give a relatively

stable coefficient for a large section of material is immensely in its favour.
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But there are two other points about tetrachoric r
t
which also in our opinion

weigh much on its side when comparison is made with Q:

(i) It is modified by every form of selection and thus corresponds to our

experience of every true measure of relationship. If association is to be of profit,

it should pass into correlation as our detailed knowledge of the material becomes

greater. All Mr Yule's association achieves is the passage with increasing

knowledge into manifold and contradictory diversity. Every selection he has

made on the basis of lesser knowledge must become an increased source of

contradictory values, as he reaches more detailed knowledge of his material.

There is a systematic variation of Q ; it rises continuously from median to

extreme divisions in every distribution on which we have tested it. That is

to say, there is a wide divergence of practical statistical data from the surface

of constant Q, and this in a definite direction. Nor is this to be wondered at,

for the surface of constant Q has marked heteroscedasticity, and markedly curved

regression : see Appendix III.

(ii) A true coefficient of association should not necessarily become perfect,

when one of the four quadrants of the fourfold table becomes zero*. Whatever

the degree of dependence of two variates may be, the frequency surface in practice

is limited in extent, therefore by taking small percentages of one or both variates

in the marginal totals we cau always in practice make one quadrant zero. We
hold indeed that a fitting coefficient of association need not necessarily be perfect,

even if two opposite quadrants have zero frequencies -

]".

In both of these respects tetrachoric rt is superior to the coefficients of

association or colligation. The one aspect in which it is inferior is the labour

of calculation, but the tables published by Everitt and an additional table which

we hope shortly will be published render the labour by no means severe.

In order to establish our position it remains to show how even in the ex-

ceptional cases selected by Mr Yule—which do not represent the run of ordinary

practice—the tetrachoric r
t
is much more stable than his Q.

* Consider the following Table for true ?-=-52
:

Father's Stature.

Under 71

S

Over 71''5 Totals

Under 65 -.5 127-5 0 127-5

Over 65 -
.5 8(53-5 87 950-5

Totals 991 87 1078

What real knowledge do we gain by saying that association is perfect between "tall" sons and

"tall" fathers, when it arises solely from the extreme position of the father-division not giving any

content to a second quadrant on a limited surface of imperfect correlation ?

t See p. 177 and later Appendix I.
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(A) Barometric Data.

The following table gives the value of tetrachoiic r
t
and of the coefficient of

association Q*.

Southampton and Laudale.

Divisions Tetrachoric r
t

Yule's
Association

Divisions Tetrachoric r
t

Yule's

Association

29-15 6969 + -0378 •9371 + -0144 29-95 •7991 + -0096 •8868+ -0075
29-25 •7254 ±-0291 •9335+ -0124 30-05 •7954+ -0100 •8831 + -0075

29S5 •7476+ -0220 9244+ -0108 30-15 7971+ -0110 •8867 + -0075

29-45 •7410+ -0215 •9067 + -0109 30-25 •8112+ -0127 •9109+ -0070

29-55 •7303 ± -0177 •8847 + -0111 30-35 •7983+ -0149 •9229 + -0076

29-65 •7559+ -0140 8866 + -0097 30-45 •8300+ -0176 •9579+ -0061

29-75 •7848+ -0114 8951 + -0083 30-55 8452 + -0231 •9761 + "0050

29-85 •7917+ -0102 •8874 ±-0079

* We have not thought it needful to deal in every case with both Mr Yule's coefficients. Since w is

a function of Q, and its probable error is a function of the probable error of Q, there is no occasion to

do so, and it opens a whole field for the display of statistical fallacy. Consider two quantities ?• and p

defined in their mutual relations by r=(l- e)/(l + e) and p = (1 - e'/")/(l + e
i /") ; then if we arrange a

fourfold table so that r is positive, e will lie between 0 and 1 and p between 0 and 1. Clearly

e= (l-r)/(l+r), eV»={l-p)l(l+p),

or taking logarithmic differentials we find

a /e= 2o-,./(l - f1) and -^=2^/(1-^).

Thus it follows that _p _

Now if 11 be positive r is always greater than p ; it follows accordingly that 1/p-p is greater than

;ries1/c-r, but if we have any given series we can choose the value of n so great that <j

?
\p is less than

<r,./r. For if u
0p//>

then v -.

" 1
3/n

As n becomes large, then the limit of

eV* _ 1

2«

'

2/(6

n 1 - e
2''1

and therefore Limit of » =

which can be made as small as we please.

Thus if we have any system of tetrachoric r
t
's, it is always possible to devise a new system of p's,

obtainable by the relations

e=(l-r)/(l+r) and p= (1 - e
1
/")/(l +«V")>

which have a jp less than cr ,.//•. Thus, if we generalise Mr Yule, 0 = (1 - K
1'm

)/(1 + K
1 ' ,t

) satisfies all his

conditions of a coefficient of association, but we can always select n so that ff^/fi shall be less than

o-qIQ or where Q and u> are Mr Yule's coefficients. Similarly we can deduce from the tetra-

choric r
t
a definite function of it p, which has a ratio o^/p less than trjr. and yet satisfies all the

so-called conditions of association. But for Mr Yule, and many others, the ratio of a quantity to

its probable error is a measure of its significance. Hence by a proper choice of n we can always

«
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It will be seen that the values we have obtained are not wholly in agreement

even to the second place of figures with the values obtained by Mr Yule, who has

selected only 8 out of the 15 diagonal cases. Diagrams XVI and XVII show that

Diagram XVI. Correlation of Barometer at Laudale and Southampton. Actual values

of tetrachoiic r
t

.

Height at which division was taken.

Diagram XVII. Mr Yule's representation of tetrachoric r
t

.

29-15 29 25 29 45 29-65 29-95 30-25 30-45 30-55

Height at which division ivas taken.

deduce from one of Mr Yule's type of coefficients a second which has greater or less or no significance

as the case may be. Further :

1 1-P2

P n 1 _ ri
i "

1 eV« (l + e)2
where u = ~ ——.

, but as n increases this tends to take the limit

:

»(l + eV»)2 e

1 (1 + k)*

n 4/c
'

or can be made less than unity. In other words, given )• or Q, we can always choose a new quantity p

or O, which has a smaller absolute probable error. If colligation for a given series has a smaller

probable error than Q or a smaller one than r
t

, it is always possible to choose new functions p or fi,

which are absolutely determined by r
t
or by Q and w, which have still smaller probable errors, and

yet are true Yulean coefficients of association, ranging between 0 and 1 ! The fact is that the term

"probable error" has no meaning for these coefficients until Mr Yule has discussed the nature of their

frequency distribution, which is certainly not Gaussian. In the text we have compared r
t
and Q with

their probable errors because it probably gives some rough estimate of their relative stability, and it is

the test Mr Yule has himself chosen.
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Mr Yule's selection has been singularly favourable to his unjustified assumption

that the points lie along a straight line
;
actually the points are extremely steady

between 29"85 and 30"3o, and tail off to the terminals, where the percentages in the

smallest quadrant are much smaller. However, apart from the question of linearity

of the distribution of r, there is little doubt that the values are in defect for low

divisions and in excess for high divisions. The question therefore is, are these

defects and excesses such as to invalidate the use of the method of tetrachoric

functions applied even to variates as skew as the barometer data ? The only method

of answering this question appears to us to consider the relation of the values found

to their probable errors, and again the amount of stress which is likely in practice to

be laid on the result deduced from a single fourfold table. We believe that practi-

cally it is not necessary for the type of reasoning based on a fourfold table that the

correlation found should be nearer than +'05. In the present case three coefficients

exceed these limits, but if we proceed solely to two figures the first and last only

lie outside these limits. Diagram XVI shows this result by the lines AA' and

BE . The hatched part of the diagram corresponds to the region on either side

the product-moment value of 2'5 times the probable error. Actually some 10%
of the observations should lie outside these limits, i.e. 1^ observations instead

of 3. But even these three have almost contact with the hatched area. It seems

to us that in this very case of barometer data, which Mr Yule has chosen for

its marked skewness to discredit tetrachoric r
t , the coefficient defeats Mr Yule

completely

!

Now let us compare the results with Mr Yule's own coefficient of association.

The difficulty in the comparison lies with the standard value of Q against which

the other Q's are to be compared. Had Mr Yule studied the surface of constant Q
—what we may term the association-surface—(see p. 184 above), then the Q corre-

sponding to the best fitting association surface would have formed a standard Q.

But we have at present no means of finding this standard Q, and Mr Yule tells us

that he himself lays no stress on the diversity of values obtained for Q with different

divisions. However, Mr Yule has himself taken the mean Q as a standard when

he comes in a special case to deal with the relative stability of tetrachoric r
t
and

association Q. Accordingly we follow him in taking a mean Q. But he has gone

astray in simply taking the arithmetical average of his Q's or r
t
's without regard

to their probable errors. The proper means to take are weighted means, and the

proper standard deviations are weighted standard deviations. Each value must

be weighted with the inverse square of its probable error as the measure of its

grade of accuracy. With this weighting we find :

Barometric Heights.

Weighted Mean Weighted
Standard Deviation

Tetrachoric /-
(

Association Q
•788G
•9194

•024.3

034<;
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It will be seen that the mean weighted tetrachoric r
t
differs only by -0086 from

the true product-moment value (
-7800). Further the variability of the association

coefficient marks an increase of 42'4°/
0
on the variability of the tetrachoric rt

*
;

there can be no doubt that in this first of Mr Yule's selected markedly skew cases

the tetrachoric coefficient is far more stable than the association coefficient.

Another method of approaching the problem will also illustrate this point. Let

us express the deviations from the means in the case of both coefficients in terms

Diagram XVIII. Comparison of r
t
and Q for Correlation of Barometric Heights,

nine cases, r
t
only one case outside 2-5 times the probable error.

Barometer Heights. Southampton and Laudale.

Q ha

0 1 2 3 4. 5 6

Percentage in smallest quadrant.

of their probable errors, and then average these deviations : the mean value of

(Q - mean Q)/(probable error of Q) = S'S5, the mean value of (r
(
- mean r

t )j

(probable error of r
t) = I."63. Clearly Q is 100

°/0
worse than rt . This is indicated

on the accompanying Diagram XVIII, where the values of Q and r
t
are plotted to

the percentage frequency of the smallest quadrant of the table, a matter which

* As both Q and r
t
have the same possible range of variation - 1 to + 1, in such a case the standard-

deviation and not the coefficient of variation properly measures the variability.

Biometrika ix Si
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we have found a safe guide to determine how far we introduce risk in using

tetrachoric rt . It will be seen that the unsatisfactory values of rt
occur when this

smallest quadran tal frequency is less than 2"5°/
0

. On the side of Q or rt) towards

their mean, a line is drawn equal to 2"5 times the probable error ; in all but one

case of r t
this reaches the mean ; in nine cases of Q it does not, and the deviations

in six of these cases are excessive. There can, we think, be no doubt that tetra-

choric rt is iu this first of Mr Yule's selected cases far more stable than his

coefficient of association.

(B) Skew Table of Number of Mendelian Couplets in Father and Son

(see Table XVI on our p. 222).

Tlie following table gives tetrachoric rt and Q with their probable errors for

a second series selected by Mr Yule.

Vertical division taken between

0—1 1—2 2—3 3-4

0—1 r
(
=-39 + -OI7

§=-49±'018
rt
=-37 + -017

§=•51 ±-023
»-

t
=-35 + '030

§=•63 ±"048
r< =-33 + -086

§=•75 ±-153

1—2 r
J
= -37 + -OT7

$=•51 ±-023
r
t
=-40 + -017

§= •52 ±-019
r,= -39+-025

§= 61 ±-029
r

(
= -37 + -066

§=•72 ±-087

2—3 r4=-35 + -030

§=•63 ±-048
n =-39+-025
§= •61 ±-029

^=•41 + -033

§='69 ±-034
rt
= -40+ -073

§=-79± -068

3-4 r
(
=-33 + -086

§=•75 ±-153
r
t
= -37 + '066

§=72 ±-087
r

t
=-40+-073

§='79 ±-068
rj=-43 + -122

§ = •90 ±-072

It is interesting to note the high values reached by the probable errors of

tetrachoric r, for the small quadrant frequency divisions. Both systems of

probable* errors are based on the assumption that the total frequency is 4096.

The following results were obtained :

Weighted Mean
Weighted

Standard Deviation

Tetrachoric r
t

Association §
•3809

•5627

•0176

0840

Of course this table of discrete couplets is not one to which we should think

of applying tetrachoric ?>, but Mr Yule has applied it
;
however, the weighted

* In using probable errors at all here for a basis of comparison, we assume that the table may be

considered to have arisen from actual observations.
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mean of such method when applied is only '048 in error, the contingency method

giving -3288 and the true value being -3333. We see that, judged by weighted

standard deviations, the relative variabilities are as 176 to 840, or the stability of

the tetrachoric r, is 4-8 times as great as that of Mr Yule's coefficient.

Diagrams XIX and XX. No Q differs by less than its probable error from the weighted mean,

only one r
t

differs by more than its probable error.

•7-

5

4

! !
<*>

" ft

66 00
Weighted mean Q

99

Weighted mean r
t

**

34 56 789 10 11

Percentage of total in smallest quadrant.

12 13 14 15 16

We can look at this from the standpoint of the diagrammatic representation

of the probable error (see Diagrams XIX and XX). In the lower figure we have

the 16 points given by tetrachoric r
t ;

only a single one (shown by the individual

linked with the non-black circle) is at a distance more than once the probable

error from the weighted mean. In the upper figure not a single case occurs in

which Q differs by so little as its probable error from the weighted mean value.

34—2
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There is indeed no comparison between the stability of tetrachoric r
t
and Q in

an illustration which Mr Yule himself has selected to indicate the badness of

tetrachoric r
t

! Mr Yule's coefficient of association, we are told by the statisticians

of the Royal Statistical Society, will be used for Mendelian problems as soon as

the Mendelians know a little algebra, but here in the very case of Mendelian

data we find, as a mere coefficient of association, the r
t
of the despised Gaussian

theory is immensely superior to the Yulean coefficient*. Judged algebraically

:

Average value of (Q — mean Q)/(probable error of Q) = 2"34,

Average value of (r
t
— mean r,)/(probable error of r

t ) = "57,

or Q is four times as unstable as tetrachoric r,.

(C) Severity of Small-Pox and Strength of Vaccination Immunity.

Sixteen cases can be worked out for tetrachoric rt and Q for this material, and

there is a great variation in both rt and Qf.

Haemorrhagie
and Confluent

Confluent
and Abundant

Abundant
and Sparse

Sparse and
Very Sparse

At 10 rt=1±1
§=1± '0000

rt= -3602 ±-0911
§=•7892 ±-1296

r
t
= -2857 ±-0614

§=•5415+ -1036

r
t
= -2226+ -0626

§= -4319 ± -1036

Atm rt
= -2905+ -0598

§=•5711 ±-1079
r

t
= -3694+ -0281

§= "5411 ± -0413
r

t
= -3484+ -0249

§=4469 ±-0303
rt
= -2500+ -0293

§=-3444± -0369

At 45 r
(
= -2187+ -0556

§= -4111 ± -0890

r,= -4169+ "0309

§= -5714 ± -0326
rt= -3961 ± -0275

§=5474+ -0351

r
t
= -2578+ -0332

§=•4143 ±-0569

Between Jf5 and
Unvaccinated

r
t
= -0426+ -0770

§=-1009± -1772

r
t
= -5121+ -0363

§=•7220 ±-0322
^=6022 + -0287

§=-8599± -0308
r

t
= -5381 + -0349

§=8862 ±-0524

In the form in which Table XXII is given on our p. 254, all values of Q and rt

are negative.

This table gives us the following results

:

Weighted Mean
Weighted

Standard Deviation

Tetrachoric rt

Association §
•3827

•5902

•1211

1737

* It is needless to say we should never have thought of applying either of these coefficients to

theoretical Mendelian data ; we hold that the correct method was the method applied to this very

case by one of us ab initio, namely that of product-moment r.

f There can be little doubt that the extreme variations are due to 9 out of the 16 divisions giving

a quadrant of minimum frequency with less than l°/0 of frequency in it.
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In forming these weighted means we have left out the value of Q = 1 + "0000

and of r
t
= ? ± ?*. In the first place had we included this value of Q, its weight

would have been infinite, and whatever the value of r
t
and its probable error may

be, it follows that Q must be more unstable than r
t . We have got rid of this

auomalous Q, although Mr Yule's theory gives it infinite weight, and dealt only

with the remaining 15 cases; but to do this is like considering the assets of a

bankrupt, after we have disregarded the claims of his principal creditor. The

above table, however, shows that Q is, notwithstanding this disregard, much worse

than rt ; in fact 43 ,4°/
0
must be added to the variability of r

t to reach that of Q.

If we measure the deviations from the weighted means in terms of the probable

errors as before we find for tetrachoric rt : the mean =2*71 and for association

Q : = 3'31. Thus again, although since Q = 1 is excluded, we find to a lesser

extent tetrachoric r
t
more stable than Q.

(D) Lengths of Ivy Leaves.

Mr Yule directly selected the lengths of growing ivy leaves as an especially

skew distribution upon which to test tetrachoric rt , and this in a case where the

table had been deduced for homotyposis, i.e. with all the local lumpiness which

arises from that method of treatment. If we take the 4 x 4-fold of our Table XVII
on p. 222, nine values of Q and tetrachoric r t

are available. They are :

1—2 2—3 3—4

1—2 r
t
= -6998+ -0046

§=•8531 ±-0027
r

t
= -6406+ -0039

§=•8655 ±-0040
r
t
= -5572 ± -0058

§-=•9167 ±"0085

2—3 ^=•6406+ -0039

(^=8655+ -0040

»-,= -5731 + -0033

§=•6768 ±-0033
rt
= -5218+ -0046

§=•7570 ±-0048

3-4 r
t
= -5572+ -0058

§=•9167 ±"0085
r

t
= -5218+ -0046

§=•7570 ±-0048
^=•5548+ -0052

§=•7508+ -0045

We have the following results

:

Weighted Mean
Weighted

Standard Deviation

Tetrachoric r
t

Association §
•5920

•8024

•0570

0757

* On the difficulty, in fact idleness, of attempting to determine r
t
from tables with zero frequency in

one quadrant : see Appendix I. That quadrant as we there show might have -5 in it, or, indeed,

the material from which it is drawn unity. In the former case 20 terms in the ?'requation will not

suffice to determine the value of r
t

. In the latter case r
t
might swing over from - 1 to a small positive

quantity. In fact the process of finding tetrachoric r
t
in such cases warns its user that it is indeter-

minable. Users of Q will assert that the relationship is perfect with a zero probable error !
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Therefore Q exhibits an increase of about 33°/
0
'on the variability of tetrachoric r

t .

If we take the probable error test

.
, .r( - weighted mean rt

_ , _

.

Average value of :—n = lr.oo,
° probable error

a i f Q — weighted mean Q , „ - _
Average value ot — = lo\L9.

° probable error

Thus Q represents an increase of 40°/
o
on the variability of r

t .

(E) Correlation of Hair and Eye Colours. Livi's Dataf.

The table is

:

Eye-Colour.

53
O
oO

Blue Grey Brown Black Totals

Blond 9083 8187 7031 217 24518
Red 343 518 819 37 1717
Brown 17829 39467 117522 4945 179763
Black 3627 13433 54883 20919 92862

Totals . .

.

30882 61605 180255 26118 298860

This table gives the following nine comparative results

;

Blue-Grey Grey-Brown Brown-Black

Blond-Red r
t
= -5307+ -0026

§=•7442 ±-0023
r
t
= -5074+ -0023*

§=•7129 ± 0023
rj=-4392+ -0054*

Q= -8422 ± -0067

Red-Brown r
t
= -5239+ -0030

Q= -7356 ± -0023

/(= -5255+ -0023*

V=-7263± -0023
r

t
= -4332+ -0048*

§=•8294 ±-0067

Brown-Black ... r
t
= -3601 + -0025

§=5791 ±-0041
r

t
= -3240+ -0020

Q= -4393 ± -0026
rt
= -6449+ -0020

§= '8365 ± -0016

Now it is of interest to compare the values of r, found by fourfold tables with

those obtained by other methods. Mr Yule has nothing but the method of

pseudo-ranks to apply to the table in its detailed form. This gives a Yulean

•3680; the value found by corrected mean square contingency is '5189; the

weighted mean of the nine tetraclioric rt values is '4842, much nearer to the

contingency value. Indeed the Yulean, if corrected for ranks becomes '3953, and if

corrected for class-index correlations becomes "5051, i.e. differs quite insignificantly

f Antropometria militare, Part I. p. 62.

* Mr Yule's values do not agree to the second decimal place with ours in these cases.
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from the contingency -5189*. It is thus easy to see why Mr Yule gets such

an absurdly low value. If it be said that two out of the nine values of tetra-

choric rt
are lower than the Yulean, the reply is a simple one : They are not

divisions which would be made with our present knowledge of hair and eye

pigmentation. There is no such thing as a " black" eye, at best it is only a dark

shade of brown, and the division between brown and black is largely a matter of

personal equation. Again the relative amount of pigmentation in a true grey eye

may be as small as in many so-called blue eyes. The natural physiological division

is between the blue-grey and the brown-black groups, although, if Livi put his

hazels and greys with some pigment partly into blues and partly into browns, a

division between blue and grey might give as good results. Passing now to the

hair-colour, we believe the distinction between brown and black to be again a

matter of personal equation, the shades of brown range up to black. Again red

is a tint which may contain less pigment granules than the blond f, but in some

varieties it has more granules than many browns. Hence the difficulty of such

a division as that betwixt brown and red. The real division would come between

blond and brown with reds omitted or better still microscopically tested and

placed in their appropriate division. Anyhow the divisions corresponding to the

four left-hand top quadrants of the last table seem to us the most satisfactory, and

they all agree in giving the correlation of hair and eye colours = circa "52, a result

in excellent accord with the mean square contingency.

Pearson's data for British school children give by corrected contingency "52,

and the following table shows that the values for all nations must be in excess of

that determined by Mr Yule's method

:

Correlation of Hair and Eye Colours by corrected

Contingency.

Italian Recruits -519

British School Children ... ... ... ... -524

Baden Recruits ... ... -484

German Jewish Children -444

Prussian School Children -401

Swedish Recruits -414

Italians by Yule's Method of Pseudo-Ranks ... -368

* Assuming normal correlation, the correction for ranks is r= 2sin(30°x •3680) = -39o3. For bail-

groups the class-index correlation is
-8686 and for eyes -9010, and variate correlation

= -3953/(-8686x '9010) = -5051.

Of course these are only rough approximations, for Mr Yule's theory of unit subranges precludes our

using the corrections actually given. But any corrections will be roughly of this order.

t Some reds lack all granular pigmentation ; there are blonds which also do this, but tbey are very

few in number. Both reds and blonds without melanin pigment granules are truly albinotic hairs,

whether accompanied or not by albinotic eyes.
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Returning to the relative values of tetrachoric rt and association Q we find:

Weighted Mean
Weighted

Standard Deviation

Tetrachoric rt

Association Q
•4894

•7258

•1102

1161

The variation is high for both coefficients, but even here tetrachoric r
t
is better

than Q, you must raise the variability of r, 5
-

-i°/ o to reach the variability of Q.

But the worth of the two coefficients is wholly unequal. If we are told the

correlation of hair and eye colours is about "50, a whole series of ideas is associated

with this number ; a very little additional information gives the relative standard

deviations of the two variates—accurately enough for practice—and we picture to

ourselves the regression lines and the associated changes in pigmentation of hair

and eye classes. But what does an association coefficient of "73 for special dicho-

tomies tell us ? We venture to assert that it conveys no information whatever

to the investigator's mind, and is absolutely incomparable with other association

coefficients of the same table, because each for the same system depends on the

values of the variates at which the divisions are made, and because it has not the

least relation with any physical properties of the distribution. If Mr Yule replies

to these criticisms, that tetrachoric r
t

is also unstable, if not to the same extent,

and that a function of Q does provide (if the table be doctored) a certain difference

of percentages, we answer that tetrachoric r
t

is far from so unstable for the distri-

butions of ordinary practice as he has endeavoured to make it out by selecting

:

(i) pigmentation data, which as long ago as 1901 were recognised as irregular, and

(ii) markedly skew frequencies*. The instability is man}' times compensated by

the definite physical significance of the coefficient.

Further the percentages which Mr Yule's deduced coefficient of colligation

represents are wholly artificial and incapable of any rational interpretation. If we

were to equalise the number of vaccinated and unvaccinated in any locality, how

could we equalise the number of deaths and the number of recoveries, and what

intelligible meaning can be given to the percentages when it has been done ?

How can we possibly give any interpretation to the result reached by a disciple

of Mr Yule that the " index de correlation "—i.e. Mr Yule's Q—between the

stature of recruits and rent in the 20 districts of the city of Paris is " perfect " ?

Average stature of recruits for different districts forms a continuous variate system,

so does average rent, and the two properly correlated would show the nature of

the regression line, but this disciple of Mr Yule's, in order to save a little absolutely

* Mr Yule (loc. cit. p. 624) speaks of the selection he has made as "exhibiting moderately skew

distributions." Unless he means that they are not U- or J-shaped curves, we consider this an entire

misnomer.
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needful arithmetic, tells us that the index of correlation between stature and rent

is perfect* !

(F) Eye-Colour Data of Pearson.

We now come to the eye-colour data. These are the only cases we have so

far worked out in which the variability of Q is at all comparable with that of

tetrachoric rt , and the reason is not very far to seek. We have already pointed

out that the true difficulty in these eye-colour tables appears to lie in lumps

of excess frequency in or near the corner cells of the quadrants of less frequency

and that thus the material is heterogeneous in character. We think it quite

probable that this is due to the inclusion of really senile fathers on the one hand

and of infant sons on the other, or of pairs of brothers or sisters one of whom is

an infant. In this manner eye tints which are originally, or will become, mediocre

in colour may be classified as very light. The record which Sir Francis Galton

provided gave no ages ; the original data are now in the possession of the Galton

Laboratory and it is proposed to reconsider both these and the Huxley Lecture

data for eye-colour f, paying attention to change of eye-colour with age. This

investigation will necessarily take a considerable time and it might be wiser

to await its conclusion before entering further on this topic. But we should no

doubt be told that we were omitting just those cases that appeared favourable

to Mr Yule's association coefficient, and accordingly we have included the eye-

colour data here. The table on p. 274 gives the Brother-Brother coefficients for

16 divisions.

Now this is a symmetrical table and Mr Yule reckons the diagonal coefficients

once, and the repeated coefficients twice, but we are doubtful of the accuracy of

this process. Such a symmetrical table leads to exactly the same results from

symmetrically placed divisions, and it is not clear why double weight should be

given to such a division as 2-—3 and 6—7 because as the table is written out

it occurs twice. It seems to us that the diagonal values and all on one side of

them are the only independent coefficients ; we have lost the independence of the

coefficients in the cells symmetrically situated with regard to the diagonal by

the very process of adding the tables for First Brother in terms of Second Brother

* A. Niceforo, "Contribution a l'etude des correlations entre le bien-etre economique et quelques

faites de la vie demographique," Journal de la Societe de Statistique de Paris, 52 Ann^e (1911),

pp. 322—341. Professor Niceforo studies "correlations" by aid of the coefficient of association,

which he applies to the following continuous variates : stature, rent, probable income, numbers of

illiterates, of insanitary dwellings, of paupers, of pauper funerals, of workers, size of families, numbers

of cubic feet of air space, of inhabitants to the acre, special death-rates from all sorts of diseases,

general death-rates and birth-rates etc., etc. We believe that the whole of this work must be redone.

Even if a rough estimate had been required, Mr Yule's coefficient should not have been used, but the

division made at the median values and Sheppard's formula for tetrachoric r
t
adopted. There is not

even the excuse of apparent discreteness in any of Professor Niceforo's attributes.

t Pairs of siblings in the same school are much more nearly of an age than any pair between the

ages of 5 and 15 taken from the population of school children. While the head-measurements were

corrected for age, the hair and eye colours were not, and probably the changes are more important than

we believed at that date.

Biometrika ix 35
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First Brother.

3—4 4—5 6—7

2 g / £ • >\J<J'.' I V.' 1 t —

V= -6214 ±-0170
t.— -3761 + "0184

Q= -4920 ±-0230
,. .94.28+ -0919

$= -3434 ± -0304 $=3653 ±-0383

3—4 = -3761 + -0184

$=-4920± -0230
rt= -5185+ -0160

$=•6229 ±-0165
r

(
= -3524+ -0196

$=-4603± -0232
r,= -2777 + -0230

$=•3963+ -0301

4—5 r,= -2428+ -0212

$=•3434 ±"0304
r

t
= -3524 ± -0196

$=•4603+ -0232

?•(= -3677+ -0209

$=•5089 ±-0231
r

(

= -2978+ -0246

$=4306 ±-0301

6—7 /•<= -2373+ -0240

§=•3653 ±-0383
rt
= -2777 ±'0230

$ = -3963 ± -0301
rt= -2978+ -0246

$ = -4306 ± "0301

r
(

= -3128+ -0276

$= -4705 ± -0326

0>—
o
S-i

pq

S3
O
o
a;

02

and Second Brother in terms of First, and the repetition of the same numbers in

a second cell does not give those numbers double weight. Had we worked our

tables for Elder Brother and Younger Brother, each cell would have had

independent weight, but adding them reversed we have lost one-half of the

non-diagonal independent frequencies, and we must not still retain the same

number of independent weights. Relative to Mr Yule's method of procedure, this,

in our opinion, true method of weighting emphasises in symmetrical tables the

diagonal columns and would correspondingly better tetrachoric rt as against Q.

But we have not used what we consider the true weighting, because it might be

said that it had been adopted with a view to bettering our position. Arranging as

before we have the following results for the 16 coefficients :

Weighted Mean

Tetrachoric r
t

•3474

Association $ •5083

Weighted
Standard Deviation

0931
•0952

Thus the positions of r
t
and Q are just reversed by proper weighting*. The

coefficient of variation has no meaning, we hold, in the case of mere numerics like

r
t
and Q, both of which may range from - 1 to + 1 in the general case. Indeed

the case is more complex than can be accurately determined even by weighted

standard deviations. For Q, although nominally ranging between + 1, is for any

given case numerically greater than the corresponding tetrachoric r
t , and thus

their variabilities if not functionally related are related by limitations. For

reasons already given we see no advantage in considering the probable error of

* Mr Yule (loc. cit. p. 634) gives them as -084 and -081. If we take into account all the reasonably

possible divisions 36 in number, i.e. 1-2, 2-3, 3-4, 4-5, 6-7, 7-8, the standard deviations are respectively

<r,.= "121 and <tq= '130, while the ranges, on which Mr Yule appears to lay stress, take for r
t
the value :

•59 and for Q : the value -92 !
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colligation &> (it is quite easy to deduce another " coefficient of association " from

Q, which will have a still less probable error than co, or one from tetrachoric r
t

having a less value than both : see p. 262 ftn.). Further we do not consider that the

product-moment method (i.e.
<f>

which Mr Yule erroneously terms the correlation

coefficient) has any application to these eye-colour data ; it is purely idle to deal

with the difference between a 'light brown' and 'dark brown' eye as a discrete

' unit/

We next turn to the Father and Son Eye-Colour data. The table for

16 divisions is:

For Father.

6—7

^=•316 ±'041
§=•487+ -064

rt
= -421 + -038

§=•579 ±-045

rt='bVl± -037

§=•684+ -035

rt
=-512+-039

§=•695 ±-037

In this case we find :

Weighted Mean
Weighted

Standard Deviation

Tetrachoric r
t

Association §

•443

•605

•086

•086

If we thought range was a measure of variation we should have

:

Range of tetrachoric rt
= "31.

Range of association Q = '34

It is clear that for these eye-colour tables Q is almost as stable as tetra-

choric r
t

. Indeed judged by the probable error test Q is slightly better than

tetrachoric rt , for we have

Mean value of
*

Brothers and Brothers Fathers and Sons

(r«-rt)/(p.e. of r
t ) ...

(§-§)/(p.e. of§) ...

3 5

32

2-2

1-9

35—2

2—3 3—4 4—5

2—3 r< =-504+-029
§=-616± -030

rt
= -405 ±-031

§=•528 ±-038
r

(
=-385+-035

§=•549 ±-050

3—4. r
t
= -391 + -031

§=•500 ±-038
,•,,= 550+ -027

§=•658 ±-027
rt
= -493 ± -032

§=•632 ±-034

4—5 rt
=-276+ -035

§=•381 ±-049
rt=-466+-031
§=•590 ±-034

r
(
=-575+ -032

§=•716+ -028

6-7 r
t
=-266± -040

§=•402 ±-062
^=•374+ -038

§=•519 ±'047
>-,= -457 ±-040
§=•622+ -040
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The weighted standard deviation test, which is probably a better one, shows

that r
t
is superior to Q for the Brothers table and equal to it for the Father and

Son table ; both are terribly bad and a slight change in the nature of the test

may make one or other apparently slightly superior. In this eye-colour material

in its present state we are quite clear that the tetrachoric method applied

to extremely skew divisions will not give consistent results. But this had been

stated years ago, in passages which Mr Yule refrains from quoting. We are

equally clear that Q gives no better results, while for the bulk of tables of

statistical practice, it certainly gives less stable results than rt .

(G) Age of Husband and Wife Data.

This is a case of extreme skewness* selected by Mr Yule to show how tetra-

choric r
t
varies. It is also a case of heterogeneity, for second marriages are mixed

up with first marriages. With his usual ingenuity Mr Yule has exhibited a curve

and a table, in which he has increased the number of the terminal values, where

tetrachoric rt gives too low values and has little weight, and shown few of the

central values where r
t

is relatively steady and has great weight. Further, he

tells us that

:

" From the standpoint of the calculator, however, the table presents the

disadvantage that the correlation is high, viz. '91, and the approximation to the

value of the normal coefficient correspondingly slow, eight to ten or twelve terms

of the equation being necessary to give a value fairly trustworthy in the second

place of decimals " (loc. cit. p. 624). Mr Yule may have got results " fairly trust-

worthy in the second place of decimals," but as either the odd or even series

of powers of rt
in the equation rarely becomes convergent till much beyond the

twelfth term—we have had in some cases to go to 18 or 20 terms—the confidence

Mr Yule put in his values was quite unjustified. The case is an interesting one

because the true correlation is very high, i.e. "9253 + '00004 f. Accordingly,

Mr Yule's association coefficient whatever division is taken is constrained to lie

between something like "952 and 1. It is therefore difficult to compare the range

of instability of Q with that of tetrachoric r
t

. We are bound to consider both

in relation to their possible ranges.

That the curve given for tetrachoric r
t
indicates no defect in rt relatively

to other coefficients, will be at once appreciated by comparing it with the curve

for Mr Yule's coefficient of colligation w ! That coefficient varies just as much, only

it is the other way round : see Diagram XXI, p. 278. As for the Boas-Yulean

coefficient </>, we could only assume from it, that there was, when the dichotomies

were at young or old ages, a low relation between the ages of Husband and Wife.

* The actual skewnesses are: for Husbands Sk. = -71 and for Wives Sk.= - 76. These are among

the highest values on record for skewness, and the surface is not " moderately skew " as Mr Yule

without publishing any numbers (loc. cit. p. 624) states it to be.

t The regression line is sensibly curved at the terminals, but this does not markedly influence r)

which uncorrected is -9142, as against r='9136 without Sheppard. With Sheppard r rises to -9253.

Mr Yule gives -91 for this correlation, which appears to us an uncorrected value.
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Yet according to Mr Yule cf>
is " applicable in its entirety to the 2 x 2-fold

table." Of course we may "apply" any method to any problem, but whether

we shall obtain anything of value from the application is another question,

and Pearson's original statement about Boas' coefficient that "it differs in the

simplest cases from the true coefficient of correlation, and often differs con-

siderably...and its use is liable to be misleading, especially if compared with

values of the true coefficient found by other processes*" was amply justified and is

well illustrated by this case. The tetrachoric r
t
values cluster round the true

value, the Boas-Yulean never reaches it. In the following table the values of

the tetrachoric rt , of the coefficient of association Q, of the coefficient of colligation

<B, and of the Boas-Yulean, Pearson's </>, are recorded with their probable errors for

all divisions at like ages, since these are the divisions selected by Mr Yule.

Ages of Husband and Wife. Values of the various Coefficients

proposed to measure Association.

Division

of age h Q 0

18 ? •9991 + •00018 •9587 + -0004 •0711 + •0097

19 % •9965 + •00020 •9197+ -0022 •1240 + •0042

20 •7755 + 0025 •9932 + •00016 •8895+ -0012 •2128 + •0024

25 •8813 + 0030 •9734 + •00010 •7919+ -0003 •5644 + •0005

30 •9302 + 0001 •9745 ± •00006 •7958+ -0002 •7137 + •0002

35 •9522 + 0001 •9795 + •00005 •8151 + -0002 •7735 + •0002

Ifi •9535 + •0001 •9821 + •00004 •8265 + -0002 •7948 + •0002

45 •9630 + •0001 •9846 + •00004 •8381 + -0002 •8003 + 0002
50 •9601 + •0001 9850 + •00004 •8401 + -0002 •7867 + •0002

55 •9570 + 0001 •9863 + •00004 •8468+ -0002 •7658 + •0002

60 •9471 + •0001 9864 + •00005 8471 + -0002 •7260 + •0003

65 •9350 + •0002 •9881 + •00005 •8565 + -0003 •6733 + •0005

70 •9159 + •0003 •9897 ± •00006 •8656 ± -0003 •5947 + •0007

75 •8917 + •0006 •9922 + •00006 8823 + -0005 •4932 + •0012

80 •8450 + •0020 •9946 + •00008 •9013+ -0007 •3512 + •0024

85 •8081 + •0024 •9975 + •00010 •9317+ -0013 •2046 + •0046

The first two divisions were not used because the work of calculating tetra-

choric tables to the large number of terms in r
t
required for getting results even

approximately correct is excessive when r
t
is large and the dichotomies extreme.

It will be seen that we very frequently differ by a unit in the second figure of

r
t
from Mr Yule's results and that our diagram (Diagram XXI) differs from his

for r
t
by being sensibly nearer to the true correlation. He has stopped his series

before it began to converge properly.

The following gives the percentage in the least quadrant at each age division

:

18 19 20 25- 30 35 40 45 50 55 60 65 70 75 80 85

•0003 •005 •031 •962 1-92 2-13 2-12 1-88 1-69 1-35 1-10 •734 •444 •216 •081 •009

* Science, Vol. xxx. p. 24.
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Diagram XXI. Diagram showing variations of various coefficients for fourfold tables with diagonal

dichotomies in the case of Ages at Marriage of Husband and Wife.

LO

•6

to -5

•4-

1-

-I r-

20 25 30 35 40 45 50 55 60 65 70 75 80 85

Age Division in Grouping.
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The reader may ask what are our actual grounds for neglecting the results

obtained from extreme divisions in the case of tetrachoric r
t
? The answer is that

it is not only experience of how slight skewness at extreme divisions produces large

changes in the value of r
t , but our knowledge that the weights of these outlying

divisions are in the case of r
t
(to a lesser extent in the case of <£) insignificant

as compared with the weights of the central divisions. No such grave differences

exist in the case of Q or (to a slightly lesser extent) in the case of to. The

following table gives the weights, treating the weights of the division at 20

as unity.

Division Q 0} 4>

20 l 1 1 1

25 69 2-7 12-5 24-5

30 370 6-1 27-4 97-9

35 772 10-9 36-2 171-9

Ifi 977 14-3 40-1 187-7

45 1276 16-7 44-7 153-1

50 977 15-8 40-1 145-6

55 625 15-0 31-4 97-1

60 319 11-9 25-2 55-4

65 142 10-0 18-5 22-6

70 54 7-7 12-5 10-6

75 16 5-9 6-9 3-8

80 1-5 3 7 3-0 1-1

85 1-1 2-5 0-9 0-3

It will be clear: first that it is idle to measure the variations of these quantities

from anything but a weighted mean, and secondly that no one would after seeing

such weights dream of determining tetrachoric r
t
from extreme divisions. If we

omit the first two and the last two values of r
t ,
noting their slight weight, then

the remaining values in no case differ by *04 from the true correlation and the

mean divergence is
-015 only. Mr Yule's Q must be steadier here than r

t , because

its range is limited by the nature of the case to about "05, while there is no limit

to the range of the latter.

(H) Association in a typical table of Ordinary Statistical Practice.

Thus far we have dealt with the relative stability of the coefficient of

association and tetrachoric r
t
on material especially selected by Mr Yule to

exhibit the variable character of tetrachoric r
t

. But in concluding this branch

of our discussion we should like to exhibit the relationship of the two coefficients

for such surfaces as occur in ordinary statistical practice. For this purpose we

will make no selection ourselves, but illustrate the matter on the correlation table

chosen by Mr Yule himself in his first memoir on Association*. We take the

table as it is given without any knowledge of its degree of approach to the

Gaussian or of the material with which it deals. Its coefficient of correlation by

the product-moment method = '677. Now we commenced by leaving out all the

* See Phil. Trans. Vol. 194 A, p. 277.
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border cases of the table which give Q = + 1 with infinite weight. Also the

cases adjacent to these where Q, depending upon very small frequency in one

quadrant, has a very high value, a low probable error, and accordingly a very

great weight. With the exception of this we took every alternate case in every

row and so obtained 41 coefficients ; the corresponding tetrachoric r
t
's were like-

wise calculated. The results are exhibited in the accompanying table, the

notation being that adopted by Mr Yule to mark the divisions.

There is practical certainty that any extension of the boundaries of this system

of divisions could only better the position of r
t
relative to Q. We obtained the

following results

:

Weighted Mean Q = -834. Weighted Mean r, = '672.

Weighted s.D. of Q = 0613. Weighted S.D. of r
t
= -0478.

We must therefore increase the variability of tetrachoric r, by 28 °/
Q

to reach

the variability of Q. This shows the real degree of difference in the stabilities

of r
t
and Q for the correlation-tables of ordinary practice. We note also that the

weighted mean of r, differs by only "005 from the true product-moment value,

'677, of the correlation.

Now let us approach the matter from the standpoint of probable error. We
have :

Mean (r
t
— r,)/probable error = 1'06.

Mean (Q - Q)/probable error = 172.

In the case of r, — r, we have 21 below their probable error in value and 20

above it, just what there should be. Only 5 exceed twice the probable error and

there should be 4. In other words the distribution of r, in terms of its probable

error might well have arisen from random sampling of Gaussian material. Now
turn to Q : in terms of the probable error Q shows an increase of upwards of

62 °/
0
on the value for r

t
. There are only 15 values of Q — Q below this probable

error, 26 in excess of it. There are 15 values instead of 4 in excess of twice

the probable error. There are five values in excess of three times their probable

error, compared with only two occurring in the case of r
t

. It is, we think, obvious

that the variations in the case of Q are far greater than those due to random

sampling*. Our Diagrams XXII and XXIII (pp. 282-3) indicate two points.

In the upper parts of these diagrams we have plotted r
t
and Q to the percentage of

frequency in the quadrant of least frequency. We see at once that if we avoid

quad ran tal frequencies under 1 °/
o
the value of tetrachoric r

t
is for practical purposes

equal to the true product-moment r. The reader will recognise the far greater

scatter of Q. In the lower figures we have plotted r
t
and Q with relation to their

probable errors; the full dot denotes the observation, the open dot the end of a line

* The reader must remember that there is no reason to assert that the errors must be of the order of

random sampling; there is only one table, not many random samplings from a much larger mass, and

we take different divisions. But we assert that if the errors be of that order, then the method is as good

as the data warrant our using.

Biometrika ix 30
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equal to twice the probable error ; where this open dot is seen, there twice the

probable error fails to reach the true value of r, or the mean value of Q as the

case may be. The failures of Q are seen to be three times as many as those of r
t

.

Diagram XXII. Values of association Q for a typical table of ordinary statistical practice.

10

1-0

* »: •

6 J 1

1 0

10 2-0 3-0 4 0 50 60 70

Percentage of total in smallest quadrant.

8 0 9 0

We may conclude justifiably that even as a coefficient of association r
t
is much

more stable than Q for the usual type of distribution ; and we have already seen

that this is so even for many marked cases of skewness. It is always an approxi-

mation and often a very good approximation to the true correlation. On the

other hand Q conveys no idea to the mind at all, except in as far as it is an

approximation, usually very bad, to the same correlation.
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(14) General Protest against the Use of Mr Yule's Coefficient of Association.

It may be said that a vigorous protest against Mr Yule's coefficients is

unnecessary. We believe on the contrary that, if not made now and made

strongly, there will be a great set-back to both modern statistical theory and

Diagram XXIII. Values of r
t

for a typical table of ordinary statistical practice.

10

10 20 30 40 5-0 60 70

Percentage of total in smallest quadrant.

80 9 0

modern statistical practice. The publication of Mr Yule's text-book has resusci-

tated the use of his coefficient of association ; it is now being used in all sorts of

quarters for all sorts of unsuitable data. The publication of Mr Yule's recent

paper on Association will also lead to the use of his method of pseudo-ranks. The

36—2
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coefficients of association and colligation are in our opinion wholly fallacious, they

represent no true properties of the actual distributions, and they have no adequate

physical interpretation. The coefficient obtained by the method of pseudo-ranks

is equally fallacious, unless the variables proceed by and have been grouped by

discrete units. But both Mr Yule's methods are so easy of application, that those

who will not devote the small amount of time and energy requisite to the dis-

cussion of data by more adequate processes at once adopt them without further

consideration. Thus Mr Yule's coefficient of association is passing into French

statistical literature as Vindice de correlation, a term originally introduced by

Galton for the coefficient of correlation and now transferred to the different and we

hold fallacious Yulean measure of association. Professor Niceforo writes *
:
" Mais

pour nos etudes sur la correlation entre les differents phenomenes economiques,

demographiques et autres, dans les quartiers et les arrondissements des grandes

villes, oil nos trouvions en presence de series formees par un nombre plutot re-

straint d'elements (SO, 25, 20) nous avons prefere nous servir de la methode Yule,

plus rapide et donnant, quoique moins precise que la methode precedente, des

resultats ties satisfaisants." The preceding method is the method of the product-

moment which Professor Niceforo discards for Mr Yule's association coefficient,

using it solely—and apparently with Mr Yule's approval (see loo. cit. p. 324)

—

for absolutely continuous variates, where the coefficient of correlation could be at

once found and a graph easily drawn of the regression line. Professor Niceforo

speaks everywhere in his paper of the correlation being this or that, and entitles

his paper " Contribution a l'etude des correlations entre le bien-etre economique

et quelques faits de la vie demographique." What his or Mr Yule's test of

"resultats tres satisfaisants" may be we do not know, but we consider that the

whole of Professor Niceforo's work will have to be repeated before anything

can be learnt from his data.

We have worked out two illustrative cases from Professor Niceforo's material

to indicate what we consider the extreme danger of Mr Yule's methods. In the

first case, that of the average stature of conscripts and the average rent in the 20

arrondissements of Paris, the answer Professor Niceforo gives is Q = 1 + -

0. The

correlation we are told is perfect. In the second case, that of the correlation

between the mortality and natality of the same arrondissements, we are told that

the " correlation... est tres forte." Professor Niceforo gives it as :

Indice de correlation R = 0"977 + '032,450 (sic !).

We had failed to give any real interpretation to either of these results, and we

turned to the original data. These we found hard to discover, because Professor

Niceforo does not refer at each stage to the exact source of his original material.

Manouvier gives the mean stature of the 20 arrondissements in 18S0 and 1881 f.

These appear to be what is given as Statura media in Professor Niceforo's book

* Journal de la Societe de Statistique de Paris, 52 Annee, pp. 322—341 ; see p. 324 and elsewhere,

t Bulletins de la Societe d'Anthropologic de Paris, Annee 1888, p. 161.
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Forza e Ricchezza, Turin, 1906, p. 15. For the rents we have not been able to

verify Professor Niceforo's returns, or to discover whether they are for approxi-

mately the same years as the statures. In the Annuaire Statistique de la Ville cle

Paris, 1901, no similar details as to rent appear to be given, and Professor Niceforo

gives no reference to the year for his rent data. Taking, however, the data given

in his book we find :

Mean Stature =1645-75. Mean Rent* =210-8.

Standard Deviation = 6"212. Standard Deviation = 161 '43.

Correlation of Stature and Rent = "7825 + "0591.

Regression line of Stature 8 on Rent is!:

S= 1639-4 + 03011 R.

This is represented on Diagram XXIV and we see at once that we have a quite

intelligible relation between average rent in the arrondissement and average

stature of conscripts. The correlation is high, but far from " perfect," and is subject

Diagram XXIV. Association of Stature and Rent in Parisian Arrondissements.

1630
] , ,

1
,

, , ,
,

50 100 150 200 250 300 350 400 450 500 550 600 650 700 750 800

Mean Rent in Parisian Arrondissement.

to a large probable error, so that the true relation might be easily anything between

•66 and "90. If, however, we divide at the mean values and add up all the dots as

1 I 8
Professor Niceforo appears to have done, we have the fourfold table: —- —

—

giving association Q = 1 + -0. What is the value of this, what does it signify ?

We fail to extract the least idea of the real relationship—as represented by the

dots on the graph—from such a statement. Verbally it means simply that no

rent of over 210'8 is associated with a stature under 1645'75, but to assert that

* We are unable to say in wliat units or for what periods rent is measured.
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this signifies that " la correlation est parfaite " is totally misleading. Professor

Niceforo speaks of the correlation between stature of conscripts and the rent

of their arrondissements of origin ; he does not say that he is merely dealing with

the practically unimportant fact that no arrondissement with a mean rent over

211 has given a mean stature under 1646. But even to state this simple fact

would be more enlightening than to talk of the index of correlation equalling

unity.

The second case we took was that of the mortality and natality of the same

20 arrondissements. Again we had great difficulty in tracing the original source

of the information.

However in the Annuaire Statistique de la Ville de Paris, Annee 1904, we find,

p. 125, the natality per year based upon 1000 women of ages 15—49, and, on

p. 135, the annual mortality based on 1000 inhabitants for these arrondissements.

The natality is for the period 1886—1895, the mortality is given for the periods

1886-—1890 and 1891— 1895 separately but not combined. As Professor Niceforo

does not give a reference to the years dealt with, nor the source of this Parisian

data, we have taken the simple mean of the mortality for the two periods and

correlated this with the natality for 1886—1895. The constants found are :

Mean Mortality =2173. Mean Natality =79065.

Standard Deviation = 4-9215. Standard Deviation = 23-7298.

Correlation = r = '9163 + "0242.

Regression Line of Natality A" on Mortality M

:

N= 44181 M- 16-94.

Diagram XXV indicates the position of the observations and their relation to

the regression line. It conveys as adequate a representation of the whole relation-

ship as it is possible to give on the data. But if we count up on the graph the

dots in the quadrants obtained by drawing the lines at the means we obtain the

fourfold division ^- |
leading again to Q = 1 + "0*. What information as to

the real nature of the correlation is given by such a result ?

If Professor Niceforo had desired to obtain a rapid approximate value to the

true correlation in these cases, he should have drawn his divisions at the medians,

not the means, and used Sheppard's formula

b r alb
r = cos 7r j tor -~—

a + b b
|
a

to find tetrachoric r
t

. In this case his results would have been the tables

8 12 . 9
|
1

T]~8~
and TJT

r, — -81 + -05, for rent and stature,

r, = "95 + '04, for natality and mortality.

* Professor Niceforo gives -977 probably from slightly different data.
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Both results correspond within the limits of the probable errors with the actual

correlations 78 and '92. These results are far more valid than the association

results, but of course have not the value of a graph showing the regression line.

Now here is a case of a man proposing to deal with a most interesting problem,

for which quite serviceable data exist, led at once from the track of sound treat-

ment by the application of this fallacious doctrine of association ! And this is far

from a solitary instance of the harm Mr Yule has done by the publication without

adequate warning or guidance to his readers of the section of his text-book

treating' of association.

Diagram XXV. Association of Natality and Mortality in Parisian Arrondissemeuts.
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Mortality of Arrondissement.

(15) Further Criticisms of Mr Yule's Methods of Controversy.

To certain minor points of Mr Yule's memoir reply will be made in the present

section.

(a) Partial Correlations formed from the Normal Coefficient (loc. cit. p. 027).

Mr Yule is deliberately confusing two different ideas, the correlation of A and B,

two continuous variables, for a constant value of a third variable C, with the

correlation of A and B for a given range of values summed under a certain class-

index or group of class-indices of the variable C. The former is the only sense in

which the term partial correlation has been hitherto used, and there is no reason

why Mr Yule should deliberately confuse this sense with a wholly different con-

ception, that of the correlation of A and B for a sub-universe of ft The whole
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theory of the correlation of sub-universes has been dealt with by Pearson* and the

formulae obtained in 1901 were known shortly afterwards to be perfectly general,

although the proof of this generality was only recently published j\

Let s x be the standard deviation of the sub-universe selected, o-j its standard

deviation before selection. Let the three characters be represented by the sub-

scripts 1, 2, 3 ; then if we write

Pvi = r12 Vl - s-f/af , p is = rri Vl - s-fja*
,

we have for the correlation within the sub-universe

ir23
= ^23 pnPis +

Vl -p 12
- Vlpn V 1 - pls

*

and ,7V ~
" ruVls

Vl — r12
2 Vl — rv3

2

for the partial correlation coefficient.

In the case of normal correlation to which Mr Yule is referring, Si is the

standard deviation of the truncated portion of a normaL curve. For his special

cases when that portion is one-half the frequency curve

and x= * / — o"i. Hence

2 /2

1*23

2
^23 ?']2?*]:S

7T

i
2 / 2

2
1 - - rj a/ 1 - - rn

2

7T V IT

But it is equally feasible to get almost in a line the value of ^ for any

truncated portion of the normal curve other than one-half, and tables for

determining the values of x^ 2 and the moments of the tail about the severance

ordinate at x, giving

*i
2 = OY (a/*a - xPa'),

were calculated by Dr Alice Lee and published in 1908§. These functions were

termed the incomplete normal moment functions. Had Mr Yule paid attention to

any of this work, he would hardly have published his special illustration and

remarked "At present I have not been able to carry the matter further" (loc. cit.

p. 628). The general formula had been given eleven years ago, and tables from

which it was quite easy to calculate special cases were published four years ago

!

* Phil. Trans. Vol. 200 A, pp. 1—G6.

t Biometrika, Vol. vm. p. 437.

t Phil. Trans, loc. cit. Eqn. (lvi), p. 23.

§ Biometrika, Vol. vi. p. 00.
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Pearson did not give a name to his coefficient fa above, but he carefully

distinguished it from the partial coefficient {rw and stated that the former

generalised form which did not select at a given value but round it was more

important for both natural and artificial selection (loc. cit. p. 31). Mr Yule has

apparently just awoke to the importance of fa, but that is no reason why he

should confuse it in the minds of his readers with or' lead his readers to believe

that we do not know the difference between the two. To avoid confusion of this

kind in future we shall henceforth speak of jra as a singular partial correlation and

as a plural partial correlation. For, the former expresses the relation between

A and B for a single value of C and the latter for a plurality or universe of values

of C. In actual practice there is little difficulty in determining ^ if there is

enough material, for all we have to do is to take the given universe out of C and

correlate the resulting A's and B's. On the other hand, when we speak of the

relation of health of child to health of mother for constant employment of mother

or constant habits of mother, we do not look upon the universe of employed

mothers as a whole or the universe of mothers with bad habits as a whole. We
are thinking of employment of mother as a graduated character and parental habit

also as a graduated character, and we properly use ^ to measure the relationship

of health in mother and child for a constant grade of employment or constant

grade of bad habit in the mother. In this case the use of fa has precisely the

same justification, if rls ,
r2S and r12 are found by tetrachoric tables, as if they had

been found by product-moments, provided the assumption of a Gaussian distribution

be reasonably justified for the material in question. There is no other source of

error in the use of ,rB as Mr Yule obscurely seems to indicate. It did not need

Mr Yule's numerical illustration (loc. cit. p. 629) to prove that fa for the two

sections of an unequally divided normal curve—'defectives' and ' undefectives

'

(sic !)— is in neither case equal to fa. The two coefficients have different values

and different significance whether the frequency be Gaussian or non-Gaussian.

(b) Mr Yide's Failure to distinguish between Criticism of Method and

Criticism of Conclusion.

We have seen in the course of this paper that Mr Yule's coefficient of

association automatically rises in all cases examined when our dichotomy is very

one-sided. This is very obvious even in skew distributions
;
compare Diagrams

XVIII, XIX, XXI and XXII where the rapid increase of Q for small per-

centages is obvious. Heron working on the Gaussian surface had demonstrated

that this was an absolute necessity which flowed from the theory and that there-

fore it must follow, even for surfaces only approximately Gaussian, that two or

more values of Q were quite incomparable if the dichotomic lines were at

different percentages of marginal frequencies. He argued that no valid proof

could therefore be based on the relative sizes of Q in a series of tables for which

Biometrika ix 37
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we knew nothing about the frequency and for which the dichotomic lines gave

marginal frequencies having any continuously ascending order.

Such invalid discussions as to the " apparent law that associations were on

the whole higher where populations were healthier or more defective " and on

the relation of change of association between two defects with age had actually

been attempted by Mr Yule*. Heron criticised, it will be seen, not the laws, if

they be laws, but Mr Yule's attempt to investigate them by " association." He
wrote"f" : "For precisely similar reasons his discussion of the change of association

with age must be dismissed as entirely fallacious. There may be, and probably is,

some decrease of association with advancing age, but the enunciation of such a

law on the basis of a number of coefficients of association is purely idle." Heron

then proceeded to show that the proportions of blind and of mentally deranged

both increased steadily from infancy to age, and this signifies that if the frequency

surfaces were of the same type and really had the same correlation at each age

the Q would steadily decrease with age. It will be seen that Heron's criticism

applied solely to Mr Yale's methods ; it was an unanswered and, we believe,

absolutely unanswerable criticism of the absurdity of trying to deduce laws from Q.

How does Mr Yule meet it? He writes j: "Dr Heron also objects to my con-

clusion that association decreases with age. His objection appears to be that the

product sum correlation does not decrease so markedly or regularly with age in

one of my cases that he examined...and that no evidence has been given that

the normal coefficient decreases."

The destructive criticism that Q for the Gaussian and for all surfaces of which

we have any practical experience increases the more one-sided is the dichotomy

—

and Mr Yule thinks nothing of '02°/
o
dichotomies—is not met at all. The criticism

was of the method of forming an inference, and not as to whether the inference

led to a law which could be otherwise substantiated. " There may be, and

probably is, some decrease of association with advancing age," wrote Heron, "but

the enunciation of such a law on the basis of a number of coefficients of association

is purely idle." The truth of the law or its falsity is of no great importance, but

that Mr Yule should reach it by a fallacious method is of fundamental importance.

Mr Yule seeks by the words "Dr Heron also objects to my conclusion that

association decreases with age"—an objection never raised—to confuse the really

destructive criticism, that Q, unlike tetrachoric r
t ,
having no intelligible correction

for the one-sidedness of its dichotomies is a function of the dichotomic percentages

and therefore two Q's based on different percentages are wholly incomparable.

* Phil. Tram. Vol. 194 A, pp. 309 et seq.

f Biometrika, Vol. vm. p. 119.

X Loc. ext. p. 037.
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(c) Fallacies involved in the use of Percentages. Coefficient of Colligation.

Mr Yule has endeavoured to give his Q a physical meaning by deducing from

it for the " equivalent symmetrical table " his coefficient of colligation u>. For

such a table

A Not-4

B Jad Jbc

Not-5... Jbc Jad

Totals ijad+ Jbc Jad+ Jbc

_ Jad — Jbc 1 [/percentage of A 's\ /percentage of not-vl's>

Jad+Jbc 100 (V which are B's ) V which are B's

We have given grave reasons for doubting the process by which Mr Yule deduces

this table from his original data. But this very method of percentages itself

is liable to gross misinterpretation, and illustrations of this occur throughout

Mr Yule's text-book*.

Given a fourfold table :

A Not-A

B a b a+b

Not-5 ... c d c+d

a + c b + d N

the percentage difference is q v
= 100

(

^=100

for the vertical treatment and
\a + c b + dj

.

, , for the horizontal treatment. Which is to be taken as a
\a + b c + dl

real measure of the relationship ? Mr Yule in his text-book uses either and
apparently has some personal scale of values. He gives no probable errors which
alone could give any soundness to his discussions. Actually we find

P.E. of q 0 =67-ll!J
ac bd

(a + cf (b + d)3 '

cd

(a + b)3
(c + dy

* Theory of Statistics, 1911.
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Now here are a few of Mr Yule's percentage coefficients

:

(1) Imbeciles and Deaf-mutes (Yule, loc. cit. pp. 33—34).

Imbecile Non-Imbecile Totals

Deaf-Mute
Non-Deaf-Mute ...

451

48,431
14,795

32,464,323

15,246

32,512,754

Totals 48,882 32,479,118 32,528,000

g„=0-877

?ft
= 2-809

(2) Datura (Yule, loc. cit. p. 37).

Violet White Totals

Prickly . .

.

Smooth ...

47
12

21

3

68
15

Totals ... 59 24 83

qv= - 7-840

qh= -10-882

(3) Houses in course of erection in Urban and Rural Districts (Yule, loc. cit.

p. 62).

Built Building Totals

Urban ... 4960 50 5010
Rural 1749 12 1761

Totals 6709 62 6771

^= 6-714

<7ft
=0-317

(4) Eye-colour in Father and Son (Yule, loc. cit. p. 34).

Father.

o
02

Light Not-Light Totals

Light 471 148 619
Not-Light ... 151 230 381

Totals 622 378 1000

y„= 36-570

yA= 36-457

(5) Developmental Defects and Dullness (Yule, loc. cit. p. 45, where the

numbers are reduced to 10,000).

With Defects Without Totals

Dull 888 1186 2074
Not-Dull ... 1420 22793 24213

Totals 2308 23979 26287

^= 33-528

qh= 36-951
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These instances will suffice, and now let us sum them in a table with their

probable errors.

Index
Number Values of q

Probable
Error

Mr Yule's Judgment on the Table

(i), q»

(-0, qh

(3), q„

(*), qo

(*), qn

(5), qu

(4) , qh

(4) , qo

(5) , qh

0-317

0-877
2-809
6-714
7-840

10-882
33-528
36-457
36-570
36-951

+ 0-163

+ 0-029

+ 0-093

+ 3-40

+ 5-77

+ 7-93

+ 0-68

+ 2-05

+ 2-05

+ 0-73

" Distinct positive Association "

" High degree of Association
"

" High degree of Association "

" Distinct positive Association "

" No Association "

" No Association
"

" Very high indeed "

" Shows the tendency to resemblance "

" Shows the tendency to resemblance "

" Very high indeed "

Now Mr Yule has used the method of percentages in a curious manner; some-

times he compares a/(a + c) with b/(b + d) but at other times with (a + b)jN;

sometimes he uses the percentages found both ways, sometimes only found one

way. He has throughout failed to give the probable errors of the differences

of the percentages, which might have influenced his judgment, but he leaves his

readers to believe that some inference as to the intensity of association can be

founded merely upon such relative percentage differences. He indeed tells us (loc.

cit. p. 651) to distinguish between the intensity of an association and the reliability

of that intensity, so that we must presume that in speaking of the grade of the

association, he does not form his judgment in relation to the probable error.

Now in this table we find percentage differences of 7*8 and 109 belong to

tables which in Mr Yule's judgment exhibit no association, but tables with

differences of 0'3 have "distinct positive association" and of 0'8 have "high degree

of association." One table with a difference of 36 merely shows the "tendency"

to association; another with the same percentage difference has association "very

high indeed." For any given table there are six ways in which the difference of

percentages can be enumerated, namely

a + c b + d'

a

a + c

a + b

a + c

a+b c+d a + b N

b+d

c

c + d

a + b

a + c

Mr Yule sometimes uses one, sometimes another of these methods to reach

his judgment of the degree of association in a table. He has given us his

judgment with regard to the association of developmental defects and dullness

for the partial universe of those without nerve signs (loc. cit. pp. 45—46), he says

the association is " very high indeed." It may according to the percentage differ-

ence chosen be either 2 -92 or 36'96. He has further given us his judgment on the

association of developmental defects and dullness for those with nerve signs, he
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says it is "very small." It may according to the percentage difference be 5*15 or

0 -

96 ; thus the percentage difference might be higher than in the very " high

association indeed" case in the partial universe of those without nerve signs.

Finally in the "high association" case of the total universe, the percentage

difference might be 1'91 or 5T03. Clearly in judging by percentages the con-

clusion will depend on which percentage is worked out first. Is it not clear

that, however Mr Yule may have reached his judgments of no, small, high or very

high association, the percentage difference is not his actual measure and could

only confuse the tyro in statistics, for whom he introduces this "simple" method?

But if difference of percentage has obviously no correlation with Mr Yule's

judgment of these grades of association, what weight can possibly be given to the

coefficient of colligation in determining' association ? The chief merit of that

coefficient according to Mr Yule is that it has—what Q has not—a physical

meaning; but for him percentage differences of 1*91 and 36'96 alike mark "very

high associations" and differences of 0'9G and 10 88 alike mark very small or no

association. We have no standard and clearly Mr Yule has none of how such

differences of percentages are to be interpreted. Mr Yule has b)' his treatment

of percentages a priori destroyed any rational meaning that could be given to

his own coefficient of colligation as a measure of relationship. Is not Professor

Edgeworth's question answered ? The coefficient is a "colligation," not a "profound

truth." Mr Yule obviously lays no consistent stress whatever on percentage

differences in practice.

(d) Mr Yules use of Pearsons "Transfer" (ab — cd)jN as a,

Measure of Association.

Among Mr Yule's many means of testing association—no two of which give as

a rule the same result—perhaps the most striking is his use of the "Transfer"

(ab— cd)jN, to which he gives a new name and letter, the "common difference" S*.

One of us had already suggested that the " transfer" per unit of the total frequency

might be used as a coefficient of association of an inadequate character-f-. It is in-

adequate because it makes no correction for class-indices and none for the centroids

of the quadrants. Thus it does not lie between 0 and 1, and is largely affected by

the position of the dichotomic lines. Mr Yule has preferred to use instead of the

transfer per unit of total frequency simply the transfer, his "common difference

8," and the results add further evidence of the vagueness of the whole of his

conceptions of association. He tells us, to begin with, that " the difference of the

cross-products may be very large if N be large, although 8 is really very small...

the difference should be compared with N, or it will be liable to suggest a higher

degree of association than actually exists" (loc. cit. p. 37). To illustrate his

* Theory of Statistics, p. 36.

t Phil. Trans. Vol. 195 A, p. 14.



Karl Pearson and David Heron 295

method he uses some of Bateson and Saunders' data for Datura from the Report

to the Evolution Committee, 1902 :

Colour of Flower.

Violet White Totals

Prickly 47 21 68
Smooth 12 3 15

Totals 59 24 83

The difference of the cross products is 252 — 141 = 111 and then Mr Yule

proceeds to tell us that " at first sight this considerable difference is apt to

suggest a considerable association." He then divides by 83, and writes: "But
& = 111/83 = 1'3 only, so that in point of fact the association is small, so small

that no stress can be laid on it as indicating anything but a fluctuation of

sampling" (p. 37).

That Mr Yule is content with this process is evident from the opening words

of the following paragraph :
" While the methods used in the preceding pages

suffice for most practical purposes, it is often very convenient to measure the

intensities of association in different cases by means of some formula or 'coefficient'."

We now know what Mr Yule considers "sufficient for most practical purposes"!

Here are a few tables to illustrate it.

(i)

A Not-4 Totals

B
Not-£ ...

266,374

233,626

233,626
266,374

500,000
500,000

Totals ... 500,000 500,000 1000,000

(ii)

A Not-J Totals

B
Not-5 ...

934,579

31,153

31,153

3,115

965,732

34,268

Totals ... 965,732 34,268 1000,000

(iii)

Not-J Totals

B
Not-B ...

999,000
450

450
100

999,450
550

Totals ... 999,450 550 1000,000
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The values of Mr Yule's 8 for these three tables are

(i) 16374, (h) 1940, (iii) 100.

If anything is to be judged from these results, (i) is far more highly associated

than (ii) and (ii) again than (iii). All are far more highly associated than the

Datura, which we will call (iv), and then the order of association sinks from (i) to

(iv) in a marked manner.

Now here are Mr Yule's coefficients of association put against his o~'s

8: (i) 16374, (ii) 1940, (iii) 100, (iv) 1-34,

Q: (i) -130, (iv) -282, (ii) -500, (iii) -996.

As the one series goes down the other goes up ! What, we ask, can be learnt

from Mr Yule on the subject of association, when his methods, "sufficient for most

practical purposes," thus contradict themselves ?

Here in (i), (ii) and (iii) we have kept the total frequency constant, but

perhaps the most absurd side of Mr Yule's 8 is manifest if we alter the total N
of the observations. Suppose Bateson and Saunders had experimented with

8300 plants instead of 83, then 8 would have been 134 instead of 1'34. The

association is of course absolutely the same, but how would Mr Yule interpret

his two S's ?

We regret having to draw attention to the manner in which Mr Yule has

gone astray at every stage in his treatment of association, but criticism of his

methods has been thrust on us not only by Mr Yule's recent attack, but also by

the unthinking praise which has been bestowed on a text-book which at many

points can only lead statistical students hopelessly astray.

(e) Mr Yules Assumption as to Absurdities which must arise if

Normal Distribution be applied to the " Blind."

Another interesting fallacy is developed by Mr Yule on p. 638 of his paper.

He writes

:

" Consider for a moment what the assumption of normality of distribution would imply in

any case where there is an increase of, say, the blind from one age-group to the next. This

must imply either (1) a fall in the mean of the assumed variable character, goodness of sight,

1 suppose—if the standard deviation is constant or falling, or (2) an increase of the standard

deviation if the mean is constant or rising. If the first occurs, then there must be some people

in the later age-group who are much more blind than any people in the first, and fewer people of

first-class sight ; if the second, there must still be some people in the later group much blinder

than any in the earlier, and there will also be some of much better sight. On the assumption

that lies at the base of the normal coefficient, you cannot, in fact, effect a change in the

numerical proportion of A's without phanging them qualitatively at the same time. The

assumption seems to me absurd, to be equivalent in this case to saying that there are certain

people entirely deprived of sight in the first age-group, and certain others more than entirely

deprived of sight in the second. The normal coefficient is accordingly inapplicable, and its

precise values of no special significance."

We have rarely come across a more specious fallacy. If it were true it would

be impossible in practical statistics to represent both a population and a selected

sub-population by normal curves. Let the original population be N, mean M,
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and standard deviation 2, and let the selected population be n, mean m, and

standard deviation a. Then the second curve will always pass outside the

first if

flit'(m-My + 2(Xs-**) log,
[Wa

)>0.

This will happen of course if % = o", Mr Yule's first case. In this case the

curves cut on one side only of the means in the point

i / „> loffcN — log,, n „

<B =^ +M
^
+~ m-M

In the case of blindness we should have m>M*, and all it would signify

would be that after this value, x, of badness of sight, the older age would have

for each grade of bad sight more individuals than at the lesser age ; since the

two curves both extend to infinity there is no question, as Mr Yule suggests, of

persons being "much more blind" than at the younger ages. Mr Yule is simply

confusing in his own mind or in the minds of his readers two senses of " more

blind," i.e. more blind persons of each grade, and blind men of greater degree

of blindness than actually can occur at the younger age. If he merely means

to say that the Gaussian extends to infinity in both directions, that is a very

old objection on the theoretical side to the curve ; it has little value in practical

statistics, where there is a reasonable approach to normality.

If m = M, then we have

x =M±a\//2V- \[oge (aN)-loge (nZ)}

It is necessary therefore for real roots that a > S, if aN be > This is

Mr Yule's second case, and this would give increasing numbers of persons in

each grade of good sight beyond the value of x from M for increasing old age.

We should have thought that this was a very improbable state of affairs, as it

is almost certain that sight deteriorates with age after childhood at least. If we

take the 1891 census dataf used by Mr Yule, we have :

For ages : 45—55 55—G5

Males in general . .

.

1,191,789 770,124

Blind males 1,752 1,905

If we suppose in these cases m = M, we find Ar

/— = 2
-974 and xja = 2810, and

since the dichotomy at " blind " is the same for both curves, we must have X = x,

* We have taken positive axis towards worse sight.

f Vol. in. pp. v. and lvii. Mr Yule has clubbed together those blind from childhood and the

numbers, 12 times as great for these years, not blind from childhood. That so many acquire blindness

indicates what a range of graduated sight there must be unless we suppose blindness to arise in-

stantaneously.

Biometrika ix 38
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or a = 1-0582. Thus a six per cent, increase in a suffices to provide the increased

blind population at the greater age ; the two curves intersect at x = + 2 -

968er, or

somewhat beyond the " blind " boundary. For all grades beyond this there will

be more persons of each grade of bad sight. There is nothing inconceivable or

improbable in this
;
but, on the other hand, there would be beyond x = — 2'968o-,

on the good sight side, a number of grades of better sight with more people at the

older age. This, of course, is not impossible, but it seems far more reasonable to

suppose the average sight to grow worse with old age, and in addition to change

its variability somewhat. If the variability remained the same, as we have seen

under the first case, there is no excess in the grades of marked good sight in the

population of older ages. Let us now consider what happens if the mean be

shifted and the variability increased. Taking m>M*, we have

x-m 2- /(m-M)2
n <r

s-2J
. aN er2 m-M

~a =± ^-SW ~W~ +2 -^ l08e ^l-a^-~?T
Now let us take a= 1012, and therefore for the "blind" groups at 45-55 and

55-65 we have as before X = 2-97402, x = 2*8105<r = 2-83862 to fix the dichotomy.

Hence
(m - if)/2 = (X - x)fZ = 13538.

Thus we find (x - m)/a = + 2*6738 or - 16 2791.

The former value shows that from some little distance outside the dichotomic

line each grade of bad sight and blindness has more individuals of that grade at

ages 55-65 than at ages 45-55. The latter value indicates that the point of

intersection of the sight curves for the two ages on the side of good sight takes

place at a point so extremely distant from the average sight that not a single

individual would occur with such sight in a population many thousand times

greater than the actual population.

We think it most probable, however, that a third case, not even referred to by

Mr Yule, best describes what actually takes place—namely, that the sight at the

older age gets worse and is less variable, not more variable. To illustrate this,

take (r = -99X, then X = 2-97402, x= 28105o- = 2-78242. Hence

(m - M)jt = '19158, and (x - m)/a = + 2"4742 or + 16-5875.

Thus the older age curve now never cuts the younger age curve of sight on the

side of good sight at all. It cuts on the side of bad sight twice, once somewhat on

the good sight side of the " blind " dichotomic line, and on the other occasion

immensely beyond the limits of the populations in question. In other words,

the older ages have fewer members in each grade of good sight and more members

in each grade of very bad sight. This appears to us a perfectly reasonable state

of affairs, and of course extends far beyond the ratio selected for cr/2.

It will thus, we think, be clear that had Mr Yule attempted to turn his

half-baked notions into figures before he expressed tliem in words, he would

* The positive direction of the variate is towards bad sight.
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have realised that more people in the more blind grades or more people in the

better grades of sight are not the same thing as some people " much more blind
"

or some people of "much better sight" than any in the earlier aged groups.

Mr Yule's alternatives are not real alternatives, he makes no reference to a shift

in mean and a decrease in variability; such a combination involves only a reduction

of the numbers in the grades of good sight, a very reasonable result with increasing

age, and an increase of the numbers in the grades of bad sight, also a very

reasonable hypothesis. Towards the 'tails' of both age curves, theoretically

there would be fractional units, while in actual observations there would be

isolated units at relatively wide intervals (cf. Galton's " Difference Problem * ").

What the distribution of such units might be, could not be a priori predicted.

But it is quite possible for two distributions with slightly separated means and

slightly different variabilities to give quite reasonable fits to Gaussian curves

and yet the distribution with the greater variability to have no outlying units

with "much more" of a character than any which exist in the less variable

distribution. The variabilities are much more closely determined by the bulk

of cases with moderately large deviations than by the one or two extreme

outlying individuals.

In the case we have last discussed the age-group 45-55 has two individuals

lying outside 4 -

652, and the distance between the means being '192 this gives

4 -46S = 4'51o- for the corresponding distance on the 55-65 age curve. Outside

this limit are 2"5 individuals of this older age curve. Are we to say that that

half individual represents Mr Yule's necessity for some people in the later age-

group who are " much more blind " than any people in the first ? In truth some

people would be much less blind, if they would only stay to express their opinions

in actual numbers before writing them down. The " minute sifting of numerical

results " is the foundation of all true statistical inference, and here, as in other

phases of his recent work, Mr Yule has committed himself to superficial statements

reached by verbal disquisition which vanishes into nothingness if the touchstone

of numerical investigation be applied to it.

There are many other points at which we should like to traverse Mr Yule's

statements, but we think we have brought forward enough evidence to indicate

how unreliable are his methods and how biased are his criticisms.

(10) Summary of General Conclusions.

In order to sum up the general conclusions reached in this paper, wo must

state first one or two principles which we accept as almost axiomatic

:

(i) There is no universal method of dealing with an n x n-fold table, except

the method of mean square contingency, leading to a probability measure of the

independence of the two characters, unless we know :

* Biometrika, Vol. i. p. 390.
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(a) that both characters proceed by discrete units, and are tabled as such.

In this case the method of pseudo-ranks is identical with that of the product-

moment, and there never has been doubt as to how the table is to be treated ; or

:

(b) that the frequency of the two characters is continuous and that this

frequency follows or approximates to a definite theoretical system. There is only

one such frequency system, which has up to the present been effectively discussed,

i.e. that of Laplace, or as it is more frequently but less justly called, that of

Gauss*. If the distribution be Gaussian or approximately Gaussian, there are

many ways of dealing with an n x n-fold table.

(ii) A majority of the cases which occur in statistical practice are so close

to the Gaussian distribution that methods based upon Gaussian theory will give

useful first approximations, i.e. correlations within + '05 say of the true values.

Years ago one of the present writers insisted on the non-Gaussian character

of many variables. But he also remarked on the large number of variables

which can be described with sufficient practical accuracy by a Gaussian

distribution.

The present discussion demonstrates that even with distributions markedly

skew the Gaussian theory, if applied to 2 x 2-fold tables—without extreme

dichotomies—will give results not differing by more than '05 from the value of

the true correlation and often differing by much less. Roughly, we may say

that for reasonable divisions, the divergence between the true correlation and

that obtained by Gaussian theory is hardly ever of practical importance and indeed

in "populations" of the size usually dealt with rarely exceeds twice the probable

error.

(iii) The coefficient of correlation has such valuable and definite physical

meanings that if it can be obtained for any material, even approximately, it is

worth immensely more than any arbitrary coefficients of " association " and
" colligation."

Starting from these principles we ask ourselves to what data Mr Yule proposes

to apply his three processes

;

(a) The Boas-Yulean
<f>

for fourfold tables.

(b) The coefficient of pseudo-ranks.

(c) The coefficient of association or that of colligation.

We have shown in this paper that for tables with a finite number of cells

of the order 5 x 5-fold to 8 x 8-fold, the method of pseudo-rauks must lead to a

value below and often 40 °/
o
below the true correlation of variates. Mr Yule has

stumbled into a statistical pitfall, for he has neglected the fact that correlation of

ranks is not correlation of variates, and that his correlation of ranks would still

have to be corrected for the class-index correlations, i.e. he has also neglected the

''' Of course both these writers only dealt with the frequency of one variate ; Bravais extended it to

two, but gives no admissible proof of his formula, which he practically gets by analogy.
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existence of huge brackets. We may, we hold, entirely dismiss from statistical

practice this method of pseudo-ranks, except for the case wherein it has always

been used, i.e. for discrete unit variates, classified by units, where it coincides with

the usual product-moment method and needs no special name.

We have only to note here that Mr Yule uses the method of pseudo-ranks,

which we hold to be demonstrably false, to make very sweeping charges, which

can be and have been met, against the pigmentation work of the Biometric School.

He not only suggests that the workers on the pigmentation data were foolish, but

that they were dishonest. That is the sort of attack which usually recoils on the

head of the man who makes it, especially when he has for several years worked

in the Department against which he prefers the accusation. As a matter of fact

the non-Gaussian character, the variability of tetrachoric rt , for different divisions

was recognised very soon after it had been applied. But the investigations then

made and more amply illustrated in this memoir indicate that the values originally

given were substantially correct, the inheritance of intensity of pigmentation

between parent and offspring lies between -46 and "50 ; it is not of the order J

as Mr Yule asserts on the basis of a theory which we feel convinced he will have

to withdraw, if he wishes to maintain any reputation as a statistician.

We have shown in the course of this memoir that the coefficient of asso-

ciation Q, if treated merely as an undefined measure of association, has not

for varying dichotomies the stability of the tetrachoric coefficient and it appears

to have no reasonable physical meaning even for the cases which he has selected.

Mr Yule has deduced from it a second coefficient, that of colligation, which has,

he says, a physical meaning, when the table has been dressed in an artificial

manner, namely it signifies on this artificial table the excess of the percentage

of A's that are also B's over note's that are also B's. We have shown from

Mr Yule's own writings that such a difference of percentages has in his own

practice no meaning at all from the standpoint of association.

Mr Yule never tells us clearly when we are to use one or other of his co-

efficients. He spends 16 pages of his memoir on discussing the application of

his coefficients of colligation and association to the vaccination data; yet on p. 611

he writes :
" For discontinuous attributes—attributes proper, as we might term

them—the true correlation is that given by formula (24) or (26) [i.e. the Boas-

Yulean coefficient or Pearson's cf>] ; we are dealing with a variable in fact, which

can only take two values as distinct from a variable exhibiting a normal or any

other continuous distribution. Tables I, III and IV [i.e. the vaccination data],

as it seems to me, represent precisely such a case." Here Mr Yule has given up
colligation as applied to vaccination; if so why devote 16 pages to its discussion?

But 20 pages later Mr Yule tells us that :
" For investigations on smallpox and

vaccination such as those of Brownlee and Macdonell and Turner, the use of Q or

co would, in my opinion, have been more illuminating as well as simpler than the

use of the normal coefficient" (p. 631).
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Mr Yule does not really appear to know which of his ducklings to prefer,

even for what in his estimation—although not in ours—are discrete attributes.

We are quite clear that none of them are appropriate. Still less are they

appropriate for the definitely continuous data to which Mr Yule and his disciples

apply them.

The controversy between us is much more important than an idle reader will

at once comprehend. It is the old controversy of nominalism against realism.

Mr Yule is juggling with class-names as if they represented real entities, and his

statistics are only a form of symbolic logic. No knowledge of a practical kind

ever came out of these logical theories. As exercises for students of logic they

may be of educational value, but great harm will arise to modern statistical

practice, if Mr Yule's methods of treating all individuals under a class-index as

identities become widespread, and there is grave danger of such a result, for his

path is easy to follow and most men shirk the arduous.

The very large amount of arithmetic involved in this paper would have been

impossible without friendly help from a number of our colleagues ; we have

especially to thank Miss Julia Bell and Mr Herbert E. Soper; the former for

much work in calculating and the latter for diagram draughtsmanship as well as

calculation. Miss Ethel M. Elderton also most kindly undertook one or two

pieces of heavy arithmetic. We can hardly hope to have escaped numerical slips,

but we feel confident that such slips, if they occur, will as frequently tell against

us as for us ; and we have not, knowing the fallibility of the best calculators,

done more than draw attention to points where our arithmetic differs from that

of Mr Yule. We have laid sole stress on errors of interpretation and on fallacious

theory.

APPENDIX I.

On the Fallacy of asserting Perfect Association when one

Quadrant in a Fourfold Table is Vacant.

In all the values of the probable errors hitherto determined the constants

of the distribution found in the formula are truly constants of the actual

distribution of which the population under discussion is a sample. Because we
do not know the actual distribution, we replace its constants by those of the

observed sample. This method will as a rule not lead us astray, but it may do

so grievously in cases where the observed frequencies take limiting values. For

example, consider the population described in the following fourfold table

:

TABLE I.

A Totals

D
Not-/?...

971,138

5,862

22,862
138

994,000
6,000

Totals 977,000 23,000 1000,000
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and let this distribution be the real population or an absolutely proportional sample.

Now for this population with the scheme
<

~r^, we nave ad ~ be = °> an<l a^ our

measures of association vanish. If we take a sample of ri from such a population

of n, the value 77 = (ad — bc)/n 2 will not for the sample be zero, but, if

rj' = (a'd' — b'c')jn
2

,

where a', d' , b' and c' are the values in the sample, will have a standard

deviation*

(a + b) (a + c) (d + b)(d + c)
X

\In'

'

Now let us compare this with

(a'+b')(a +c')(d' + b')(d' + c') 1

»'4
\lri

'

the value of oy derived from the sample itself. Now to units the value of the

sample might be

TABLE II.

A Not-.l Totals

B 971 23 994
Not-5 ... 6 0 6

Totals 977 23 1000

and it is clear that and oy will be exactly the same, as they depend only on

the marginal totals. Thus

1
V-994 x -977 x -006 x -028

V1000

= 000366.

But j] = "000138. Accordingly (ad — bc)jN- when d = 0 is not significant, having

regard to its probable error, and the association is zero. On Mr Yule's theory

Q = — 1 and its probable error is zero.

Now the standard deviation of Q, for Q zero, is

1 (a -+- c) (c + d) (6 + d) (a + b )

(ad + bef

for a sample of n', where a, b, c, d refer to the original population.

Let us consider the differences for the above material which will arise from

calculating 0o-q on the population in Table I and on the sample in Table II. On
Table I we find Oo- Q = T37

; on Table II 0crQ
/ = 2-62. Hence either Table is

* Pearson, "On a novel method of Kegarding the Association of two Vaiiales," Drapers' Research

Memoirs, Biometric Series, No. vm, Dulau & Co., 1912, p. 7.
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absolutely compatible with Q being zero. It is true that the value of 0<7q as

estimated from the sample is nearly double what its value would be truly esti-

mated from the population, but both values suffice to show that Q = 0 is as

reasonable an hypothesis as to the constitution of the material as Q = — 1, and
far more reasonable than Q = — 1 + 0. The method of mean square contingency

gives us x
s = -1455, leading by Palin Elderton's Tables to P = -97l, or if the

material were truly independent only in three cases per hundred should we get

a better fit than Table II to Table I in taking samples of 1000.

The fact is that in drawing random samples of 1000 from Table I, the

distribution of frequency in the cell d is given by

(•999862 + -000138)1000 = -8712 + "1202 + -0086 (for all terms beyond second).

Hence in 100 samples of Table I, d would be zero in 87 cases, unity in 12 and

greater than unity in about one case. In other words Mr Yule's Association

Coefficient would for material with true zero association be — 1 in about 87 °/
0

of cases and of the order + "75 in 12 °/
o
other cases. In all these cases, however,

the probability method shows practical independence. It must accordingly be

recognised that it is extremely dangerous, if zero frequency be found in one

quadrant, to assert that Q = + 1 + 0. For, a population of zero association would

give such a value in 87 °/
0
of samples of 1000 in a case like that under consideration.

The tetrachoric method fails also for this extreme case, for the simple reason

that the very continuity of the method excludes thinking in isolated units.

If the real population were that of Table I, then on the basis of continuity we
should expect -138 from the infinite skirt of the Gaussian surface in quadrant d.

But we might extend this volume of the skirt up to something under "5 before we

should anticipate a whole unit to appear in d. There is no suggestion of this

kind about Q, for Mr Yule directly discards all conception of such continuous

frequency surfaces. This point must be borne in mind in applying tetrachoric r
t ;

a quadrant of zero frequency does not necessarily signify that in the theoretical

Gaussian distribution this quadrant would have zero frequency. We may equally

reasonably assume it anything up to "5. In such a distribution as

TABLE III.

A Not-.4 Totals

B 21 450 471

Not-Z?... 529 0 529

Totals 550 450 1000

we shall alter the tetrachoric coefficient from negative unity to a high value

somewhat less than negative unity, by inserting anything up to "5 in quadrant d,

but we shall not swing the correlation from — 1 through 0 to a small positive

value by the process. We shall get a reasonable minimum value for r
t , and we

shall be convinced that r
t
= — 1 ± 0 is not necessarily a true representation of the
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state of affairs, although the correlation is negatively high. But in such a table

as Table II the whole character of the correlation is changed by inserting a

frequency x, less than "5, in this d quadrant.

The first question to be answered is : If we put a small frequency x in d, how

are we to take it from the other quadrants ? The only reasonable answer here

seems to be :
" Take it in proportion to their frequencies." Thus Table II

becomes of the form

:

TABLE IV.

5

-looo)

1000/

- '-Woo)

#+23 1
x

1000

!

-Togo)

x + Q
x

looo

1000

Now can we choose x so that ah — cd = 0, for this Table ? For this we must

have

:

x
x 6 1

x \

ToooV

which leads to x= "1421.

This shows us that on the Gaussian hypothesis a value of x absolutely

consistent with a zero being recorded in that quadrant leads to zero association.

This for most practical purposes would be sufficient. But a little further con-

sideration here is desirable ; we may write the table in the form :

TABLE V.

970-8620 -* 22-9967+x 993-8587

5-9992+* •1421 -x 6-1413

976-8612 23-1388 1000

Here x — 0 gives a table of zero association, x = '1421 gives, if we can only

record to a unit individual, the table of experience, i.e.

TABLE VI.

971 23 994

6 0 6

977 23 1000

Now 7) of Table V = - Therefore the probable error of x= 1000 times
1000'

that of r]. If we find 0a n
for x = 0 in Table V, we have for its value '0003714,

Biometrika ix 39
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quite close to the value we obtained for Table I from which we originally deduced

Table II. Hence the probable error of x = "67449 x 1000 x 0o-„ = "2505. It will

be clear therefore that with such a probable error for x, the frequency of the

d quadrant might actually be anything from 0 to '5, and yet the Table of

experience takes the form VI, when we can record only by units.

Suppose d had been '5, x = — -3579, then we have for the theoretical table

:

TABLE VII.

971-2199 22-6388 993-8587

5-6413 •5000 6-1413

976-8612 23-1388 1000

which solved by the tetrachoric process gives

rt
= + -224 + -187,

i.e. the value of rt is not significant*.

On the other hand if we put d = 0, i.e. deal with Table VI, tetrachoric r, is

unity, because on the Gaussian hypothesis only complete association is compatible

with absolute zero in this quadrant and then any sample will exhibit absolute

correlation. But, as we have just seen, the zero in quadrant d could arise from

samples of a population in which d was small but not zero, and that in a particular

case 87 °/
0
of samples of a material with zero association would show this zero

quadrant. The accompanying diagram gives the values of tetrachoric r
t

for

various hypotheses as to x. The dotted rectangle is bounded by the lines which

give vertically twice the probable error of x for x = 0, and horizontally twice the

probable error of rt for true rt
= 0. We have also placed once the probable error of

tetrachoric rt from the plotted rt
on either side giving the broken curve. It will

be seen that from the case of d = '5, rt
= + '224 + '187 up to rf = '0025 and

rt
= — *400 + "779, there is no significance in the values of rt

found by the tetra-

choric process. Even after this we cannot assert that the values of r
t
obtained

would be significant*]' ; for the proof of the formula of the probable error of r
t

depends upon Bd being small as compared to d. Now ad = \/d (1 — djN) = yd,

very nearly when d is very small. Hence Bdjd is of the order \!djd— 1/VcZ which

will be large if d be less than unity j. The probable error of rt
— 1 is only zero if

d is absolutely zero for the population which is being sampled and not if it is

merely zero in the sample. But we only know that population through the

sample, and we see that in such cases as we are considering the zero in the

sampled population is only likely to occur in a small proportion of the cases dealt

with. The tetrachoric process clearly fails in such cases, but we see that with

* If we apply Q we have Q= "584 ± -332, pointing rather more in the direction of significance, but

such application of Q is illegitimate, as the fractionising of the theoretical surface has no meaning for a

coefficient which is based on complete neglect of the nature of the frequency-distribution.

t In fact the tetrachoric r
t
series-equation rapidly becomes divergent and the formula for the

probable error takes an indeterminate form.

X The like failure occurs in Mr Yule's proof for the probable error of Q, although he has not

warned his readers of this; it is accordingly not applicable, if one quadrant has zero frequency.
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any reasonable assumption with regard to x, the tetrachoric process suggests not

perfect but zero association ; the perfect association is only reached as a limiting

case, although Mr Yule's coefficient gives an unhesitating unity*.

* In the Table selected by Mr Yule to exhibit the variations of his coefficient of association {Phil.

Trans. Vol. 194 A, p. 277) 51 out of the 164 values shown are ± 1 owing to the occurrence of a zero

quadrant. With the introduction of a -5 into this quadrant—quite reasonable on the basis of a con-

tinuous variate—his values maybe reduced from +1 to +"72 or swing over from - 1 to +-98, etc.,

etc.! What is the value in such cases of the statement that there is "perfect association"?

39—2
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We have seen that if the sampled population be really one of zero association,

the sample may have in quadrant d in 87 °/
c
of cases zero frequency, but in 12°/

0

of cases unit frequency. This unit must—working to unit individuals—be with-

drawn from a, b and c. The most probable case is the addition of a unit to both

a and d and their withdrawal from b and c, or again we may draw units respectively

from a, b or c. We may consider only these four cases

:

(«) 972 22 994 m 971 22 993

5 1 6 6 1 7

977 23 1000 977 23 1000

(7)
971 23 994 («) 970 23 993

5 1 6 6 1 7

976 24 1000 976 24 1000

These lead to

a 0 7 8

Value of tetrachoric r
t

...

p. e. of rt
= 0 for same marginal totals...

Value of Association Q ...

p. e. of Q = 0 for same marginal totals

•39+ -15

•00 ±'27

•80+ -14

00 ±-23

•36+ -16

•00 ±-25

76+ -16

•00 ±-24

•38+ -15

•00 ±-27

•78+ 13
00 +-23

•35+ -16

•00 ±-25

•75±-16
00 ±-25

It will be seen that rt is always less than 2 -

5 and Q always greater than

4"5 times the probable error. The value of r
t
obtained is always less than

1*5 times the probable error of rt
= 0 for the same marginal totals, while Q is

3 times the probable error of Q = 0 for the same marginal totals. Thus the

tetrachoric method warns us that the association is probably zero, while the

association coefficient emphasises a high value of the association.

To sum up : The correct process in these cases with zero in one quadrant

is not to assert that the association is perfect with Mr Yule, but to apply first the

probability test and determine whether the material may not rather be a random

sample from an original population of zero association. The failure of the tetra-

choric rt in these cases is rendered evident in the working, we reach non-convergent

series and are thrown back on a limiting case ; if we place in the zero quadrant a

small frequency less than 0"5, which would correspond to zero in the actual table,

we find a finite value of rt , but one non-significant having reference to its probable

error, unless we approach close to the limit of d = 0, in which case the probable

error of r
t
is so far undetermined, because the ordinary process fails to be valid.

Mr Yule's view that association is perfect when there is zero in any quadrant

ignores the fact that he can only deal with a sample of the true population, and
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so far as we are aware he has not warned students of the extreme danger of his Q
in these cases. The non-applicability of tetrachoric r

t
to cases in which one of the

quadrants has zero or small relative frequency is, on the above and on other

grounds, well-known to those who habitually work with it, and the rule has long

been to avoid where possible all such extreme dichotomies. This point has been

largely disregarded by Mr Yule in his criticism of tetrachoric methods.

APPENDIX II.

On the Test of Goodness of Fit of Observation to Theory

in Mendelian Experiments.

An objection to the y
2

,
P, test of goodness of fit, has recently been raised with

somewhat unconscious humour by certain ardent Mendelians. A simple illustration

may be taken. Suppose the mating to be

(DR) x (DD) = 50% (DR) + 50 % (DD).

For example, let there be 1000 offspring and let 480 of these be recognised by

later experiment as (DR)'s and 520 as (DD)'s. Then the standard deviation is

V1000 x ^ x 1 = 15-8

and the observed deviation is 20, and P = about -

90, or the fit is quite good.

But suppose the observations are

480 (DR)'s 519 (DD)'s and 1 (RR)

i.e. Observation : 480 519 1

Theory: 500 500 0

. , „ (observation — theory)2

Clearly y 2 = S- r— —^ = 00,J A theory

and P = 0, or the probability of observation being a random deviation from theory

is zero, there is absolute badness of fit. Hence either theory or observation is at

fault. It is not, however, the theory of "goodness of fit" which fails in such a

case, but the Mendelian theory which wants mending. If we put a black balls,

b white balls and c red balls in a bag, the theory will tell us whether any sample

of black, white and red balls can be reasonably considered as a random extract

from that bag. But if we are presented with a series of black, white, red, and

green balls and asked what is the probability that these were drawn from that bag,

we must assert that it is zero, however concordant with theory the results for the

black, white and red balls alone may be. There are only two courses open to the
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experimenter who gets green balls however few in number out of a black, white

and red ball theory :

(i) to assert that they are anomalies due to his temporary colour-blindness,

to mistakes in his observations, or to some misinterpretation of his results, which

are not accurately describable in terms of his original categories, or

(ii) to amend his original theory by inserting some green balls a posteriori

into the bag and starting afresh to calculate his probabilities.

The one course weakens the weight we must lay on his record or on his choice

of categories ; the other tends to discredit his a priori theory. To adopt a third

course and assert that we want a new test for " goodness of fit " of theory to

observation, which shall cover such discrepancies, i.e. which shall slur over

divergencies between a priori theory and a posteriori results, may appeal to

our sense of human fallibility but scarcely to our appreciation of scientific logic.

We shall be left with the suspicion that the theory is plastic and the observations

elastic. What criterion of " goodness of fit " can the theory of probability provide

when it is a case of applying plastic theory to elastic observations ? The answer

surely is none whatever until the plasticity of the theory has been quantitatively

studied, and until the errors of the record have been quantitatively stated. Either

we must be told that the observer will mistake a red ball for a green one in

so many per cent, of cases, or we must be told that the theory will be inaccurate

in so many per cent, of cases. Personally we think it possible that all attempts to

find a "good fit" of a plastic theory to elastic observations are idle. It is a con-

sideration of the green balls, which are said not to be in the black, red and white bag

at all, which is often the basis of marked scientific progress. That atmospheric

nitrogen differed from pure nitrogen was just such a " green " ball ; but the plastic

theory that air consisted of oxygen and nitrogen only had been confirmed by many

elastic observations before Lord Rayleigh followed up his "green " ball.

These remarks are suggested by the following paragraphs in two recent

Mendelian publications. Dr Raymond Pearl writes* concerning Mendelian

data

:

" A determination might be made of the ' goodness of fit ' of theory to

observation by Pearson's method, were it not for the fact that that method

cannot be applied to cases like the present."

Dr Pearl says it cannot be applied because he finds green balls, where his

theory puts only black, white and red into his bag. It is either his observation

record or his Mendelian theory, not the mathematics of " goodness of fit," which

needs modification. Dr Pearl continues in a footnote as follows:

" The difficulty lies in the fact that Pearson's test depends upon a variable

* The Journal of Experimental Zoology, Vol. xm. p. 203.
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where mr is the theoretical frequency and m,.' the observed. Now obviously in

any distribution where even one mr is zero, the value of ^- must be infinite

whatever may be the values of the other mr's or mr"s. That is, if the theoretically

expected frequency on any base element is numerically zero, the probability against

the whole curve becomes infinite. Thus, for example, suppose a system of

frequencies like the following, a type which is continually arising in Mendelian

work :

Class 1 2 3 4 5

Theoretically expected frequency ... 595 827 68 0 96

Actually observed frequency ... 594 828 67 1 96

" Now it does not need a mathematical measure of any kind to tell one that in

this case the theoretical and actual distributions are in very close agreement.

Yet because the theoretical frequency on class 4 is zero, the probability by

Pearson's test is literally infinite against the observed distribution being regarded

as a random sample of a population distributed in accordance with the theoretical

frequencies. Pearson has indeed himself noted what is essentially this same

difficulty in using the test on ordinary frequency distributions*."

Now what does this paragraph exactly signify ? Interpret it in coloured balls

;

white, red, black and yellow balls are placed in a bag in large numbers in the

proportions of 595 : 827 : 68 : 96. There are no green balls in the bag. One
such green ball is said to have been drawn. Theory says it is an impossibility,

and the criterion of goodness of fit says its improbability of occurrence is infinite.

We can conceive no logical theory doing anything else. Dr Pearl does in fact tell

us that cases in which a ball, classified as green, comes out of the theoretical

white, red, black and yellow ball bag are of " a type which is continually arising in

Mendelian work." This at any rate is a frank admission. As a matter of fact

with his arbitrary division between "over 30-egg" and "under 30-egg" hens,

we are not surprised that "green" balls appeared not only in ones, but in twos

and even in fours, and in a few cases to even more, although this is attributed to

" physiologically extremely favourable " matings (loc. cit. p. 248) as apart from

gametic theory f. What Dr Pearl is seeking is a plastic theory or an elastic

record, not a real criterion of goodness of fit, which must give no finite proba-

bility when green balls come from a bag which contains no green balls ! Dr Pearl

continues

:

" The point noted obviously limits greatly the applicability of Pearson's test,

and in a most unfortunate direction. Tests of goodness of fit are much needed in

Mendelian work [we cordially agree !]. But it is just here that the classes where

* This is a complete misunderstanding. Pearson says that you must not in the case of continuous

variation make use of classes which theoretically have each less than unit frequency, where the record

goes by individual units only.

t Until Dr Pearl publishes the actual record of each bird, and not merely its class-index, and the

same for its ancestors, it is impossible to estimate his degree of justification for the theoretical

treatment of his results.
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the theoretical frequency is zero often occur*." In other words, observation

records something as occurring which existing theory says cannot occur, and

Dr Pearl asks for a criterion which shall make the impossible only mildly

improbable. He must either remould his theory or explain away his observations.

We see no alternative.

Dr Pearl's demand for a criterion which shall not be crucial, but allow elastic

records to fit a plastic theory, is well illustrated by the following paragraph from

the work of another American Mendelian who is convinced that "feeble-mindedness"

is a Mendelian unit character, but has found his " green ball " in the normal

offspring of two feeble-minded parents:

"These two are apparent exceptions to the law that two feeble-minded parents

do not have anything but feeble-minded children^. We may account for these

two exceptions in one of several ways. Either there is a mistake in calling them

normal, or a mistake in calling the parents feeble-minded ; or else there was

illegitimacy somewhere and these two children did not have the same father as

the others of the family. Or %ve may turn to the Mendelian laiv and we discover

* The remainder of Dr Pearl's paragraph runs : "To determine the probable error of the individual

frequency in measuring the goodness of fit of Mendelian observation and theory, as was first practised

by Weldon, and later by Johannsen and by Mendelian workers generally, does not appear to the writer

to be an altogether sound procedure. It fails to take account of the correlations in errors amongst the

several frequencies. Yet these are just as important and just as certainly existent in a Mendelian

' category ' type of distribution as in the ordinary variation polygon of a continuously variable

character.... Pearson's test covers this point, and were it not for the other difficulty noted above

would be much more widely useful in Mendelian work than is actually the case" (loc. cit. p. 204).

The " widely useful " test in Mendelian work is quite obviously one which will overlook negation of

theory, or not drive the observer back to question the validity of his records or his categories. But

there is a misstatement in the above sentence which needs correction. If there be only alternative

categories, e.g. the total of (RTtys compared with the total of (Di?)'s + (2)Z))'s, then Pearson's test is

absolutely identical with the probable-error test. This is of course well recognised
;

for, if and be

the observed frequencies and »i and iu the theoretical frequencies,

2 = ("U^i) 2 (m*z ntf= _ )2
/ 1 1 \

= -i— a- =-!—? si-r-, where N-ni+n2 ,

*('-}) »( l-J)
(Deviation of either category) 2

(Standard Deviation) 2 '

and for this case P— . I e d%. This test therefore Weldon applied with perfect legitimacy

to the consideration of Mendelian quarters. When Weldon came in tlte very paper cited by Dr Pearl to

test more complex Mendelian results, he did not fail to take account of correlations in errors, and

actually applied Pearson's criterion (Biometrika, Vol. i. p. 235). Dr Pearl's sentence therefore requires

remodelling ; he has clearly failed to appreciate what Weldon was doing.

t The pedigrees published by Weekes and Goddard show other exceptions to Mendelian law, which

they appear to have overlooked. This is confirmed by similar pedigrees in our Laboratory. The very

idea that the continuous and highly variable character "feeble-mindedness" is a "unit character"

in the Mendelian sense will do much to check real research into the grave complexities and difficulties

of this very vague and broad category.
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that according to that law there might be in rare instances such a combination of

circumstances that a normal child might be born from two parents that function as

feeble-minded. For practical purposes it is, of course, pretty clear that it is safe

to assume that two feeble-minded parents will never have anything but feeble-

minded children*."

The italics are ours. They are very typical of the manner in which an elastic

record and a plastic theory are made to fit. No account is anywhere provided

of this extension of Mendelian theory which "in rare instances" provides a normal

offspring to the two parents with an abnormal dominant character. Possibly, as

in Dr Pearl's case, it is due to the occurrence of " physiologically extremely

favourable " matings. Anyhow the old definite simplicity of Mendel's Mendelism

has gone ; with an elastic record and a plastic theory any data may be Mendelian

—or not—according to the views of the investigator who moulds his theory and

stretches his facts.

How welcome to such an one must be the Yulean theory of association !

" Whatever the nature of the classification, however, natural or artificial, definite or

uncertain, the final judgment must be decisive; any one object or individual must

be held either to possess the given attribute or not" (Yule, Theory of Statistics,

p. 9).

In the face of such a direction, how could Dr Pearl have been so foolish as to

balance a number of his hens on the dichotomic fence of 30-eggs, and allow a

moiety of each such hen to possess one Mendelian attribute and the other moiety

its alternative ?

It is not difficult to understand, however, why Dr Pearl does not like Pearson's

criterion of the goodness of fit of theory and observation. On p. 255 of his

memoir he gives a table " showing the observed and expected distributions of

winter egg production for all matings taken together." He remarks on this

table that " the lumped figures do not give an altogether fair estimate of the

matter, but some sort of a summary is necessary." We agree very cordially

because a number of the impossible green balls of the subsidiary tables do not

appear as such when the tables are lumped, but taking the data for what they

are worth we have the following four series

:

Winter Egg Production

Over 30 "Under SO Zero

I. Observation ... 365 5 259-5 31

Theory 381-45 257-25 17-30

II. Observation ... 2 23 15

Theory 0 25 15

III. Observation ... 36 79 8

Theory 26-5 86-75 9-75

IV. Observation ... 57-5 98-5 23

Theory 68-60 95-0 15-40

* The Kallikak Family, p. 114.
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Pearson's criterion gives the following results :

I. P = 003

II. P = -ooo

III. P = -113

IV. P = -036

The odds against the first series arising from material following the theory are

332 to 1 ; the second series is impossible on the theory ; the odds against the third

series are about 8 to 1 ; and against the fourth series are about 27 to 1. The com-

bined odds against even the three series (I, III and IV) representing the theory

are very large indeed. Dr Pearl actually tells us that " the investigator is usually

expected to reject abnormal material" (p. 256). And he prides himself on not having

done so*, and asks us to form a judgment not on the summary but on the detailed

data in the body of the paper. We have done so, and the criterion gives still worse

results. We agree with Dr Pearl that " the high producing hen, somewhat like

the race horse, is a rather finely strung, delicate mechanism, which can be easily

upset, and prevented from giving full normal expression to its inherited capacity

in respect to fecundity " (loc. cit. p. 255). But surely this is only to admit that

the character chosen was wholly unfit to test the theory upon at all ? It does not

justify rejecting the only scientific test of "goodness of fit," and then concluding

from nothing other than general impression that "the cumulative probability

that the hypothesis applied represents at least a reasonable approximation to

the true interpretation of the results becomes very great" (loc. cit. p. 257). If

"cumulative probability" signifies anything at all, it means the theory of

probability applied to the series to deduce combined odds against the total

results and these are hopelessly against Dr Pearl. Further we cannot go until

Dr Pearl publishes his record, which is not yet before us, although he has

published his own interpretation of it in a great variety of journals.

APPENDIX III.

On the Equation to the Surface of Constant Q.

If the limits to the frequency range in the variate a; be ft and a', and in the

variate y be b and b' , then in the notation of p. 184

" "But in view of the rather hysterical attacks upon geneticists and their method of work in this

country, if for no other reasons, it seems best to follow the plan of publishing all the data." We
would remind Dr Pearl that this is exactly what he has not done. We require the quantitative record

of every individual hen and its ancestry as far as is known before we can fully test the validity

of his results.
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By the equation in the second line of p. 184, we have

(l-%)(P+g) + iV
r

+ V|^-(l - x)(j>+g)l
2 + 4%(l-%)Fi

Whence by straightforward but somewhat laborious differentiation we find

fx fv x{N*-N(l- x){p + q)+l(l-X)P<l\
z = -— (i).

[\N-(l- X){p + q)]
i + HO--X)P(lY

This is the equation to the surface of constant Q. As soon as we know the

nature of the marginal frequencies, i.e. the values of p and q, we can find the form

of the surface. The above equation is somewhat simplified if we refer p and q

to the medians of their frequency-distributions, i.e. write p = hN — a, q= — /3.

In this case

5gfxH*'(i + x)-«(x-i>«fl)

If the marginal frequencies are Gaussian,

1 T" 1 V"
2f rx - ± ±s N fy - s —>.

?

a= . e
'2<ri"d:r, /3= . e

2<r2 dy,
\/27rovo \/27ra.,-io

it a.,

It is therefore possible by aid of Sheppard's Tables to construct the contour

lines of the surface of constant Q for this relatively simple case. But the surface

is far from simple and its complex equation seems to indicate that association as

measured by Q is of a very arbitrary character. We have constructed the surface

of constant association for the special case of Gaussian marginal frequencies, when

Q = '6. The photograph of the surface, the regression lines and the contours will

be published on another occasion. It suffices here to note : (i) that the arrays are

heteroscedastic, varying from homoscedasticity of the mid-section to a skewness of

•16 when x\<r
x
= 1'5 and to a skewness of -20 when x/cr

1
= 3'5. (ii) The regression

line is most markedly skew, in shape like a Galton ogive, so that there is a

maximum of regression, and therefore correlation, at the centre of the surface,

while the regression and therefore correlation reduce to zero as we move outwards.

No frequency surfaces in actual practice exhibit, as far as we are aware, these

features demanded by constant Yulean association.

40—2



MISCELLANEA.

I. The Correction to be made to the Correlation Ratio for Grouping*.

By STUDENT.

Using the ordinary notation viz. «X()
= the number in the x array of y's whose mean is at xp ,

j/Xp= the mean of this array, N the total number in the sample, and y the general mean of y,

we have rf defined by the relation

. S{nx {yx -yf}
.v,/ «

If rf is required to fit a regression curve to the actual observations as in Professor Pearson's

original memoir " On the General Theory of Skew Correlation and Non-linear Regression," no

correction is necessary.

But if we require a ratio which shall remain constant under wide variations of grouping

and of number in the sample and which shall consequently be more comparable from one sample

to another, there are two corrections to be made.

The first of these has already been given by Professor Pearson {Biometrika, Vol. viii, p. 256),

and he has expressed it as follows :— If ^
3 be the value of rf actually found by the use of (i),

and if be the value which would be found from an infinitely large sample, then if k be the

number of x arrays

1-(k-2)/iV
(H)

But there is a further effect of grouping which has not hitherto been noted and which can be

evaluated as follows

:

Suppose the xp array to be divided into elementary x arrays and let yp be the mean of

the xp elementary array and np its frequency.

Then clearly the proper contribution of the xp array to rj
1 is

N*,f
This is equal to

S {Wp(&»-

1

[SK {yH -W) + 25 {np (yXp - y) (yp - yXp)} +S {nv (y„ - yXfif}\

Now yx? — y is of course constant for this summation, S (np)=n^ and S {np (yp
- yXp)}=0,

herefore the contribution to rf

%&p -W S {rip (yp-yx ))=
N„* + aw (m)

:

* See above p. 118 of this Journal.



Miscellanea 317

The first of these two terms is that which is obtained in the ordinary way, so the contri-

bution of each array should be corrected by the addition of the second term and rf
l itself by

the addition of

Now if Professor Pearson's correction (ii) has been made we may take the point whose

coordinates are (xp , yp ) to lie on the regression line, and if further we assume the regression

line to be linear throughout the xp group and to be inclined at an angle of tan
~ 1 rp — to the

horizontal we have

Hence (iv) becomes

yp=xp .rp^ and yXp=xp ,rp^

gfV^K (ay -Ay)'2
}

Now S {rip (xp
- Xpf) is the second moment of the xp group about its own mean and when the

distribution is known can often be approximately evaluated. Similarly when the distribution is

known rp can be estimated and the correction to i;
2 calculated group by group.

But by making certain assumptions we can very much simplify the work, and a practical

test, in which the assumptions are not justified, will show the sort of errors which are

introduced.

The first assumptions are that the regression is linear and the arrays homoscedastic. In

this case of course rp is constant and equal to 77 ; we are practically determining a value of r by

the rj method.

The correction then becomes

S[S{mp (xp-xp)
2
}],

or writing X2= S [S {mp (xp — xp )'2
}] and H2 for the raw value of rj

2 after using Pearson's correction,

we get from (iii) x]
2=H2+ rj2\'2 or

H'2
r= {\^) (V1 >-

To obtain a value for X2 we still require to postulate something of the nature of the distri-

bution and I propose to treat (i) of the case where the unit of grouping is constant and small

enough for the frequency in each group to be considered to be distributed as a trapezium,

and (ii) of the case where the frequency distribution is normal.

(i) First to find the second moment of a trapezium about its mean.

Let zs and % be the ordinates forming the 'walls' of the trapezium and let the group

unit be h.

Then y= zs +
j

""

^ x is the equation to the 'roof referred to the 'floor' and left hand

' wall ' as axes. The area is clearly ^8"*"^
.

The mean is at

2 2 \(z<-t,)h? zth*\ _h 2is , + z
s

(it—r I yx dx=
zs'l J 0 '
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The second moment coefficient about the axis of y is

k(za+za,)J 0
J ' 4A

+
3j 6

-

za+za
.

'

The second moment coefficient about the mean is

6'z,+z, 9 • (z8+zsy- is t («.+2,0
2

J 12 1 *U+%/J'
Clearly when A is reasonably small (-——J is a quantity of the second order and in

\Zg+ Zf/J

x2=ife ^
1 ' N

1- * ^ h_ K -

this case

so that

12oy7 { iV

when the unit of grouping is uniform and small.

(ii) When the unit of grouping is neither uniform nor small and there is no special know-

ledge of the nature of the distribution, we must needs fall back on the Gaussian curve to give us

a first approximation to zs and za> for each group.

In this case

l-\*=Ns{(Zs
~

Zs ' )2

\ (ix)*

and it is necessary to determine it, after fitting the frequency by means of Sheppard's tables.

Finally, what correction, if any, is to be made for the grouping of y ?

This will become more apparent from the alternative formula for rf, namely

No 2

For the second moment of each array should be corrected by the subtraction of where k

is the unit of grouping of y so that

_ S^-ys+ys-y?-S{y-yaf

_ S(y - 2/s)
2+2S(y - ys) (ys

- y)+S(ya-y?-S(y-ya)
2

= ^{>hiy»-yf}

N<r*

since S(ya
— y)

2 when summed for each individual becomes S {ns (ys
-y)'2 \ when summed for

each array, and S (y — ys) (ys — y) vanishes for each array.

Hence there is no correction to be made for the y grouping except Sheppard's correction for

the Standard Deviation of y.

* The suggestion of this formula I owe to Professor Pearson.
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I have tested the results on an instance given in Professor Pearson's original memoir, namely

the age and auricular height in Girls, correlation table pp. 34 and 54.

The means of the arrays in the full table are as follows :

Even Grouping
Number of

Grouping

III 11 I

Age

3— 4
4— 5
5— 6
6— 7
7— 8
8— 9
9—10
10—11
11—12
12—IS
13—Ik
14—15
15—1G
16—17
17—IS
18—19
19—20
20—21
21 22
22—23

Mean Auricular
Height

115-25
116-9643
117-4722
119- 1000
120-3026
121-6340
121-7246
122-8160
123- 1427
123-8908
124-8622
125-7146
126- 1565
126-5340
126-9132
127-0205
129-5577
123-8214
126-5000
125-25

Number of

Cases

1

7

18

40
76

125
177
235
261
309
263
198
214

162
95

61

13

7

8

2

Uneven Grouping
Number

IV VI VII

These were grouped in seven ways in three of which the groups were of equal width, and the

other four give an attempt at equal frequency : the method of grouping is set out by means

of columns headed in Roman numerals. The age distribution differs significantly from the

norma], the constants being /3i= "0013, j32
=2 ,

7101, but it would perhaps have been better to

have selected a less normal distribution : still it represents the ordinary ' cocked hat ' statistics

that tend to occur.

The regression is certainly not very linear, the growth apparently ceasing at about 18-19.

The values of rj'
2 (the raw value), H2 (the value after using Professor Pearson's correction) and

rj1 (the value after attempting to use the X'J correction) are given in the following table.

Number
of

Grouping

Number
of

Groups
V H-

1 - \2 from
Normal Curve

V
2

V v" V

I 20 09183 •303 •08414 •08489 •291 •08494 •291

11 10 •08657 294 •08290 •08595 •293 •08510 •292

III K •07701 •278 •07535 •08786 •296 •08635 •294

IV 9 •08836 297 •08510 •08953 •299

V 6 •08342 •289 •08136 •08913 •299

VI 5 •08218 •287 •08053 z •08885 •298

VII 2 •06203 249 •0615V) •09739

1

312
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It will be seen that the first three, with even grouping, are very close together though

the number of groups has been reduced from 20 to 5. Similarly the next three are close

together, and the last is again by itself.

An examination of the way in which the groups are taken shows that the more the tail

is bunched together the higher is the value found, and this is what would be expected in this

particular case, since there is practically no increase of head height with age at the 'old' end of

the scale, whereas for purposes of calculation we have assumed a constant angle for the regression

line. But it may be pointed out that r) varies (to the 2nd place of decimals) only from -29 to -31

even if we reduce the twenty groups to two, an extreme proceeding which is never done in

practice.

At the same time the ordinary six or eight groups may be expected to give results a little

too high when, as is usual, the regression line is curved.

II. On the Hereditary Character of General Health.

By KARL PEARSON, F.R.S. and ETHEL M. ELDERTON, Galton Laboratory.

(1) In dealing with the heredity of general health we have to meet at once certain funda-

mental difficulties. We have first the question of environment and secondly the question of

variety in health caused by what we may term accident. If we deal with families living in

widely differentiated environments we shall have, or certainly may have, a spurious correlation

of health in parents and offspring ; the resemblance in health will be emphasised. On the

other hand, when a single member of a family is exposed to a specially differentiated environ-

ment, i.e. goes to the West Coast of Africa, or spends his life in India, or catches enteric at a

particularly unfavourable moment, the correlation of general health may be decidedly weakened

in the case of parent and offspring. These difficulties of differentiated environment and what

we may, perhaps, term accident cannot be wholly overcome, but we may endeavour to meet

or measure them. In the first place we can confine our observations to one social class and

thus go a long way to get differentiated environment removed. If, as in the present paper, we

deal essentially with the professional classes, there is great uniformity of general environment.

The food supply is sufficient, the doctor is always at command, physical exercise is fairly general

and markedly insanitary houses or occupations are practically avoided. We do not think

therefore that, for the data of the present paper, differential environment is a marked factor

in producing correlation. On the other hand we do consider it possible that "accident" will

weaken the relationships sought. The reduction in health-correlations below the values for

other physical characters, might indeed be taken as a measure of random action on health,

comparable with the random action of death itself in reducing the correlation of duration

of life, which has already been discussed by one of us*. Indeed heredity of general health

is almost as significant for the problem of natural selection, as heredity of duration of life.

A more serious difficulty in the health-inheritance problem is this very question of death.

If parents are delicate and health or delicacy is hereditary, they will have delicate children,

and we may anticipate that more of these children will die than in the case of the children

of robust or normally healthy parents. Thus only the healthier children of delicate parents

will survive for us to record their state of health, and accordingly the offspring of delicate

parents will appear healthier than they really should be owing to the selective death-rate. In

our investigations we have dealt only with offspring who lived to be adult, i.e. to at least

21 years of age, so that an appreciation of general health could be formed. There is also a

further difficulty that very delicate parents are themselves likely to die, and we have again

* 11. S. Proc. Vol. 65, p. 290, and Biometrika, Vol. i. p. 50.
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less chance of getting their record. Hence the problem is by no means without difficulty, but it

is of such great interest that we venture to give here our chief results.

Our health classes were : Very Robust, Robust, Normally Healthy, Rather Delicate, Delicate

and Very Delicate. These have been verbally defined, and our present definitions are as

follows :

SCALE.

V.R. Very robust.—He has never had to see a doctor, nor been off work through illness.

R. Robust.—He has only seen a doctor about minor ailments, and has only been off

work for colds, etc.

N.H. Normally healthy.—He has not had more than one serious illness, involving, say,

a fortnight's absence from work during the last ten years.

R.D. Rather delicate.—He has had more than one serious illness, but not more than one

involving more than four weeks' absence from work during the last ten years.

D. Delicate.—He is off work through illness at least four weeks in all every year.

V.D. Very delicate.—He is in a chronic state of ill-health.

But these definitions were not used throughout the whole of the records included in the present

investigation, and we found considerable reluctance to the use of the " Very Delicate " category.

Accordingly in the present reduction all the delicate categories have been clubbed together.

As in previous investigations a Gaussian frequency scale was used for Health*, the interval

on the scale covered by " Normally Healthy " being taken to represent 100 units of health,

which may be called sanitaces. These hundred sanitaces were supposed to represent the range

of normal health of each type of individuals—fathers, mothers, sons and daughters, and the rest

of the distribution calculated in terms of them. At the mean of the parental category was

then plotted up the mean number of sanitaces of all the offspring of either sex of parents of

the given category. Thus the round black dots of our four first diagrams were obtained. It

was found that the three points marking the mean health of offspring of " Very Robust,"

" Robust " and " Normally Healthy " parents were in all four cases closely on a line which passed

through the mean of parental and filial health, but that the mean health of children of delicate

parents in all four cases gave a point lying markedly above this line. This line in all four cases

shows a marked slope indicating that as the health of the parents is worse so the health of their

offspring is worse.

To illustrate the probable source, or at least part source, of the anomaly in the case of the

delicate parents, the percentage of sons dying before 21 years of age and so escaping record

of health was obtained for each health group of the fathers and this percentage was plotted in

Diagram V. to a Gaussian scale of Father's health. Again we note a fairly uniform increase of

the percentage of deaths with decreasing goodness of health of the father, for the three better

categories, but a very marked excess of deaths—quite off the line—in the category of delicate

fathers, where some 13 °/
o
of sons die as against the 7 °/„ in the case of " Very Robust " fathers.

(2) Still preserving our Gaussian scales, we may consider that it is the sons of delicate

fathers who have been especially selected. In this case the health of the sons of the three

left-hand categories of fathers will give very nearly the true regression line for unselected

material. We have made no attempt to algebraically tit the best lines to these three points,

but placed them graphically on the points and through the general means t.

* Cf. Huxley Lecture, Biometrika, Vol. in. p. 146.

t This was done because the three left-hand points always fall nearly on the same line with the

general means, but of course the means of both parents and offspring would be somewhat lowered had

we the full complement of delicate sons of delicate parents:—to increase the number of such sons

would ipso facto increase the number of such parents and thus both means of health iu offspring

and parents would be lowered in the same direction probably approximately that of the true regression

line.

Biometrika ix 41
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But there is another disturbing factor, which the diagrams make at once obvious, the mean
health of parents is in very considerable degree better than that of the offspring. Measuring

our mean health of any population in sanitaces from the division between " Robust " and
" Normally Healthy," negative towards normally healthy, we have the following results :

TABLE I.

Mean Healths of Various Populations.

A
Fathers of Sons : + 2-'

Fathers of Daughters : - 2 09 ~

11
Mothers of Sons : - 20-22 sa.l

2-49.

•72 sa.l

•09 sa.J

'

sa.

)

'29.

0-89.

Mothers of Daughters : - 1773

Sons of Fathers: -17 - 11 sa.l

Sons of Mothers : - 16-82 sa.J

~

Daughters of Fathers : - 35-53 sa.l

Daughters of Mothers : -34-64 sa.j

These results show at once that the health of the parents is far better than that of their

offspring. This does not imply that the younger generation has degenerated but only that

there is a selection of the more healthy for parentage ; the more robust men and women are,

the more likely they are to be parents and repeated parents. The differences between sous of

fathers and sons of mothers is due to a difference of material and the same applies to daughters

of fathers and daughters of mothers ; these differences are probably those of random sampling.

The differences in the cases of parents are more marked and possibly significant. If they be,

then we have some slight suggestion that a healthy father and a delicate mother would be more

likely to have sons and a delicate father and a healthy mother daughters. Even if there be

anything in the suggestion, it would only be shown in large numbers, and is not a universal rule

for individual pairs. All we can say is that the numbers do not flatly contradict a popular

impression of the kind.

(3) Another result brought out by our numbers is that the health of the male is markedly

better than that of the female in both generations ; this is possibly the effect of a more stringent

selection of the male. Such a selection may be of two kinds, first the known heavier death-rate

of the male, and secondly a greater objection to admission of delicacy or even to giving a record

at all on the part of the delicate male. The general difference can be seen in the following

percentages of delicate individuals :

TABLE II.

Percentages of Delicate Individuals in Various Populations.

Fathers of Sons : 7-76 %
Fathers of Daughters : 9-68 %
Sons of Fathers : 13 69 70

Sons of Mothers : 13-57 7„

Mothers of Sons : 1 6-65 70

Mothers of Daughters : 16-56 7„
Daughters of Fathers : 20-44 7o

Daughters of Mothers : 20-82 7„

There is an increase in the delicacy rate as we pass from Fathers of Sons to Fathers of

Daughters
; a slight fall only in the delicacy rate as we pass from Mothers of Sons to Mothers

of Daughters. But both are supported by the rates of " Very Robust " where we find the

following percentages : Fathers of Sons 18-76
; Fathers of Daughters 17-91 ; Mothers of Sons

U-28 ; Mothers of Daughters 13-02.
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(4) In the following table the Standard Deviations of the various populations are given also

in terms of sanitaces.

TABLE III.

Standard Deviations of Health in Terms of Sanitaces of
Various Populations.

Fathers of Sons : 72-25 sa.

Fathers of Daughters : 75-31 sa.

Mothers of Sons : 82-40 sa.

Mothers of Daughters : 84 -65 sa.

Sons of Fathers : 75 73 sa.

Sons of Mothers : 75 -64 sa.

Daughters of Fathers : 78'06 sa.

Daughters of Mothers : 80-42 sa.

The definite conclusions we can draw from this table are : first, that women are definitely

more variable in health than men, and secondly that daughters seem less variable in health
than their mothers, while sons are possibly but only slightly more variable than their fathers.
On the whole the nature of the health selection between the older and younger generations
seems to be of a character which leaves the variability only slightly modified, but shifts very
considerably the mean health as a whole from parents to children.
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(5) The results so far reached enable us to test the degree of stability of our scale. If that

scale is a reasonable one, the range of the " Robust " category ought to come out with reasonable

sameness when measured in sanitaces for the different populations. We find :

TABLE IV.

Range of Robust for Various Populations.

Fathers of Sons : 66-80 sa.

Fathers of Daughters :
67-02 sa.

Sons of Fathers

:

74-80 sa.

Sons of Mothers : 76-95 sa.

Mothers of Sons : 79-61 sa.

Mothers of Daughters : 77-52 sa.

Daughters of Fathers : 81-54 sa.

Daughters of Mothers : 82-47 sa.

It will, we think, be clear from these results that the terms employed in our categories have

been used in rather different senses when applied to males and females, and when applied to

the younger and older generation. If we assume " Normal Health " to be the same for all types,

then the category " Robust " has been used in a wider sense for women than for men, and in a

wider sense for the younger than the older generation. Nor does this seem unreasonable when

we compare ordinary practice, in which undoubtedly a different health scale is applied to men
and women, and to old and young. As we have seen there is on an average a lower state of

health in women than in men and we are apt to judge by deviation from the average rather

than by absolute condition. Again the average health of the older generation is higher than

that of the younger, and one is rather apt to compare the health of the offspring with that

of the parent instead of applying an absolute standard to both. Anyhow without laying much
stress on the reasons for the personal equation, it is probable that judgment does differ in the

matter of health according as we are dealing- with man or woman, and with the old or young

generation.

Speaking in quite round numbers we may say that the range of our " Robust " in women,

regardless of whether they are parents or not, is about 80 sanitaces and this is almost equal to

the standard deviation of their health (mean of four populations 81 -4 sa.). In the case of men
of every status, the range (71'39 sa.) of the " Robust " is slightly less than the standard deviation

(74
-

7 sa.), but for many purposes it may be sufficient to consider both as 75 sanitaces. We
have no means of ascertaining the absolute health in sanitaces of any individual, but if we were

to assume 300 sanitaces as the stock of an individual on the border of " Normal Health " and
" Robustness," the average man would have about 292 and the average woman about 273 units of

health ; one woman in a thousand would have less than 29 units of health, and one man less

than 67. The "Very Robust" man would be a man with more than 371 units and the "Very

Robust" woman would be a woman with more than 380 units. Finally one man and one

woman also in a thousand would have more than 517 units of health. Thus while the most

robust men and women in the thousand are of the same calibre, the most delicate woman
has less health than the most delicate man,—a result possibly of the more stringent death-

rate ; a man needs more health to survive at all. Of course these results are purely suggestive,

but they flow with some probability from the lower average health of women and their greater

variability. We should not desire to place any great weight on them. Other data for different

age groups and social classes will be discussed later, and then it will be more possible to propose

with greater certitude a definite health scale.

(6) Looked at from the average environment of the professional classes, there can be little

doubt that our diagrams indicate that general health is a hereditary character ; but we have of
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course to regard the difficulty of the record in regard to delicate offspring of delicate parents-

We want if possible to get some measure of the correlation in health of parent and offspring

from our first three points in each diagram.

Clearly we can find the slopes of the regression line passing through these three points. If

(To be the standard deviation of offspring and rrp of parents, the slope

— X ' OP-up

This of course is independent of normality. Again the weighted mean square deviation of

arrays has the value <ro
2
(1 — i'op
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Now <ra] ,
o-„

2 ,
<ra can for each array be expressed in terms of h the 100 sanitaces of the

" Normally Healthy " range for that array and s can be carefully measured on the diagrams. It

only remains to consider what value shall be given to a-p. Undoubtedly some parents are

omitted because they have died from delicacy, but on the whole we are convinced that there has

been rather less selection of parents than of offspring. Accordingly we have put aP its value

in terms of the range of "Normally Healthy." Thus r0p can be calculated, without regarding

the final anomalous array.

But clearly we have to correct the result for our grouping in arrays of parents, but for

parents only, as the S. D.'s of the arrays have been found from total frequencies of the groups,

on the assumption that each array is normal. We must therefore divide each correlation by
the correlation between class-index and individual character—a point discussed in another

paper (see pp. 116 and 134 above).

These corrective factors, rxQ of our notation, are :

rxCx f°r Fathers in Fathers and Sons : -9258.

„ „ Fathers and Daughters : -9333.

„ Mothers in Mothers and Sons : '9354.

„ „ Mothers and Daughters : -9384.

Thus we have

Correlations of Health, Parent and Ofspring.
Kaw * Corrected

Father and Son : -4456 -4813]

Father and Daughter : -2852 -3056

1

Mother and Son : -3551 -3796

Mother and Daughter : -3407 -3631

Mean= -3824.

39.

•37.

We have also considered the correlations from another standpoint. We have for the slope s

of the regression line for the three first points

O"0
s=— r0p.

* Corrected of course for defect of delicate offspring of delicate parents, i.e. found from formula
for top above.
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Therefore :

r0P=— xs.

Now o-p may be slightly too small because some delicate parents will be omitted and <r0 will

probably be too small because, as we have seen, many delicate offspring escape record. We
shall thus get rather too large values of r0P . There will be no correction to be made this time

as the values of <rP and <to are based on frequencies occurring between certain limits. The

following values were obtained :

Slope s Correlation

Fathers and Sous : -55 -52471

Fathers and Daughters :

-33 -3184J

Mothers and Sons : '345 -37581 ^
Mothers and Daughters: -34 -3578J

'
'

Mean =-3942.

This confirms the values previously obtained and we think we may adopt them and especially

the mean* value -3824 first reached as at least a fair approximation. Now suppose the

chance of an individual's health being due to some other cause than heredity to be p, then in

a population of N pairs the chance of both pairs having their health as a natural inheritance

will be (l-p)2 and the ratio of correlated to the total material will be (1 —pf NjN, this

will measure the reduction in the correlation of health between parent and offspring due to

accidental and extraneous causes.

Now the full strength of heredity for physical characters has been shown in the professional

classes to be on an average about -46
: see Biometrika, Vol. II. p. 357. Hence we have :

(l-p) 2= -3824/-46,

or: p= '0743.

Thus the health of only 7-4°/
0
of the population is determined by accidental causes. In

92 -

6 °/o) i-e. in the great bulk of cases, heredity is the chief factor in the determination of general

health. Without laying too much stress on the actual figures, we think it may safely be con-

cluded that heredity in the professional classes is the chief source of the good or bad health of

individuals.

Tables. General Health.

TABLE I.

Father's Health.

Very
Robust

Robust
Normally
Healthy

Delicate Totals

Very Robust ... 111-25 63-75 19 15-5 209-5

Robust 117-25 237-5 161-5 39-25 555-5

Normally Healthy ... 88 236 461-5 57-5 843
Delicate 33 72-75 117 32-25 255

Totals 349-5 610 759 144-5 1863

* There is something auomalous in the high value of the father and son correlation, but we have

not been able to trace it to any definite origin.



Miscellanea 329

TABLE II.

Mother's Health.

Very
Robust

Robust
Normally
Healthy

Delicate Totals

Son's

Heal Very Robust ...

Robust
Normally Healthy ...

Delicate

76
55-5

61
9-5

47-5

215-75

189-75
66-5

42
201-5

424-5
102-5

27
72-25

134-25
64-5

192-5

545
809-5

243

Totals 202 519-5 770-5 298 1790

TABLE III.

Father's Health.

Very
Robust

Robust
Normally
Healthy

Delicate Totals

Very Robust ...

Robust
Normally Healthy ...

Delicate

53-5

117-5

111)

66-5

33-25

207
245-25

114

25-5

149
462-25

165-75

16-25

26-5

95
49-75

128-5

500
912-5

396

Totals 347-5 599-5 802-5 187-5 1937

TABLE IV.

Mother's Health.

Very
Robust

Robust
Normally
Healthy

Delicate Totals

Very Robust ...

Robust
Normally Healthy ...

Delicate

52

76
85-5

31

38-5

191-25

213
95-75

30-5

164-25
431-75
157-5

15-5

58
130-75

106-75

136-5

489-5

861
391

Totals 244-5 538-5 784 311 1878

Biometrika ix 42



330 Miscellanea

III. Note on the Honduras Piebald.

By KARL PEARSON, F.R.S.

The first report of this piebald with photographs was, I believe, brought back to Europe

by M. le Comte Maurice de Perigny. Professeur R. Blanchard published an account based

on the Comte de Perigny 's data in the Bulletin de la Societe' francaise d'Histoire de la Me'decine,

t. ix. p. 213, Paris, 1910. Through the courtesy of the Comte de Perigny I have been provided

with copies of his photographs, which will appear in the Second Part of the Monograph on

Albinism soon to be issued by E. Nettleship, C. H. Usher and myself, and are reproduced as

Plates X. and XI. here. This piebald boy is of much interest because he belongs essentially to

the " classical type," illustrated in paintings of the 18th century, and no living piebald of this

type had so far come to our knowledge, although we had in the First Part of our monograph

given many illustrations of early cases.

But there is further scientific interest in this piebald because he supports the point of view

emphasised by me in the monograph referred to, that when a pure race is crossed with a mixed

race—a hybrid between races with markedly different degrees of pigmentation—then piebalds

are likely to appear de novo. On this ground it seems to me idle to speak of piebaldism as

a Mendelian unit character, and it is idle equally to talk of it as a latent unit character, for there

is no evidence at all that it ever occurred before in the pure races whose crossing leads to.

these piebalds. In the present case the mother has Mexican and negro blood, the Mexican

being already a mixture of Spanish and American Indian. She thus combines black, red and

white races. The father is a coal-black pure African. But several of our piebald pedigrees show

that it is sufficient for piebaldism when a pure red or white is crossed with a pure dark race

and then the hybrid be mated again with either pure race, the produce of this second cross may
be a piebald. The light race may be merely an albino variety of the dark race, and in several

of our dark race pedigrees we find such piebalds occurring in stocks wherein albinism has

occurred also. Indeed given an albino occurring in a dark race it seems possible from the

hybrid between normal and albino by crossing again with normal or albino to produce almost

every shade of colour as well as every variety of piebaldism. If such cases occur in man and

axolotl, it seems unnecessary to seek in the ancestry of the albino for possibilities of either

piebaldism or colour, as for example has been done in the case of mice. There is no reason

to suppose brilliant colours latent in the normal axolotl, nor piebaldism latent in the normal

man. At any rate where there is no evidence of it before the crosses take place, it is more

reasonable to suppose it a product of the crosses themselves.

Without entering fully into a matter which will shortly be discussed at length elsewhere,

I would point out that when a hybrid is formed between a black dog which has bred true for

many generations and an albino of another race, this hybrid is either black or black with white

markings on chest, never in our experience so far a true piebald, but when this hybrid is crossed

again with the albino, we obtain at once not only black dogs, or black dogs with white markings,

but black and white piebalds, lilac and white piebalds, rusty black dogs, red dogs, and albinos

;

possibly as the work goes on other types will appear also. Much the same changes seem

to arise from like crosses not only in mice and axolotl but also in man.

In the case of our present piebald we have the father a pure coal-black negro and his

brothers and sisters are like him, the mother is a mixture of negro and Spanish-Indian blood
;

she has a fair skin, black eyes and long black hair, and brothers and sisters are fair skinned like

her. There are six children ; the three eldest are boys aged 11 years, 9 years, and 7j years
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Lisbey, the Piebald Boy of El Cayo, British Honduras. From a photograph taken for

K. Pearson, through the courtesy of Bobert H. Franklin, Esq., July, 1912. Plates

VIII and IX compared with X and XI indicate that the frequency and relative

size of the colour patches appear to have altered.
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Lisbey, the Piebald Boy of El Cayo, British Honduras. From a photograph most

kindly provided by M. le Comte Maurice de Perigny. Lisbey is shown with his

Father. Front view, 1908. Reproduced from Pearson, Nettleship and Usher's

Monograph on Albinism, Part II.
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Lisbey, the Piebald Boy of El Cayo, British Honduras. From a photograph most

kindly provided by M. le Comte Maurice de Perigny. Lisbey is shown with his

Father. Back view, 1908. Reproduced from Pearson, Nettleship and Usher's

Monograph on Albi)tism, Part II.
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respectively, the last being the piebald ; the three youngest are girls aged 4 years, 2 years, and

9 months respectively. These last three children together with the piebald are given in Plate

VIII. The grandparents were all "normal," i.e. not piebald. Plate VIII. suffices to show

not only the difference in colour between father and mother, but the range of colour in the three

daughters.

As soon as I had seen M. Blanchard's account of this piebald boy I wrote to the District

Commissioner, at El Cayo, Mr R. H. Franklin, and he most kindly sent me the fuller

particulars here given, as well as arranged to have the family photographed for me. He tells

me that the youngster is the pet of the place as well as its "curiosity" and that he is quite

an intelligent boy. He was born on December 1st, 1904, at Peten in Guatemala and the reason

his parents give for his piebaldism is " that owing to an eclipse of the moon on the night of his

birth, he caught it in the head and it scattered over his body." There was no eclipse of the

moon on that date nor any near it.

One point further may be emphasised with regard to this boy. In our Monograph on

Albinism, p. 248, Plate I (23)—(26), we deal with the case of a piebald boy from Papua and

we give photographs taken at nine years interval. The dark patches have grown larger, but

they have not increased in number nor in relative size. In the present case a careful com-

parison of the dark patches on the legs and arms of this Honduras piebald boy in the recent

photographs (Plates VIII. and IX.) of July 1912 and those of the Comte de Perigny of some four

years earlier (Plates X. and XL), shows with almost absolute certainty that the relative area of

dark pigmentation has considerably increased. This remarkable fact renders the boy of special

interest, and it is to be hoped that in still later years photographs of him may be obtainable for

comparison with the present series.

IV. Selection and Intermediates in Bacillus coli.

By LEONARD KEENE HIRSHBERG, M.A., M.D.

In the course of some other work on a strain of Bacillus coli, taken from the rectum of a

Scotch collie, and planted first in beef tea on October 5th, 1911, traiisjjlantations and agar plates

were made of these organisms with the original purpose of studying what has been hitherto

called involution forms. The course of this work directed my attention to the possibility of

these forms being dependent upon the quantity and quality of the pabulum or nutrient material

furnished to the bacteria, and hence these so-called involution forms being actually types of

polymorphism.

Incidentally observations were made, in view of the claims made by the biologists represented

by Professor Castle of Harvard on the one side, and Professor H. S. Jennings on the other, along

the lines of possibly selecting races of long, short, and various intermediate generations of this

colon bacillus. If it had proved possible to select a type of long, intermediate, or short bacilli,

that had remained within the limits of the select mode without reverting back or possessing the

power to generate all the types, it would have strengthened the work of Professor Castle on such

higher animals as rats, with their manifold and necessarily complexly interrelated factors. As it

is, however, after making two hundred and twenty transplantations of colonies of this strain of

organisms, and trying to generate true long, short, thin, narrow, and intermediate types for both

length and thickness, I find at the conclusion of that part of the work that there is absolutely

no ground in my experiments supporting selection as an element in generating a particular type

of these bacteria.

Placed in suitable nutrient media, at room temperature, these bacilli divide very rapidly by

simple fission. From twenty minutes to half an hour is the average time of division, yet if we
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allow an hour, it is seen that in twenty-four hours—the average time of the transplantations on

tubes or plates of various media for selecting—one bacillus gives generations numbering seven-

teen millions of separate individuals.

When the nutrient material is favourable and incubator temperature is used, the types of the

bacilli tend to be shorter and actually thinner—although relatively thicker in appearance

—

while the rate of fission is much increased. In solid media there is also a greater tendency to

the small forms, while in peptone and other liquid and at the same time less favourable material

the long tenuous and slowly dividing types are more common.

When bizarre types like those formerly called "degenerated bacilli" such as flask-shaped,

drum-stick, dumb-bell, Indian club, and tenpin-like variations made their appearance, it was
always possible to transplant these and obtain polymorphous bacilli of all the previously

known specimens.

True enough, it was often difficult at first to start these unfavourably shaped types growing.

They required close attention, frequent transplantations, and the best media such as milk,

serum bouillon, and sugar agar or sugar gelatin, but they inevitably came around, and again

generated every type that had been observed during the experiments.

Hanging drop slides as well as basic aniline dyes were used in the work, and although there

was no standard speed by which the motility factor could be studied, an incidental attempt was

made to select slowly moving from rapidly motile organisms. This too was without success, and

also depended evidently on food supply, temperature, and other environmental changes. The
succeeding generations always produced both types and none generated true forms of motility.

Although some attempt was made to call all types under two micromillimetres short, and all

over six micromillimetres long, the intermediates were allowed a range of three to five micro-

millimetres. All above five-tenths of a micromillimetre were thick, while thin ones were one or

two-tenths.

Summary and conclusion : From these experiments, which it must be emphasized are incidental

to some other bacteriological studies, it seems that in the case at least of Bacillus coli, a condition

of polymorphism exists.

Efforts at selection in two hundred and twenty-five transplantations of thousands of genera-

tions each, resulted in absolute failure to obtain any true strain of form or motility. The
organisms, while subject to great variations about the given mode of the variety according to its

food and environment, always reverted to the previous mean in subsequent generations.

All types were under the proper conditions possessed of the power of generating all other

types, hence selection as a method of generating any of these or any new type brought no

result.

CORRIGENDA.

In Vol. vm. pp. 262—6 in the "Study of Pygmy Crania" by Miss H. Dorothy Smith, a slip occurs

which is several times repeated. The crania dealt with are described as of the Third Dynasty. They
belong to the XXVI—XXX Dynasties. As to the cemetery from which they were taken : see Flinders

Petrie, Gizeh and Rifeh, p. 2<J.

Mr J. I. Craig wishes to state that he has discovered the difference between Professor Myers'

measurements of head-length and those used in his own paper on the "Anthropometry of Modern

Egyptians" (Biometrika, Vol. vm. p. 78). Professor Myers measured as usual from the glabella;

Mr Craig was told that the prisoners' heads were measured in the usual way (see loc. cit. p. 67, § 4),

and supposed this to be also from the glabella. But he now finds that the Egyptian criminals are

measured from the nasion. This explains the large differences between the head-lengths of the criminals

and soldiers commented on in the Editorial footnote on p. 78.
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ANOMALIES OF PIGMENTATION AMONG NATIVES
OF NYASALAND.

A CONTRIBUTION TO THE STUDY OF ALBINISM*.

By HUGH STANNUS STANNUS, M.D. Loud., etc.

On page 148 of Part I of the Monograph on Albinism by Pearson, Nettleship

and Usher from the Department of Applied Statistics, University College, London

(Dulau & Co.), 1911, Professor Karl Pearson remarks, after dealing with some

cases of albinism reported by myself and embodied in that work, "It is impossible

to stndy Dr Stannus's data without being impressed with the various grades of

albinism to be found in the dark races." It is particularly with the wish of drawing

attention to this point that I now publish notes on cases of albinism which have

come under my notice since the appearance of the above monograph. Pearson

notices that there appears to be a greater variation in the albinotic characters

among dark-skinned peoples, and seems inclined to attribute it to the fact that

the various lesser grades of albinism are more readily distinguished among them than

among fair races. With this I agree, and, as my own cases will show, intermediate

forms between more or less well-marked types are found in numbers. This is

a matter which I think has largely escaped the observation of those who have

published records of cases. I am of opinion that for this reason consideration of

the observations made by a single individual on a number of cases from a single

country is more likely to give a correct impression of the subject than a mass of

material drawn from many sources.

The difficulty in defining albinism lies in the fact that short of a microscopical

examination of all the tissues of the body it is impossible to say whether pigment

is present or not. Dealing with the tissues more especially concerned in albinism,

* This paper formed part of a thesis presented for the degree of Doctor of Medicine at the University

of London. [The absence of Dr Stannus in Nyasalaud has thrown upon the Editor the responsibility

of editing these pages for press. Names have not always been spelt uniformly in the type-written

manuscript, and at various other points the Editor has badly needed Dr Stannus' help. The Editor

has ventured to add a few footnotes in square brackets on topics, which he would much preferred to

have previously discussed with the author. Ed.]
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that is, those tissues which normally contain sufficient pigment to be evident to

the unaided eye, it has been found that, even when they appear to contain none

to the unaided eye, on microscopical examination a certain amount of pigment

may be present ; such has been demonstrated in the case of the eye and hairs.

Pearson divides albinotic negroes into the following classes

:

(I) Complete albino.

(II) The spotted (freckled) albino.

(III) The blue-eyed white-skinned negro with photophobia and nystagmus

but not red pupils.

(IV) The yellow-eyed white-skinned negro.

(V) Xanthous negro.

(VI) The partial albino or piebald negro.

Considerable confusion I think has arisen over the matter of the colour of the

eye, which in my opinion invalidates some descriptions and also probably the

above classification. "Eyes said to have the pinkish colour common to albinos,"

"the eyes are pink," are expressions commonly found in reading descriptions.

Again, Sir H. Johnston in referring to Nyasaland writes, "cases of Albinism when

the hair is yellowish white, the iris of the eye pink and the body skin an un-

wholesome-looking, reddish white are not common." When I say that I have

collected a very large number of albinos in that country and that I have never

seen a case presenting this characteristic of the iris, I think it may be assumed

that in this case as in some others a lack of precise observation has led Sir H.

Johnston to make an incorrect statement.

The same is, I think, true of a number of the loose statements made by other

persons. They know that in typical European albinos and in, say, white mice

the eye is " pink," and when they see a native of Africa with white skin and hair

in whom it is difficult to get a proper view of the eye owing to nystagmus and

photophobia they assume that the " eye is pink."

Dr Turner in describing cases of albinism seen in S. Africa, does not specify

the colour of the irides and pupil in individual cases but refers only in general

terms to the peculiar pink colour of the pupil, yet from the context it is evident

he is speaking of the red reflex obtained through the pupils with the use of

artificial light, though Pearson does not make this point clear.

The point I wish to emphasize is that in all cases noted by myself, when seen

in ordinary daylight the pupil appears black a,nd there is no red colour seen

through the pupils under these conditions as seen in European albinos. I believe

this to be true of African albinos in general, though I do not altogether doubt

the occurrence in rare instances of the other phenomenon. The explanation lies,

I think, in the fact that absolute albinism of the eye in negroes is very rare and

that the amount of pigmentation present is sufficient to prevent a large light

entry and reflexion : that is to say, the number of complete negro albinos who
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will come under Pearson's Class (I) is very small, and this type is not found in

Nyasaland at all events. He may on the other hand be referring to the presence

of a "red reflex" obtained during ophthalmoscopical examination *.

When examined with artificial light and ophthalmoscopic mirror, all those of

my cases approaching complete albinism show a "red reflex," differing from the

dull red grey in the normal native in being brighter and devoid of the element

of grey to a variable extent ; and in some the brightness being greater than

in the ordinary European, simulating that in a European albino.

The reason of the absence of light reflex (red pupil) in daylight is I believe

due to the impediment to sufficient light entry caused by pigment on the posterior

surface of the iris as much as to light absorption by pigment in the choroid.

In all my cases approaching the condition of complete albinism the irides are

of a liquid steel blue grey colour, in some associated with a peripupillary ring of

orange colour.

This I find corresponds to the descriptions given by observers in other parts of

Africa whose writings bear the impress of being the result of careful observation.

I have considered these points at some length as I do not feel that the working

classification given by Pearson clearly defines itself.

In Class (III) what does "not red pupils" mean? Does it mean the pupil is

not red in the sense that the white rat's is, or does the expression refer to cases in

which no red reflex can be obtained with artificial light ?

In which class are to be placed cases which though they give this red reflex,

have blue irides, in (I) or (III) ?

The brightness of the red reflex varies very considerably, and I shall therefore

make out one class which includes all those cases with white skin, white and

yellow white hair, pale blue grey irides which give with artificial illumination a

red reflex of any degree as opposed to a grey one. I shall also include in the

same group as a sub-class those albinos with the above characteristics in whom,

in addition, there have developed spots of pigmentation, so called Spotted or

Freckled Albinos ; I do this because the condition is not uncommonly found in the

albinos of this country beyond the age of infancy.

I think it may be of use to make a group under Class (IV), that is, cases with

yellow eyes but white skin.

* [I think Dr Stannus is incorrect at this point, the red reflex from negro albino eyes was noted in a

number of eases even before the invention of the ophthalmoscope and has frequently been noted since

by trained observers not using artificial light. Our albino dogs have eyes almost identical for amount

of pigment with those of the albino negro, and in three cases out of four the observer thinks they

have dark pupils, on the fourth occasion the red reflex is caught because the incidence of ordinary light

is suitable. If four or five albino dogs are in a room together and they are then excited, any observer

sees the reflex at all turns. My classification was, of course, a broad one but I think a serviceable one

as it roughly graded the albino negro into two classes according to the intensity of ocular pigmentation,

i.e. by manifest or non-manifest red reflex, observable by the traveller without apparatus. Ed.]

43—2
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Under my own Class (III) I shall consider cases of Xanthism as I understand

that condition. Again I would refer to Sir H. Johnston's misleading remarks,

"occasionally there are cases of positive Xanthism or a state of colouration similar

in a much less degree to albinism—namely that wherein the colour of the skin

and the iris of the eye is quite a light yellowish brown ; this type is very much
admired by the negroes." It is the last sentence which shows the incorrectness

of the deduction, though this of course would not be appreciated by anyone who

does not know the country.

The light coloured woman admired by natives has a yellow skin, a rather cold

colour, with irides of a light brown, all the hair, however, is always black as in the

average native. People of this colour are more common among certain tribes

—

the Achikunda, those of Senna on the Zambesi river, among the Yaos and the

ruling families of Momberas Angoni—and I look upon this skin colour as a racial

characteristic and not as a feature of Xanthism. Whether or not albinism is

more commonly associated with such peoples I am unable to say, though Pearson

thinks there is some reason to believe that blondism does exist side by side with

albinism, occurring in the same districts and, it has been asserted, in the same

stocks. This was first pointed out by Pritchard and has since been supported by

Pearson, who quotes cases of men from Nyasaland observed by Turner in South

Africa; the latter however remarks that these cases had " pubic hair brown," "in

other cases the skin was a light rich red colour, wool on scalp a light yellow, the

eyebrows and lashes reddish brown "
; these cases I should immediately admit as

cases of Xanthism but not those referred to by Sir H. Johnston, who does not

mention hair colour and the skin colour of whose cases is yellow rather than reddish

brown.

By Xanthism, then, I mean a condition characterised by a skin colour of

reddish brown, red, or warm brown colour, scalp hair a golden or reddish brown,

the same being true of the face and body hair, the irides being a light brown or

hazel*.

Just as cases of imperfect albinism or partial albinism have to be recognised,

so there are degrees in Xanthism, as in one of Turner's cases, but I look upon

the distinctive points about the affection as the peculiar reddish " warm " colour

of the skin, generally if not always associated with a similar colour of all or some

of the hair; the yellow-skinned natives referred to above, though lighter in colour

than many cases of true Xanthism, very seldom freckle as Xanthous natives do.

Dr Turner has also observed a number of natives with light hair "or down"
on the temples, a fact which Pearson seems to think should be taken as significant

as one of the first signs of a lighter pigmentation. With those downy hairs I am
perfectly conversant but believe them to be merely an overgrowth of lanugo hairs.

These fine downy hairs moreover are found in many natives elsewhere on the

* [The difference between Dr Stannus and myself appears to be that while I speak of a red or

yellowish red skin, red, brown or even yellowish brown hair and brown to yellow irides as cases of

Xanthism, he excludes anything beyond golden brown in the bair, or beyond bazel in the irides. Ed.]
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body
;
they are always of the lanugo type and generally so small as to pass un-

noticed but they will be seen to be of a lighter colour, golden to brown, and are

quite distinct from the curled "woolly" hairs of the body skin.

There is another type of skin pigmentation for which a class has to be made.

I refer to cases which with a light brown skin colour, not red and not yellow, and

light hazel irides, have hair of a dirty yellow colour but with no red tinge in it.

Some of these cases have photophobia and nystagmus pointing to deficient

pigment in the eye. Typical cases form a well-marked group though I shall

later show there are no absolute distinctions to be made between any of the

groups or classes and that intermediate cases are met with all along the line.

This last class is characterised by the fact that at birth the skin and hair are

practically^ white but that slow darkening has occurred. The same may have

been true of the irides but native observation upon which I have had to depend

mostly in these cases has not been sufficiently good to remark this point.

These cases resemble the remarkable case of Dr Ascherson's referred to by

Graves and quoted by Pearson, and are, I think, akin to those described by the

same author as occurring in Papuans and elsewhere, in which the skin is darker

than in the first form (ordinary typical albino) and in which nystagmus may or

may not be present, where freckling is absent or at any rate not conspicuous,

while the hair is tow coloured. Similar cases have been reported from Malay.

I have considered above albinism of various degrees but always affecting the

whole of the skin, hair and eyes, that is to say cases of complete and incomplete

albinism. It now remains to deal with the condition in which the affection is

limited in extent, what is termed Partial Albinism. According to the extent of

the albinotic characters this class is sub-divided by Pearson into Piebalds and

Spotlings ; the leucosis may be complete or incomplete.

It is therefore a difficult matter when considering cases to be sure under

which category any particular one should be placed. Some doubt was entertained

as to the existence of Piebalds until quite recently, when Seligmann's Papuan case,

Gilbert Smith's English case and a family I have described from Nyasaland

established the undoubted existence of Piebaldism. Persons showing a much less

extensive area affected, often a single patch, have been conveniently called

Spotlings and such are not uncommon in Nyasaland. It is to be noted that the

area or areas affected tend to be the same in different cases. In Piebalds the

belly and chest are involved and often associated with a flare on the scalp and

"garter" or "stocking" markings. In Spotlings this arrangement and extent may
be wanting. The various members of the Nyasaland family will be seen to

present intermediate forms. This distinction into two groups is warranted by

the fact that in a number of cases where the affection is inherited the tyqDe is

preserved.

The resemblance of the Nyasaland Piebald family to Bishop Harman's family

is worthy of note, and it has been suggested that such cases of human piebaldism
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" are intensified representations of a light-bellied quadruped, that we have to deal

with a case of palaeogenic inheritance," a subject associated with the name of

Sir J. Hutchinson.

It will be found that 1 have set apart the Spotlings in which the penis only

is affected as they form a special group owing to their great definition and

owing to the little attention that has been paid to them.

I have pointed out, as will be seen later, that the pathognomic feature is the

very light "pink" colour of the affected areas and their sharp margins.

My own working classification, therefore, is :

(I) White skin, straw coloured hair, liquid blue iris with red reflex

through pupil when examined with artificial light.

(Ia) Cases as above showing spotty pigmentation of the skin.

(II) As above but the iris light yellow or hazel, photophobia and

nystagmus not always present.

Reddish brown hair and skin, light brown irides.

Complete
albinos.

Spotted
albinos.

Partial

incomplete
Albinism.

Xanthism.

Incomplete
Albinism.

Partial

Albinism.

(Ill)

(IV)

f

(V)

(VI)

Skin light brown, not red ; hair dirty light yellow, not brown
;

irides hazel.

Piebalds.

Spotlings.

I (VII) Spotting of penis.

II. Illustrations of Anomalies of Pigmentation.

I shall now give notes of cases and discuss the group to which each belongs.

Some cases of leucoderma are then described after which the relation of leuco-

derma with albinism is discussed and the theories as to pathogeny of the con-

ditions brought forward.

The cases of albinism so far recorded from Nyasaland are as follows

:

A. 1. From Kayuni's, N. Nyasa, by Dr Davey (p. 145 Monograph).

2. Charlie* of Chikulamayembe, N. Nyasa, by Dr Davey (p. 145

Monograph).

3. 4, and 5. Cases mentioned by Mrs Young of Karonga, N. Nyasa

(p. 145 Monograph).

* I have seen this case and would add to the description already given that the scalp hair of a light

straw colour grows down over the forehead to the eyebrows. The whole of the back and limbs are

covered with semicurved very light straw-coloured hairs. Irides light grey blue with a light orange,

coloured pattern. Pupil black in daylight. Teeth irregular, ill-formed, and carious. The pedigree is

given as Fig. 7 of Plate XXI, II 2 and II 4 were brothers, there are no other known albinotic members

of the family.
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B. Cases seen and reported by myself and included in the Monograph on

Albinism (to which pages and Figures in Pedigree Appendix refer):

1. Girl aged 4£ years, daughter of Dingo, Chiromo
;

Fig. 426.

2. Boy aged 2^ years at Zomba; p. 148 ftn.

3. Chesiwandiri of Maumi, S. Nyasa; Fig. 430, Plate Y (77).

4. Ng'ombe, S. Nyasa
; p. 147, Fig. 427, Plate Y (80).

5. Child of Mtila, S. Nyasa
;

Fig. 431, Plate Y (79).

0. Mbwerachajij
q{ Mvera> Q Angoniland

;
Fig. 42S, Plate Z (84).

7. Kantaye J

8. Old man of Nkoma, C. Angoniland ^

9. Old woman „ „ J

10. Young woman of Nkoma, C. Angoniland ;
Plate Y (78).

11. Soto of Angoniland
;
Fig. 433.

12. Sikumbiri of Blantyre
;

Fig. 434.

In the families of these cases 6 other cases occurred making a total of 18.

13. The Piebald Family of Florence Bay; p. 250, Plates H (21),

RR (147)—(150).

C. The following cases are now reported for the first time

:

1. Alice. 8. Chikoya.

2. Saiti. 9. Nderemani.

3. John. 10. Mateuta.

4. Pingo. 11. Child of Annie.

5. Chibwana. 12. Moyichandi.

6. Tom. 13. Sawali.

7. Ali.

Case CI. Alice of Ghikanji's Village, Dwangwa, Awemba Tribe. Pedigree,

Plate XXI, Fig. 11.

The father and brother, a boy aged 6 years, are of average colour, the mother

is rather light-skinned, cafe-au-lait. No relatives are known to be albinotic.

The albino (Plate XVIII (25)) is a child aged 8 months, she has a pinkish

tinge to a very white skin, no vestige of pigment visible. Hair as nearly white as

possible, not woolly on head. Irides a slaty blue with orange pigment network

round the pupils. Ophthalmoscopic examination impossible. Red reflex not

present in ordinary daylight. Lateral nystagmus and photophobia marked.

There are some blisters and sores on neck and ankles, the result of sunburn ; on

body and limbs fine white downy hairs present ; a small umbilical hernia present.
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This child, who presents complete albinism of the skin and hair, shows the

peripapillary orange-coloured network, but no trace of brown pigment in the iris.

At the present time, in the absence of any opportunity for making a microscopical

examination of irides, showing this condition, I am a little doubtful how such

cases should be classed. I think it is quite possible that this colour network is

not due to granular pigment at all, but is caused by diffuse pigment such as is

found in many specimens of red and golden hair, as will be mentioned later. This

child is therefore provisionally placed in Class I.

Case C2. Saiti of Zomba. March, 1910. See Pedigree, Plate XXI, Fig. 1.

The maternal grandmother is said to have been a light-skinned native (I 2).

The mother's skin colour is light brown ; Bwauali (III 6) and William (III 5)

are dark brown ; the first four children are dead and other members of the family

were said to be of average colour, a dark brown. Saiti (III 7 on Plate XXI),

aged seven, is practically the same colour as the back of the hand (not sunburnt) of

a fair European, there are some blisters on the shoulders and arms but no freckles;

skin thickened in places. The body and limbs are covered with fine whitish

yellow hairs. Hair of head a dirty straw colour
;
eyebrows and lashes thick and

much curled. Eyes; lateral nystagmus present, day-blindness marked, irides

bluish-grey, with a faint yellow pigment pattern; pupils black. With ophthal-

moscopic mirror a red reflex shows through the pupil, but not through the iris.

Fundus a light pink colour, possibly a little lighter than in the average European.

Teeth very bad. Abdomen prominent, small umbilical hernia present.

This boy is a very characteristic case of Class I, but shows the orange

colouration in iris.

The frequency with which albinos have body hair and also bad teeth will be

mentioned later. The red reflex was here obtained and the fundus, though found

to be even paler than in an average European, still contained enough pigment to

prevent the choroidal vessels being seen.

Case C 3. John of Mwandanas near Piupiu Hill, Zomba. January 6th, 1911.

Mother and Father Anguru tribe. Pedigree, Plate XXI, Fig. 5.

With the exception of the first child, which is said to have been white, all the

other members of the family are known to have been averagely dark-skinned

natives. An elder brother (III 3) was seen and found of average colour.

John (Plate XIX (28)), aged 6 years, a complete albino. Skin colour that of

a fair-skinned European; in places harsh and dry, smooth, with cracking and

some blisters from sunburn. On the lower part of the abdomen, especially on the

outer surfaces in front and on adjacent surfaces of thighs, numerous warts are

present, mostly small, only slightly raised, and rather flat-topped. Others are

larger, as is one situated over each clavicle, there are also a few which are filiform

in character. They appear brownish in colour. The body and limbs are covered
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with light flaxen hairs semicurved, which, on microscopical examination, were

found to contain no pigment granules. The hair on the head is very light flaxen

colour, whisker areas covered with curved hairs. Eyelashes a golden brown colour,

microscopically, no granular pigment in hairs*. Eyes: vision good in moderate

light and pupils black, nystagmus present, red reflex present with artificial

illumination. Irides, peripherally slaty-blue, round the pupil a light brown.

The tongue has a bifid extremity. Teeth : two upper front incisors large, with

serrated edges; all the front teeth above are spaced.

The child presents a fairly typical appearance of Class I save for the partial

pigmentation of the irides, and on this account it must be considered as an inter-

mediate between I and II. I am not sure whether the presence of the warts is of

any significance ; as far as I know, they have not been previously reported as

specially associated with albinism. Note character of tongue and teeth.

Case 6*4. Pingo of Ghitalu, Lvwonde, seen Zomba 18th August, 1910. Pedigree,

Plate XXI, Fig. 2.

The parents, aunts and uncles of this case (II 3) and remoter members of the

family are said to have been ordinarily dark-skinned natives. A cousin, a child of

a maternal aunt, now dead, is stated to have been an albino. The eldest (II 1)

of the family, of which Pingo is the second born, was albino, but is now dead ; one

other brother and three sisters normally black. Pingo is married to a normally

dark native woman, who has had three children by him, all living and all dark.

Pingo (see Plate XIX (26) and (27)) is a man of 25 years of age. The skin

of that part of the body covered by the loin-cloth is still very white, resembling

the white skin of a European, and is soft and unaltered. The rest of the body

shows changes in the skin of varying degree, the skin of legs being less affected

than elsewhere; it is rough, harsh, scaly, cracked and creased with sunburns and

superficial ulcerations; the skin is badly kept and dirty. There is hair all over

the body and limbs, of a light straw colour; eyelashes, thick but ill-formed, are of

a rather dark yellow colour.

Scattered over chest, abdomen, back, arms and neck, and also on the face

are a number of areas from one third to one and a quarter inches in diameter,

exhibiting a series of changes, giving the appearance of being of the nature of a

pigmented atrophy; pari passu with the colouration, which commences as a light

yellow colour, there is apparently an atrophy of skin substance, the final result

being a black depressed spot, irregular in outline and with a brownish tinge at the

edges, thrown into relief by the pinkish dirty white colour of the rest of the skin.

Hair, a dirty straw colour, thick. Irides, a light opaque brown ; lateral nystagmus

present, but little photophobia. Pupils in daylight black. With artificial light,

a red reflex is obtained, the fundus appearing a lightish red.

* The microscopical preparations of hairs in all cases referred to were made by Miss E. Y. Thomson,

of the Biometric Laboratory, with the kind permission of Professor Karl Pearson.

Biometrika ix 44



342 Anomalies of Pigmentation among Natives of Nyasaland

When he smiles the subject has a retracted everted upper lip with fold of

mucous membrane showing beneath it ; the upper lip has a central linear

depression instead of being pointed.

In reporting the case of Ng'ombe (B 4) it was pointed out that pigment spots

hardly occurred apart from pitting and that the pitting might be the result of

ulceration with scarring. In the present case, however, no history of such loss of

substance could be elicited, yet a similar condition obtained. Both these cases

are adults, whereas my other cases of spotted albinism are children in whom the

pigmented areas are not depressed. Will these children develop depressed areas ?

I think they very possibly will. I believe that localised changes in the skin occur

and cause the depressed areas, the pigmentation occurring before or at the same

time, but whereas the pigmentation is visible in childhood the early results of

depression are not seen. The irides of this man are a light brown, that is to say,

more pigmented than in Ng'ombe, who only had an orange peri-pupillary ring.

This case is included in Class II, though the iris colour makes it an intermediate

type. A portion of skin including in its centre one of the pigmented spots was

excised from the arm of this case and preserved*. Vertical sections were cut and

examined microscopically stained and unstained and except for the complete

absence of pigment granules the leucotic skin as a whole appeared in no way to

depart from the normal. The several layers of the epidermis were not very thick,

the dermal papillae and processes of epidermis between them being little developed

but regular.

The structure of the skin at the site of the pigmented spot (freckle ?) differed,

however, very considerably. Here the dermal papillae are irregularly prolonged

towards the surface so that the epidermal processes appear much longer but the

rest of the epidermis thinner. The condition might be considered to resemble a

wart which was "in " the skin and not "raised" above the surface.

Pigment granules were seen to occur in all the layers of the epidermis, most

numerous in the cells of the downward processes of the epidermis, especially in the

basal layer of these cells, which envelop the dermal papillae. They were seen to

be more abundant in the peripheral parts of the cells and most densely packed at

the deeper poles of the cells.

The granules were of a brown colour and where massed, appear as a homo-

geneous black mass.

In the subjacent dermis some cells were seen to contain pigment granules,

they were few in number and the number of contained granules was small.

Passing from the middle of the pigment patch where the aggregation of granules

was greatest, they diminish in number as the periphery is reached. The dimi-

nution in the amount of pigment was seen to be gradual to one side of the

section, the gradation taking place over several millimetres with some isolated

* See Plate XVII (21) and (22) for microphotographs of albinotic skin and " freckle."
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masses of cells containing granules beyond. To the other side of the section, the

transition is accomplished in 0'2 mm. This particular pigmented spot of skin

was but very slightly depressed below the general skin surface, and though it is

but a single observation I think the changes described would probably be found in

all examples of the condition.

This is I believe the first time a " freckle " from a negro albino has been

submitted to microscopical examination and it would be unwise to draw conclusions

from this single observation.

Case Co. Chibiuana of Ghikala. July, 1910. Pedigree, Plate XXI, Fig. 4.

Mother and father and two brothers and a sister all normally dark-skinned.

The maternal great-grandmother had said there was an albino in the family

ancestry.

Chibwana (see Plate XVIII (24)), a boy aged 4J years (1910), has a dry cracked

skin the same colour as a fair European; pigmented patches are gradually appearing

on the face, also but less marked on chest and back and less still on the limbs.

These patches are irregular in outline, black or dark brown in the centre, and a

lighter brown at the periphery, but they are not depressed. Hair on head reaches

to eyebrows, there is hair also on the cheeks, back, arms and legs, with little on

chest, semicurved and white ; on microscopical examination, it is found to be

devoid of granular pigment. Eyelashes long and curled, of slightly yellower tint

than hair on scalp. Irides, olive green with buff yellow pigment ring round

periphery
;
pupil, not quite circular in outline, appears black in daylight. Lateral

nystagmus present. On ophthalmoscopic examination a red reflex is obtained

through the pupil, none through iris ; fundus pink as in European.

I think in this case we see an early stage of the condition found in Pingo,

which may progress until a condition similar to Ng'ombe is reached.

Case G 6. Tom of Chifiras Village, Bandaive, W. Nyasa. Pedigree, Plate

XXI, Fig. 8.

The mother and father, former dead, were both of average colour. No history

of albinism in the more remote ancestry. The first three children were albinos

but were killed at birth according to custom among the Atonga. The fourth

child was allowed to live owing to more civilised ideas of the chief, but died at the

age of 15 years.

Tom, the last born, a boy aged 14 years (1909) is mentioned in the Monograph

and a photograph by Dr Robertson there reproduced (Plate PP (142)), but the

history of the case is not given*. The skin of non-exposed parts is a pinkish

white colour, elsewhere it shows sun-tanning and also a considerable degree of

spotty pigmentation, the colour being not a brown to black, as seen in other cases,

but a golden yellow like ordinary freckling in a European. Irides a light hazel

* [Given as Fig. 648 in Part IV of the Monograph. Dr Robertson states that there were two

normal siblings and does not mention the dead albinos. Ed.]

44—2
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brown. Photophobia and lateral nystagmus present. Dull red reflex present with

artificial light. Vision very fair. No hair on body. Hair very white as opposed

to the usual light straw colour
;
microscopical examination showed it to be without

pigment.

The lad, though one of the lightest haired cases I have seen, had hazel irides,

though, be it noted, as nystagmus and photophobia were marked, he would be

placed in Class II, but owing to his spots, he is considered in Class I a. The

spots of pigmentation present, however, do not approach in colour those on the

younger boy Chibwana. Tom lived near a mission station, and I think may have

worn more coverings than the other cases, who wore only a loin-cloth. This

series of five albinotic siblings, all the children born, is a remarkable example of

albinism in a family.

Case C7. Ali of Mivaimba, near Mvera, S. Nyasa; Yao ; male, aged 16 years.

Three elder brothers, one younger, and one younger sister, mother and father

all very dark. No more remote members of the family known to have been

albinotic. The skin colour of the subject is a light " warm " cafe-au-lait. He is

covered with fine golden hairs all over the body ; hair of scalp, face, axillae and

pubes a dirty straw colour. Irides a light reddish brown. Nystagmus present.

Pupils black. Using an ophthalmoscope in a dark chamber, a red glow through

pupil is obtained, but none through the iris. The optic papilla appears normal.

The fundus reflects a red glow, a little lighter than that of a European ; choroidal

pigment is almost completely absent, allowing the choroidal vascular network to

be completely visible, the small amount of pigment being collected into small

deposits lying between the vessels.

The salient features of this case are a skin and eye colour which would cause

me to consider it one of Xanthism, the hair also is rather dark for Classes I or II,

but, on the other hand, the fundus is found to have less pigment in it than most

other cases. He must therefore be considered to be an intermediate form pre-

senting affinities with Class II and Class III. He has hairs all over the body,

which I look upon as a condition very commonly associated with albinism.

This case I consider an important one in linking up the several types.

Case C 8. Chikoya of Mulowi, W. Nyasa. November, 1909. Pedigree, Plate

XXI, Fig. 6.

Chikoya, a man of 25 years of age, is stated to have been, as a child, quite

white, but has gradually darkened to present colour, of dark sunburn in a

European ; skin fine, not thickened nor cracked. Fine golden hairs are present on

the arms, legs and shoulders ; there is a light yellow golden moustache and beard

;

the hair of the scalp is a dark brown colour, as is also the pubic hair, but on

microscopical examination it is found to contain only diffuse pigment and no

granules. Hair said not to have darkened with age. Irides a light hazel ; no

photophobia; no nystagmus, vision good.
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In this man we see a case to be placed in Class IV, a group characterised by

light brown skin colour (not red), in adult life, with nearly always a history of

darkening with age ; the irides are hazel, the hair, though it is a dark brown

colour, contains no pigment granules.

Case C 9. Nderemani of Namahuere Village, Fort Maguire.

This man, aged 25 years, was seen in Zomba in 1911 when returning from

work on the South African mines.

Skin a rich "warm" brown colour; hair a rich red brown hue; axillary hair a

dark brown ; there are a few golden coloured hairs on the body and limbs. Irides,

dark hazel ; no nystagmus ; vision good. There is a small umbilical hernia

present. He says he has darkened with age and more rapidly since going to the

mines than before.

This is a typical case of Xanthism, Class III. The hair, on microscopical

examination, was found to contain few pigment granules, but a considerable

amount of diffused pigment.

Case C 10. Mateuta of Chiri, W. Nyasa.

Father of average colour. Mother states that she used to be " white " when a

child ; at the present time her skin tint is a light brown ; irides hazel ; hair black.

Mateuta, a child aged 2 years ; skin colour a very light brown, face of lighter

tint than body ; irides greenish hazel, no nystagmus ; hair light brown yellow

with red glint in it
;
eyelashes and brows of a lighter shade ; no hair on body.

As an infant, is said to have been nearly " white." Vision apparently good.

Mother and child constitute, I think, a short series, showing a progressive pig-

mentation, of value to the general subject.

Their histories show them to have possessed at birth a white, or almost white

skin, which has become pigmented with age ; the child's skin has not yet reached

the degree of pigmentation of the mother's. The child's hair is a light brownish

yellow, which is becoming darker; whether it will actually become black remains

to be seen, but I expect it will. The same is true of the irides. The mother's

are hazel, the child's are greenish hazel, strongly suggesting that increase of

pigmentation is in process of taking place.

Case Oil. The child of Annie and Annausu of Nkumbira, Nkata Bay.

Pedigree, Plate XXI, Fig. 12.

All relatives dark; no other cases of albinism in family. The child (II 12) aged

8 years, is stated when born to have been almost white and to have darkened

since ; the same is said to be true of the hair. The face is a very light sallow

earthy colour with dark freckles ; skin of body a warmer tint of brown. Hair of

scalp dark brown. A few fine downy hairs are seen on the body and limbs. Irides

hazel ; no nystagmus ; vision good.
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This child, aged 8 years, can, I think, be taken with Mateuta and his mother

and might be placed in the series as intermediate between the mother and her

child. Together they seem to illustrate simply a delay in normal pigmentation,

a phenomenon to which I do not think attention has been drawn, but one which

must be taken into consideration when any attempt is made to theorise on the

cause of albinism.

Case 012. Moyichandi of Sangano, Blantyre, Tao. Pedigree, Plate XXI,

Fig. 3.

Moyichandi, aged 18 years (II 5), is the brother of a case (B 12) Sikumbiri

(II 6) previously reported in the Monograph, Fig. 434.

The skin is a light but " warm " reddish cafe-au-lait colour distinct from any

normal native skin colour ; irides hazel ; no nystagmus. Hair light brown in

colour, which on microscopical examination was found to contain fairly abundant

granular pigment and a considerable amount of red brown diffuse pigment.

Sikumbiri, a year younger than his brother, has a lighter tint of skin, not

so red ; the irides are light hazel and nystagmus is present ; hair dirty light

straw colour. Both have hair on body and limbs of a yellow colour. In these

two brothers we see an excellent example of the connection between two grades

of deficient pigmentation ; the elder I should class immediately as a case of

Xanthism, whereas his younger brother must be placed as an intermediate

between Classes II and IV. See Plate XVIII, Fig. 23.

Case 013. Sawali of Ntiya Village, Mlumbi, Zomba ; Yao, 1911. Pedigree,

Plate XXI, Fig. 9.

Sawali, II 1 (for photograph see Plate XII, 1 and 2) and his younger brother,

II 2, aged 13 and 5 years respectively, of whom the elder one only was seen, are

said to resemble one another. Sawali seen in January 1911 ; hair of scalp from

light yellow to brown, fairer on neck and at the edges of the hairy scalp
;
eyebrows

and lashes black, no hair on body, pubic hair black ; no albinotic characters in the

skin, i.e. the skin is of a slightly lighter tint than the average native, but well within

the limits of normal. Irides medium brown ; no nystagmus ; vision good. Teeth,

all the incisors are serrated thus : ^ J[ J ;
they have the appearance of

having ill-developed enamel.

Seen again two months later. He had in the meantime cut his hair very

short, almost shaved, and allowed it then to grow again; the soft less-curled hair-

on the temple is a mouse-brown colour, the newly grown, tightly curled wool of

the scalp is of a yellow colour, becoming brown near the roots; scalp colour is

the same as the skin. He states that he was born with a white skin which has

darkened since.

Individual hairs were found to vary in colour; some very light golden hairs

were found microscopically to contain a yellow diffused pigment with very fine
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granules in fairly large numbers ; brown hairs contained brown diffused pigment

and abundant granules ; some light hairs contained comparatively few granules,

fine and widely scattered. There are some spots of pigment-like freckles of dead

black colour, a few on neck, chest and back. On ophthalmoscopical examination

a slight dark grey red reflex is obtained through the pupil; the fundus is a dull

red, rather lighter than in average native.

Cases of partial albinism in which the hair only is involved but completely

must be of rare occurrence, and I know of no case among African natives ; such

a striking figure, if seen, would surely have been recorded.

Note should be taken of the character of the teeth and the presence of

body hair. This case should be considered together with the last cases above

mentioned.

III. Piebalds and Spotlings.

With the exception of the Florence Bay family referred to earlier in this

paper no other cases of Piebaldism have been seen.

The following cases are examples of spotlings that I have come across in

Nyasaland. In the first group mention is made of white tufts of hair: in the

second, spotlings of the skin are described.

(A) Several cases of natives presenting congenital white tufts of hair have

been seen
;
they resemble each other almost exactly in that the canities occurred

in the form of a median-placed flare on the anterior half of the scalp more or less

triangular in arrangement, base in front. There were generally also a few white

hairs scattered over the rest of the topmost portion of the scalp.

One such case also presented right and left helical fistulae, a congenital

anomaly of no significance in this country, as it occurs in about 4% of the

population.

Salule, of Chitanji Village, Chiradzula, showed two small tufts of white hairs,

one placed in the median line, the other a little to the right and behind it, at

the summit of the scalp; the scalp beneath them was a little lighter in colour

than the surrounding. This man states that he was born like this and that one

of his brothers, but no other member of the family, is similarly affected. The

white hairs submitted to microscopical examination were fouud to be devoid

of pigment.

G. , the wife of a private in the King's African Rifles, aged 25, was seen to

have white hairs scattered over the scalp which were said to have been present

since birth; she presented no other albinotic characters.

Chitesima was another example of this condition. Microscopical examination

showed the white hairs to be devoid of pigment, granular or otherwise.

H. , a girl, aged 6 years (1909), from a village on the Lake shore in West

Nyasa, pi'esented a curious and interesting condition exemplifying partially
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deficient pigmentation. The affected areas were the right side of the upper

part of the face, two small patches on the same side of the neck and a patchy

condition of the fingers. (See Plate XIII, Fig 5.)

The area on the face was sharply limited along the mid-line of the nose and

forehead. The two patches on the neck were at the anterior margin of the

trapezius muscle over the mid-point of the clavicle. The mottled condition of

the fingers rather resembled that seen in Ziemann's leucoderma.

The general skin colour was that of cake chocolate. The affected areas

were the colour of bruised chocolate. In addition to the affection of the skin,

a segment of the iris about one-sixth of the total iris in extent, with the base

directed towai'ds the right side, was of a light hazel colour, the remaining five-

sixths being a dark brown, the same as the iris of the other side. The hairs of the

scalp, eyebrows and eyelashes were normally black. The condition was noticed

at birth, according to the mother's statement, and had not altered. The mother,

father and brother of the subject were all normal, and no members of the family

were known to have presented any pigmentary anomaly.

I., female, aged 5 (1909). Seen at Kondowe ; she presented congenital

anomalies of pigmentation in that there was absence of full colouration of the

skin ; the back of the right hand, with the inner three fingers, the palm, and

the back of the right arm, the abdomen, groin, thigh and leg of the same side

were the seat of patchy deficiencies of colour, with spots quite white or pinkish

white to various shades of brown, resembling somewhat the condition seen in

leprosy, or the non-leprous leucodermic affection of the skin of the hands

described by Ziemann. The condition was stated to be congenital and not to

have altered. No other members of the family were affected.

Daus, of Chimwai village, Dwangwa River, male, aged 11 years (1909). An
area of skin on the cheek, as indicated in Fig. 6, Plate XIII, is of pinkish white

colour resembling that of an albino ; the area is smooth and on the same plane

as the surrounding dark skin. The demarcation is abrupt, with no increase in

pigmentation of the skin in the neighbourhood. Over the albinotic patch and

also more abundantly on the surrounding skin are distributed fine white short

curved hairs, no other hair being present on the cheeks. A few white hairs are

seen on the same side of the upper lip, and the middle portion of the eyelashes

on the upper lid of the same side are white.

There is an area of skin just in front of the tragus of a lighter hue than the

rest of the skin of the face, which is a rather dark brown black colour. Irides

dark brown. History states that these anomalies of pigmentation were present

at birth. They have enlarged with growth, but there has been no relative increase

in size. No other members of the family known to be albinotic.

The girl " H." presents a condition of extraordinary interest. In the first

place, I can put on record a case of congenital incomplete spotling albinism, that
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is to say, a case with small areas of skin, congenitally deficient in pigmentation,

but not completely albinotic. Secondly, the case demonstrates, I believe, a pre-

viously unrecorded condition, a partial and incomplete albinism of the iris ; it is

noteworthy also that the condition only affects one side, in fact the area on the

face is strictly limited to the one side by the mid-line of the nose. This case

will be mentioned again later.

In speaking of the other two cases I am not quite so sure of my ground.

The girl " I." presents no definite pink area of skin, but a condition resembling

very much that described as Ziemann's leucoderma. It is said to have been

present at birth, and the similar condition of fingers in the girl "H." supports

the probability of this statement being true. The history that the condition is

not changing is against leucoderma and therefore, on the whole, I am inclined

to include it as a case of spotting.

(B) The special group of partial albinos characterised by an affection of the

glans penis must now be considered.

My attention having been drawn to the point, the condition was then sought

for among a number of adult men aged from 20—50, and including circumcised

and uncircumcised, those with a partly retracted prepuce and those with a long

covering. More or less complete circumcision is practised among the Mohammedan
Yaos, but not among other tribes.

At the outset one must recognise that, just as in Europeans so in natives

of Africa, there is very considerable variation in colour of the glans penis and

inner surface of the prepuce, colour conditions which are fairly comparable to

those of the mucous membranes. Just as in Europeans, variations from a

delicate pink to the colour of uncooked lean bacon, from almost white to

a purple red, occur ; a similar variability is seen in uncircumcised natives, but

always in the darker hues, that is, the skin in this situation always contains

some pigment.

Dr Stachan, quoted by Pearson, states that the glans penis beneath a

phimosed prepuce is always red ; I am not quite sure whether he wishes to

infer that the skin is devoid of pigment or not, but certainly the latter condition

is the truth.

In the circumcised, the glans is practically always of the same hue as the

rest of the penis and scrotum, i.e. a darker tint than the general colouring of

the body.

In the uncircumcised, as a rule, according to the extent of the natural

uncovering of the glaus so is the degree of pigmentation.

The portion of glans normally uncovered by a naturally partially retracted

prepuce is often darkly pigmented, shading off to red as the corona is reached;

sometimes the general colour is a dark lean bacon-red, it may be with a purplish

hue ; in others, the general colour of the glans is an opaque leaden white. In

Biometrika ix 45
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all these cases, however, all variations in colouration shade into one another, and

it is evident pigment is present.

Those cases which I have considered as spotlings show areas of various extent,

always of a " pink " colour, with sharply defined margins, this being the test of

a departure from the normal, which I consider includes the variations in colour

above mentioned.

The following is an analysis of nearly 400 adult males, between the ages of

20—50 years, being prisoners and soldiers, and therefore they can be considered

as taken at random from various tribes.

379 Adult males examined with reference to colour of glans penis and prepuce.

(A) 122 Circumcised: All have completely black glans penis except two

(a and b).

(a) Some spotty pinkish colour present at the seat of the operation

cicatrix. (N.B. the circumcision was performed when subject was adult.)

(b) Chambveka, the general colour of the glans is a dark brown, but there

is a light brown spot on the dorsum near the meatus.

(B) 259 Uncircumcised :

(1) Inner surface of prepuce and the whole of the glans penis dark brown

or black ............ 45.

(2) There is a gradation of colour from the corona to the meatus and

corresponding part of the inner surface of the prepuce from blue red, leaden or

yellowish white to dark brown or black ...... 100.

(3) Glans and inner surface of prepuce of a uniform colour, from a leaden

white to a bacon-red .......... 75.

(4) Glans and inner surface of prepuce of about the same colour as in

a fair European, but at the free edge of the prepuce shading off into dark

brown or black of the general skin colour ..... 20.

(5) As in (4), except that the lips of the meatus were dark brown 3.

In another case there was some deeper pigmentation about the frenum

shading off into the surrounding colour; the skin colour was a dirty yellow

brown, rather like that of a half-caste, with some freckling; hair black; irides

dark brown ............ 1.

(6) Spotlings .......... 15.

From the above it will at once be seen that among the circumcised one may

say no spotlings were found ; case (a) had some alteration in the neighbourhood

of a scar and is of no import
;
(b) had a condition which may be called leuco-

derma, or may be a congenital condition, and be called albinotic, but no history

was forthcoming.



H. S. Stannus 351

Colour variations among the uncircumcised, (1— 5) came within the limits

of normal variation as above described. The single case mentioned in (5) I look

upon as really one of the intermediate cases towards albinism, a view strongly

supported by the freckling.

To deal with cases under (6) in detail

:

(a) Lijuni, aged 30, glans and inner surface of prepuce a very bright pink

(considerably lighter in colour than in an uncircumcised European), bounded by

a sharp line of demarcation at the junction of the inner and outer surface of the

prepuce. There are a few white hairs in the mid-line of the beard and at the

outer corners of the moustaches, but no other albinotic characters. See Plate XIV,

Fig. 8.

(6) Erya, an Angoni, as in (a) but with an area of dark brown, involving

the lips of the meatus, though covered by prepuce, thus differing from cases

mentioned above (5).

(c) Matesi, an Atonga (see Plate XV, Fig. 11).

(d) Jim, ground colour of preputial-glans-skin of a reddish grey, albinotic

area shown in Plate XV, Fig. 12. Skin colour a dark chocolate ; irides dark brown
;

on the front of the abdomen there is a spotty condition, light and dark brown
;

there are a few freckles, one each on the right side of the abdomen, left chest

and back.

(e) Chizizu, Yao (see Plate XV, Fig. 13), nothing else to remark.

(/) Lief. Dark brown skin and irides (see Plate XV, Fig. 14).

(g) Chiwia. Besides the larger patches of albinotic skin on the glans,

there is a spotty pigmentary change about the frenum (see Plate XVI, Fig. 15).

The skin and irides were a dark brown colour, and there were some scattered

grey hairs on the scalp. Man, aged 30 years.

(h) Chivia, Angoni, skin and irides dark brown (see Plate XVI, Fig. 16).

(i) Naamon (see Plate XVI, Fig. 17).

(j) Yohani. There is a patchy light and dark brown pigmentary change

in the neighbourhood of the frenum.

(k) Magombo. Red pink ground colour of glans, etc. with leaden blue

spot, as shown in Plate XVI, Fig. 18, skin colour a dark chocolate.

(I) Asani like (k), only spot is brown in colour ; scrotum and penis black,

skin colour light brown with large black freckles, one on each leg, and some on

body and face.

(m) Mwenengwi. Tightly phimosed, but some spotty pink areas can be

seen just on the inner surface of the foreskin.

A further case has since been seen. Binali, 1st K. A. Rifles, Zomba, 1912

(see Plate XIV, Fig. 9).

45—2
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Lijimi [(a) above] was circumcised by me on 5th April 1911. Fourteen

months later he was again seen. Examination revealed a circular patch of

pigmentation dark brown in colour involving the lips of the meatus and a

small area round them, three-eighths of an inch in circumference ; the remainder

of the glans was of a light pink colour, totally devoid of pigment as at the time

of circumcision. The prepuce was carefully preserved and transverse sections

prepared and mounted unstained and stained with haematoxylin and eosin

and by Van Gieson's method for microscopical examination. I may say at once

that, with the exception of the deficiency of pigment granules, the whole

structure of the albinotic areas of the skin appears normal. In the normally

pigmented part of the prepuce the basal cells of the Malpighian layer are the

most deeply pigmented, some of them being so full of dark brown granules as

to appear almost black and homogeneous ; this is most marked in the cells at

the end of the deep processes of epithelium dipping down into the dermis and

also in the cells lining the lower parts of the sides of these processes. Those

cells less deeply placed are less pigmented, but all the cells, even the most

superficial ones, of the stratum corneum contain some granules. The granules

tend to be arranged round the periphery of the cells, especially at the distal

end of the cells, giving a very characteristic appearance. In the subjacent

dermis a few cells containing pigment granules are seen, small in number and

not very heavily pigmented. The transition from the normal pigmentation to

skin absolutely devoid of pigment is seen to occur in from 1 to 2 millimetres,

that is to say, it is not absolutely sudden but the gradation is rapid. The

diminution in the number of granules is practically proportional in all layers

of the epidermis ; in the dermis the loss appears possibly to be absolute before

the same change is complete in the superjacent epidermis, and the cells lining

the sides of the deep epidermal processes retain a greater number of granules

than the cells at the more superficial and deeper parts : see Plate XVII (19)

and (20).

Prolonged beyond the last cells containing granular pigment a band of

yellowish brown diffuse colour is visible affecting a layer of cells two or three

cells thick at the junction of the stratum corneum and stratum granulosum.

IV. Notes on Anomalies of Hair Pigmentation.

Samples of hair were examined with results as follows

:

Simbeleta and Nederi, a type of rather coarse hair, which is not very curly,

recognised by the natives as turning white early iu life. Microscopically white

hairs were devoid of all pigment, a few brown hairs showed brown diffuse

pigment, with densely packed granules, the black hairs being normally black

and completely packed with black granules.

Mwana Ngala. Aged 2^ years, stated to have had yaws, and in consequence

of this illness the hair at the sides of the head and temples is brownish in
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colour; microscopically there was a diffuse brown pigmentation and granular

pigment was fairly abundant.

Another child showed the same changes under similar conditions.

Old female inmate of the Central Prison of an age when grey hairs have

usually appeared ; she was noticed, however, to have some brownish hairs, and

others of a bright golden colour; the black and brown hairs were found to be

tightly packed with black granular pigment—the golden hairs contained light

yellow diffused pigment, but no granules.

Kause. An old female lunatic, presented the same hair characteristics, macro-

scopic and microscopic.

Three men were noticed with a certain number of red hairs in the moustache,

comparable to the hairs in the moustache of a " red haired " European.

Yotam. Scalp hair black ; skin a lightish brown, is said to have darkened

with age ; irides a dark hazel. Microscopically the red hairs contained a certain

number of fine pigment granules, but also bright red diffuse pigment, black hairs

absolute black, with granular pigment ; some of the hairs were partially red and

partially black, each part showing the corresponding condition mentioned above.

Pamandhe. Brown moustache hairs showed diffuse brown pigment and fairly

plentiful black granules ; black hairs and some particoloured hairs as in case

above.

Chamveka. Light brown hairs were devoid of pigment granules, there were

some particoloured hairs, which, with black hairs, answered to the description

above.

Bandsman, 1st K. A. R. Hairs from dermoid cyst of forehead. Hairs spindle-

shaped, tapering at each end ; brown diffuse and granular pigment present, but

not equal to full pigmentation.

V. Case of Leucoderma.

I now describe a case which clinically is one of leucoderma. It is the only

case showing leucodermic areas of any extent that I have met with, from which

I think I may infer with reason that leucoderma is rare among these natives

save in its minor manifestations.

This case corresponds very well with a text-book description of the disease—

a

symmetrical and progressive condition associated with hyperpigmentation. Points

of interest are that the patient is sure the hyperpigmentation has occurred on

sites previously depigmented. The hairs on affected parts of the skin which are

naturally hairy are black. Black hairs are also seen to occur on leucotic areas on

non-hairy portions of the skin.

Ouda, of Chechiwere's, male, aet. 15 years, Zomba, November 14th, 1910.

Disease started 3 years ago ; he was seen at that time by my native Hospital

Assistant who vouches for this date. He has never had yaws. The disease
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commenced as a very small patch on the right shoulder which has never spread.

Now spots are seen on the body, face and limbs (Plate XII, Fig. 3).

He states that a patch appears very quickly, in a few days reaching its

maximum size and that the extremities are the last to become involved. At

the present time the middle two-thirds of the red margin of the lower lip are

affected, there is a patch on the right side of the filtrum of the upper lip, some

small areas over the left shoulder, three patches the size of a half-penny over the

upper part of sternum, a few points over the chest and abdomen in front and on

back ; the arms from the elbows downwards are the seat of large patches ; the

wrists, thumbs, dorsum and palm of hands and fingers also show patchy depig-

mentation
;
patches on the left knee, the dorsum of the feet and toes, and over the

ankles are also present.

These affected areas are of a pink colour as of a fair European skin
;
they are

in some places a little crusted.

There is a lack of signs of slow depigmentation, that is, areas of all shades of

dark brown to pink are absent. In association with some pink areas there is a

surrounding hyperpigmentation ; these the boy states were previously depigmented

and pink. This phenomenon was well seen on the arms, the leucotic areas pre-

senting black hairs as on unaffected skin. Affected areas over the manubrium

sterni, though there is no hair on the surrounding normal skin, present hairs

which are black. No one else in the family affected.

Under the name of " Melung " (Beta), Ziemann has described in the Archiv fur

Dermatologie and Syphilis, Bd. Lxxiv. S. 163—170, Wien und Leipzig, 1905, a

skin disease among negroes on the West Coast of Africa " characterised by

the appearance of round, oval or irregular shaped patches of a bright yellow

red colour on the skin of the extensor and flexor surfaces of the hands and

feet." Here in Nyasaland I have seen a number of cases which correspond

more or less with the descriptions given by Ziemann, but there are several

points of difference, and I am inclined to think that that observer has made

too hard and fast limits for the type of leucoderma which he has described.

He says, " The predominant colour of the affected areas is of a whitish tinge and

the general aspect may be compared to that of extensive superficial burns which

have healed without the formation of granulation tissue. The disease begins at

the age of from 10—15 years; its course is symmetrical, either attacking the

hands first and then the feet or the feet first and the hands afterwards, or both at

the same time. The progress of the disease is extremely chronic." He further

notes that never more than four-fifths of the surface of the hands or feet are affected

with pigment atrophy. The flexor surfaces are more extensively involved than the

extensor, the pigment atrophy is practically confined to the hands and feet, only

further slight extensions occur after 10—20 years and there is gradual loss of

pigment in the hairs situated in affected regions. Sensibility to touch, tempera-

ture, and pain and muscle sense are unimpaired ; the sweat glands are normal

;
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the electrical reactions of the affected limbs are normal and there is no evidence

of disease of the nervous, blood or excretory systems.

As far as I am aware no mention has been made of the disease occurring

elsewhere than among West African negroes, I therefore give some details of a few

cases met with by myself.

Ghisfufu. Male, aged about 36. The headman of a village near Zomba.

Subject states that the disease commenced on the left side of the chest when be

was 6 years of age, then both hands and arms were affected followed immediately

by the legs, and it has been slowly progressive till the present time. When seen

there was a spotty hyperpigmentation on the front of the chest (see Plate XX,
Fig. 29) only two areas being actually of a pink hue, the same condition is seen

on the back ; the changes on the hands and feet are typical. The depigmen-

tation seems to have occurred in circular areas so that on fusion the margin

assumes a scalloped form.

X. Female, aged 50. States that her affection only commenced 2 years ago.

On examination the left hand and wrist are found to present the typical features

of the disease, and though of only 2 years' duration it is as marked as in cases of

20 years' standing. On the palm of the right hand there are some spots |" in

diameter of slight hyperpigmentation, signs of the commencement of the disease

in this extremity.

Binti Masua. Female, aged 30, of Mpouda, wife of Mwini Dowa, private

1st King's African Rifles.

She states that she had yaws when aged 8 and that the leucoderma

appeared at that time, and has remained of about the same extent since childhood.

On examination there are seen some black areas on the arms, apparently the

hyperpiginented scars of old yaws. She has a Dupuytren's contracture affecting

botli little fingers, the first interphalangeal joints of both hands are thickened, and

the fingers show a slight degree of ulnar deflection. The affection is less advanced

in the left hand than the right. In the former the depigmentation only affects

the palm, while on the right side, the dorsum and fingers are also involved.

Hyperpigmentation is present as a band round the wrist, along either border of

each hand across the bases of the phalanges and on the back of the first fingers

and sides of the middle fingers.

Licheta. Male, aged 50, inmate of the Central Prison, Zornba, an Angoni of

Dedza.

The disease is said to have commenced at the age of 17 on the palmar surfaces

of the wrists, since when it has very slowly spread till the present time.

The affected areas include both surfaces of the hands and wrists, and extends

two inches on to the forearm ; the depigmentation is patchy in character ; where

the process has been most intense the skin is of a yellowish pink colour. Circular

areas are seen showing all grades of depigmentation as evidenced by the different
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shades of brown present. Round the areas in which the change has taken place

there is hyperpigmentation more or less marked, in some areas the skin being

absolutely black. There is a worm-eaten appearance on the palms of the hands

which the man states is the result of yaws in boyhood. There is also compound

ganglion affecting both wrists. The photograph (Plate XIV, Fig. 10) illustrates

rather poorly these features.

Mundana. Male, aged 40, of Chikumbo, Mlanje, Makua.

Patient states that the affection of his hands and feet was present at birth, and

has not altered since. This I think is very doubtful and probably one may infer

that the disease began in very early childhood, and has not progressed of late

years. He says he has not suffered from yaws. Both hands and feet are affected,

the former to a small degree and the feet still less, so that it is hardly noticeable

in the latter.

There are only two or three small areas actually pink, for the most part the

colouration is patchy and of various shades of brown to orange. The process has

involved the hands and fingers, the wristband area and the dorsum of the foot and

toes on both sides.

There is a hyperkeratosis of the palms of the hands and of the skin of the

extensor surfaces of the interphalangeal joints. The palms of the hands also

present a worm-eaten appearance with the formation of little pits. There is

likewise heaping-up of epidermis with cracking at the flexures on the palms. The

hairs on the extensor surfaces of the fingers have fallen out, leaving little pits.

Y. Male, aged 40. A Swahili from Zanzibar, Range Capitao, Zomba. The

hands only are involved, but in a perfectly typical way. The disease is stated to

have commenced when the subject was a small boy.

Other cases have been seen but of them no notes have been kept. In discussing

the relation of these cases to ordinary leucoderma it must be remembered that

natives are seen with a similar patchy speckled depigmentation process affecting

the skin of other parts than the hands and feet. Thus I have seen a condition

along the middle line of the back or in the middle of the chest on several occasions.

In the case of a girl I., aged 10 years, mentioned above, it was associated with

similar speckled condition of the fingers, and was said to have been present at

birth. Chisfufu, as will be seen by a glance at the sketch on Plate XX, not only

had a typical affection of the hands and feet but the process also involved the

trunk, all four limbs and the lips.

While it is true that there is a large number of cases of an "imperfect"

leucoderma corresponding more or less to the description given by Ziemann,

I find that there are many others in which the process is wider in its distribution

and which are therefore connecting links between the type described by Ziemann

and ordinary leucoderma. Even in such cases of long standing the areas involved

are of small extent, and it is but seldom that one would see a portion of skin of
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any size reduced to the pink colour such as is seen in ordinary cases of leucoderma

i n natives.

It is however difficult to see where to draw limits around any particular type,

though I must agree with Ziemann in setting apart the hand and foot type as a

fairly definite variety. I agree with him in thinking that the disease does often

start during youth, but I am not convinced that it always does so. Again it is

nearly always symmetrical after it has been existent for some time, but not always

so at the beginning. I believe that in most cases the hands are affected before

the feet, and though in the majority of cases the progress is very slow, yet in some

it may run a more rapid course for a time, and then become stationary.

I have certainly never seen more than four-fifths of the hands or feet affected.

The flexor surfaces are more extensively involved than the extensor, but the

change is by no means so commonly limited to the hands and feet as Ziemann

makes out. I would say that it is more usual for some two or three inches of the

fore-arm to be involved as well. I should be inclined to lay more stress on the

character of the colour changes. Practically in all my cases there was hyper-

pigmentation to be seen in areas of skin adjoining those in which loss of colour

had taken place. This was generally most marked as a black band around the

wrist, but was seen elsewhere.

The loss of pigment as above mentioned would appear to take place at a

number of points more or less at the same or at different times, so that round

areas are produced showing varying degrees of loss of colour which may coalesce

with the formation of larger areas with scalloped margins. Often in the middle

of .such a depigmented area, one that may have been reduced to whitish-pink

or yellowish orange colour, small spots of more deeply pigmented skin may be

seen to remain.

Ziemann has compared the appearance to the result of extensive superficial

burns which have healed without the formation of granulation tissue. Such a

description I do not consider good, as under those circumstances the skiu is

essentially pink and never of the orange yellow or yellow white colour character-

istic of the affection uuder consideration. Again, the laying down of pigment

after burns occurs at points partly separated from one another, which appear very

dark indeed, and do not resemble the darkly pigmented patches seen in this

disease.

Attention might again be drawn to the fact that the history of yaws was

obtained in several cases and a few show evidence of lesions almost certainly the

result of framboesia, I refer to the pitted appearance of the hand and hyper-

keratosis. The loss of the hair from the digits in one case should also be noted as

possible evidence of a trophic element in the etiology of the affection.

Below are short notes of cases of melanodermia of congenital origin as far as

their histories could be elicited.

Biometrika ix 46
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Female, aged 17, Zomba, 1910. An area of absolute black skin is seen on the

right side of the neck extending over the clavicle. No other affection of pig-

mentation noted.

Bimbo,, male, adult, Zomba, 1910. Patcb of black skin on the dorsum of the

left foot, over the heads of the first and second metatarsal bones.

Talo, adult, male, 1st K. A. Rifles, Zomba, 1911. A black patch of skin under

the right nipple.

Mainana, adult, male. Below right axilla there is an area of skin 4—5 inches

square in extent of a dead black colour.

Conclusions.

The cases I have cited go to illustrate the following facts :

1. Albinism is common among the natives of Nvasaland.

2. It is a family affection and often directly hereditary.

3. Varying grades of albinism are met with in the same family.

4. Almost every degree of albinism is met with.

5. The degree may vary with age.

6. A secondary laying down of pigment in the albinotic skin in spots is a not

uncommon feature.

7. Albinism is very generally associated with an unusual development of the

lanugo hairs and less commonly with mal-development of the teeth.

8. Piebalds are comparatively rare.

9. Spotlings are less rare.

10. There is a very definite class in which the spotling condition affects the

penis only.

11. Widely distributed leucoderma is uncommon.

12. A localised form resembling that described by Ziemann is common, but

intermediate cases between this form and a more generalised form are seen.

13. Some congenital cases of spotlings resemble exactly some cases of

leucoderma.

The grades of albinism in their relation to one another may be diagram-

matically represented ; this arrangement has however no pretence to mathematical

precision.

In the same way the relations of the various conditions chai'acterised by partial

albinotic characters may be roughly shown.
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Class I Class II Class III Class IV Normal

C2 CI 5 2 C'3 512 CI

56 55 53
A2 B6

I B7

j Mother

.51 511 510 C9 B3 Cll (C13) (712 of normal

59 012

C8

ClO

Class I (a) C5 54" C4

Partial A Ibinism

Piebald
As

y Spotlings x

a / b x c

As

Spotling
As

Spotling Leucoderma
As As

Leucoderma
As

Florence Bay Family Daus Girl H. Girl I. (hair tufts) (penis) of Ziemann ordinary type

Coming to a more general discussion of the subject, among facts which have

to be taken into consideration the following mentioned by Pearson are of great

importance. Leucoderma may occur very early in life and become stationary.

Pearson says " the possibility in Leucoderma of very early development followed

by a stationary condition, and the fact that babies only gradually develop skin

pigment so that congenital unpigmented areas may not be at once noticed, render

it not so easy to distinguish partial albinism from stationary leucoderma in a

European." Concentration of pigment in the neighbourhood of leucotic patches

has been laid stress on as a feature of leucoderma, but it is not invariable.

Symmetry and progressiveness and the combination of excess and deficiency are

held by Crocker to be the characteristics of leucoderma, but as Pearson says

"there can be little doubt that. . .leucoderma ceases to be progressive in some

cases and that in such cases... the increased pigmentation at the borders is

wanting." Further the symmetry " may be by no means marked " and the

distribution of patches in undoubtedly congenital cases of leucosis may show a

considerable degree of symmetry. Evidence of recovery of pigmentation in leuco-

dermic patches is not wanting.

Leucoderma has further been shown to be inherited, and a case due to

Dr Joseph Jones has been published in which inherited leucoderma seems "to

have culminated in albinism." There thus appears to be no criterion by which

any case can be judged to be one of leucoderma or of partial albinism, and the

history may yield the only facts of value. For these reasons, any hypothesis to

explain albinism must explain at the same time the facts about leucoderma as

they are known.

4G—
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In dealing with the pathogeny of the condition I follow largely Pearson in his

presentation of various theories. The normal formation of skin-pigment is a

question around which much conflicting opinion has grown. The site of the

formation of the pigment has been variously supposed to be in cells belonging to

any or all of the primary layers, endo-, meso- and ecto-derm.

Special cells have been described as acting as carriers of pigment from one

layer to another and called in consequence chromatophores (Kolliker, Simon,

Kerbert, Ehrmann); Ehrmann later considered these cells to be actually the

producers of the pigment, and calls them chromatoblasts or melanoblasts.

Meirowski's summing up of Ehrmann's views quoted by Pearson is as follows:

—

(1) The production of pigment occui's in special cells, the melanoblasts, which

are not identical with mesodermal or epidermal cells.

(2) The melanoblasts are products of the middle germ layer, which in part

further develop there, grow into the epidermis, and there have an independent

cell existence.

(3) The material which is converted into melanotic pigment comes from the

blood and is haemoglobin. Haemoglobin is converted into melanotic pigment by

the vital processes of the melanoblasts.

(4) Extra-cellular creation of melanotic pigment is not yet demonstrated.

True melanotic pigment only occurs in an extra-cellular form by the break-up

of pigmented cells.

(5) The transfer of pigment occurs by aid of protoplasmic flow along proto-

plasmic threads, which connect the melanoblasts with the epithelial cells. For

this reason this theory is not an " Einschleppungstheorie " but an " Einstromungs-

theorie."

(6) Pigment is, at least shortly after its production, a body dissolved in a

highly fluid colourless substance.

Unna believes that the pigment granules formed according to Ehrmann's

hypothesis pass by way of the lymph stream to the epithelium.

Cohn holds that free pigment certainly exists outside the cells.

Schwalbe believes that epidermal and dermal cells can each produce granular

pigment as a result of their individual activity, drawing upon the same source,

though independently ; he believes that : (i) a pigmentation of the cutis can

occur with completely unpigmented epidermis and hair, and (ii) a pure epithelial

pigmentation can occur without trace of pigment in the underlying mesoderm.

He rejects the chromatophore theory and considers these cells to be transformed

epithelial cells.

Kaposi also criticises Ehrmann's views to show that a haemoglobin origin for

melanin is untenable. More recently other observers (Meirowsky, etc.) have come
to the conclusion that epidermis and cutis pigment can arise independently, and
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the melanoblasts of one and the other are independent structures. The nature of

melanin has been investigated by a few observers. Hopkins and Cole have isolated

a substance as a product of tryptic digestion of proteid which may be the mother

substance of the proteinochromes skatol, pyridine and tyrosine. Tyrosine by the

action of a ferment can be changed into a substance resembling melanin.

This ferment tyrosinase has lately been found in a variety of species, plants

and animals, including newborn rabbits, rats and guinea-pigs.

The above notes on melanin are gleaned from Pearson's observations on

Von Furth's summary.

Dyson has recently shown, by means of the bichromate-haematoxylin method

of Lorrain Smith and Mair, that pigment is always formed as part of a complex

granule which contains lipoid substance. These granules are present constantly

in the basal epithelial cells, and are formed there under the influence of the

nucleus as a part of the normal metabolism of the cell. The pigment is in origin

a lipochrome, the melanin being the chromatic proteid portion after separation

from the complex lipoid granule. He found no evidence of pigment formation in

the cutis, but showed sections which illustrated the passage of lipoid substances

from the epidermis into the cutis along lymphatic channels.

It appears therefore that our knowledge on melanin and its pixxluction so far

points to the following conclusions :

(1) Melanin is not a direct (and probably not an indirect) product of

haemoglobin.

(2) It is the product of splitting of a complex lipoid substance possibly as

the result of a ferment action, akin to the formation of pigment from tyrosin by

tyrosinase.

(3) The complex granules containing the lipoid substance are produced as

the result of the metabolic activity of the individual cells of the epiderm.

(4) The presence of melanin is responsible for skin pigmentation.

(5) Melanin in the cutis is probably derived from the epidermis.

This is as far as knowledge goes at present with regard to melanin. How can

we explain its more or less complete absence in albinism, etc. ? Pearson sums up
" when we consider the relative rareness of conrplete albinism, of the spotted or

splashed condition and of Xanthism, their relatively frequent coincidence in the

same stock suggests that these abnormal pigment conditions are not wholly

independent, and that as a working hypothesis it is reasonable to suppose that

complete albinism, partial albinism, incomplete albinism and Xanthism, all static

forms of leucosis, are phases of the same process and are probably linked with

leucoderma and possibly other forms of dynamic leucosis. By ' linked ' we suggest

that they mark the complete, incomplete, local or progressive failure of the same
metabolic process, which may never start at all, never start in certain areas, or be

imperfectly started, and again being started may fail to maintain itself ; further
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that every variety of this failure may individually or collectively be associated

with certain stocks, which may either show hereditary failure of one phase, of

several, or exceptionally of all phases of pigment metabolism."

This hypothesis gives a masterly summing up of the position, warranted, I think,

if only in the light of my own series of cases.

If we seek the cause in some inherited defect we might suppose that some

pigment-controlling determinant by its absence causes failure of natural pigmenta-

tion. Its perfect or imperfect impotence may be a racial feature of certain forms

of parental albinism. This impotence may be a racial feature of certain parental

stocks or produced by some degenerating influence of the somatic on the germ
cells of the individual parent such as must occur in the case of an inherited

character arising in the parent as a " sport."

This absence of certain determinants does not carry us very far, for the question

suggests itself: how do such determinants act on the normal body metabolism ?

It has been suggested that some ferment necessary for pigment formation such as

tyrosinase is absent.

As Pearson says, " it must however be remembered, (i) that the absence of the

ferment in the albino must correspond to some abnormality in the zygote and

ultimately to some defect in one or both gametes. This defect can hardly be an

absence of ferment, (ii) The materials for development are supplied in utero by

the mother, who may be (a) herself pigmented, and (b) produce at the same time

pigmented and unpigmented twins. It would appear that she is thus able to

provide the ferment for one and not for the other offspring."

One might postulate ferment determinants. Pearson suggests " that the

ultimate difference between the normally pigmented individual and the albino,

will be found after all to be one of structure ; the failure of the normal metabolic

process is due to differential structure in the albino. If there be local absence of

ferment it may possibly be that the structure does not permit of its reaching its

destination," and mentions in support of this view that albinos may have a

considerable amount of diffused pigment in their hair.

He also says that it would be difficult otherwise to understand how in cases of

partial albinism the ferment should be confined to some portions of the skin and

be wanting in others. Facts gleaned from my own observations which seem to

have a direct bearing on some of these points I may here refer to. I should like

first to mention some observations on the natural rate of pigmentation in African

natives.

Pearson states that a black baby at birth almost resembles a white one in

colour, and quotes Dr Strachan*. With all deference to Dr Strachan, I most

* [This does not seem adequately to represent the views of the authors of the Monograph, or of

Dr Strachan. The reader is referred to pp. 120—124 of that work, where much of the literature on the

subject is cited. The point involved is not the impossibility of distinguishing between a just born white

and just born black baby, but to the fact that the black pigmentation except on the genitals and some
other parts is relatively slightly developed at birth. Ed.]
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certainly must differ from him and agree with Dr Pooley, also quoted, when he

says that " in newborn babies (negroes) the skin being thinner, the pink of the

blood vessels is much more clearly seen, but the skin has an ashy grey colour all

the same, the black is there all the time "—a phenomenon which is clearly seen

in the still-born and premature births. I do not hesitate to say that a portion of

skin of the new-born native of this country could be immediately distinguished

from a portion derived from a new-born European child. To give an example, the

infant of Private Jurnbe, 1st K. A. R., seen immediately after birth, had a skin

colour of a pinkish white with a dark cafe-au-lait tint about it, not the dead

white as seen in other young albino children; hair of head rather straight and a

dark brown in colour, body and limbs covered with very light fine hair of the

lanugo type ; irides a liquid steel blue. Darkening of the skin occurred rajjidly

;

it was not noticeably light after three weeks, and in three months it was an

ordinary " dark " coloured baby.

Specimens of hair from the head and body having the colour as above

mentioned were taken a few days after birth. The hair from the scalp was

seen to contain bright yellow diffused pigment, and a fair amount of brown

granular pigment. The body hairs were very fine and undeveloped, and very

fine granular pigment was present.

The pigmentation, then, of the skin (irides and hair) of the native of Central

Africa is a progressive process
;
normally pigmentation is quite marked at birth

and thereafter proceeds rapidly, but in a large number does not reach, so to speak,

completion till the age of possibly 16 years. This I have noticed with three or

four of my younger servants who during the six years they have been with me
have darkened very materially.

This production of pigment as the result of metabolism in certain cells might

be likened to the production of the salivary ferments by the salivary glands. The

cells are there in the skin ready for their work in the foetus just as the cells of the

salivary glands are, but the latter do not begin to produce their ferments till they

are needed (for the digestion of certain foodstuffs) ; in the same way the skin of

the young foetus is unpigmented, and it is only when pigment is about to be

needed that it is formed. During the few days after birth there is a call for its

rapid formation and it is produced.

The stimulus for this rapid formation is probably light rays or ultra-spectral

rays acting indirectly by means of a ferment, though, now that pigmentation is a

racial characteristic, the tendency for the process to start and go on is represented

in the germ-plasm of the parents. This inherent tendency to produce pigment is

borne out by the fact that the latter was present in the hairs removed from a

dermoid cyst (vide supra).

That depth of pigmentation is conserved as the result of such a physical cause

as light I have no doubt, as the following observation will serve to show. I held

a medical inspection of the 1st Battalion of the King's African Rifles the day after
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part of the Battalion had returned from Somaliland. I was surprised to find when

the Battalion as a whole stripped that the men who had been on foreign service

were many shades darker than those who had remained in the Protectorate of

Nyasaland. The Somali men were as black as any native I have ever seen, and by

comparison the Nyasaland men looked like members of a yellow skinned race.

The reason for this difference was that in Somaliland all fatigues had been done

bared to the waist, while the men remaining in Nyasaland had not been without

regimental clothing (khaki tunic or blue jersey) for years.

I obtained a similar result by keeping several turns of bandage round the chest

of a native for eight weeks.

Again, I would refer to my observations on the skin colour of the penis. One

may say that normally the ensheathed glans penis is not deeply pigmented; the

pigmentation of the partially covered glans is proportional to the want of cover.

The glans of a man who has been circumcised is invariably black. Therefore

though always pigmented to some degree because skin pigmentation is a racial

characteristic, the process is only completed as the result of exposure in the

majority of cases. Special notice must be taken of the case of albinism of the

penis; wherein, after circumcision at the age of 26 years, the skin of the glans,

which was absolutely albinotic and would doubtless have remained so all the man's

life had he not been subjected to operation, developed a spot of pigmentation a

year later. How could this case be accounted for on the theory of structural

defect* ? It is a fact worthy of remark that the penis should be the commonest

site to find a spotling albinism and that it should occur in close on 4°/
0
of 379 men

taken at random; excluding the circumcised, it occurred in nearly 6°/
0

.

In a large number of albinos we have seen there is a marked ability to form

pigment {vide spotted albinos, and those of Class IV, who develop a certain amount

of pigment in the skin but not in the hair and again those in whom pigmentation

is only delayed, cases C 11, C 12 Sawali) which does not appear to point to

defective structure of the skin, the explanation favoured by Pearson, but would

rather suggest the action of some internal secretion. The hyperpigmentation of

Addison's disease is due to the perverted action of the suprarenal glands which are

commonly the seat of the destructive lesions in that disease, and it seems quite

possible that normal pigmentation in negroes is due to a somewhat similar cause

;

light may act not directly on the skin cells but on some tissue or substance which

determines the formation of pigment in the skin.

Many of the characteristics of persons living in tropical countries are akin to

symptoms occurring in suprarenal insufficiency.

With regard, however, to the factor of abnormality of skin structure brought

forward by Pearson, I would again refer to the conditions as seen in the sections of

* [I would venture to suggest that the very facts that the pigment developed in a spot only in this

case, and that pigment occurs in localised patches only in piebalds, or in freckles and isolated locks of

hair in otherwise complete 'albinos do indicate a differential structure; the local absence of a ferment

—

without a cause for its absence—seems to me an inadequate explanation of leucosis. Ed.]
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Fig. 3. Ouda of Checkiwere's. Case of Leucoderma.

See p. 353.

Fig. 4. Daus of Ohimwai Village, Dwangwa
Biver. Spotlings. See p. 348.
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Fig. 9. Binali. Leucosis of glans and prepuce.

See p. 351.

Fig. 10. Licheta, an Angoni of Dedza, Central Prison

Zomba. Case of Ziemann's " Melung." See p. 355.
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Fig. 24. Chibwana, an albino with mother and sister, Fig. 25. Alice, an albino baby, and her mother

from Chikala. See p. 343. from Ohikanji's village. See p. 339.
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Fig. 27. Pingo, an albino from Ohitalu. See p. 311. Fig. 28. John, an albino from Mwandanas. See p. 340.
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a pigmented spot from an albino, and also to the association of an unusual develop-

ment of lanugo and of defective teeth with albinism.

The condition of the teeth suggests enamel deficiency, and is one which I did

not meet with when examining the teeth of 1500 natives of all ages (not albinos)

for statistical purposes.

One of the interesting points which has been brought to light by the investi-

gations of Pearson and others is that in albinotic hair, while granular pigment is

absent, diffuse red or yellow pigment is present, and the same is true of some

kinds of red hair among Europeans. The relation of this diffuse pigment to

granular pigment has not however been I think generally recognised. From the

microscopical examination of the various hairs above described I think there can

be little doubt that the granular pigment is formed from the diffuse pigment by

some process allied to precipitation (compare hair from new-born infant child

of Private Jumbe, from Mwana Ngala, from Pamandhe, also from Sawali and

Moyichandi) *.

Loss of colour may be accompanied by a reversed process (compare hair from

Kause, an old female lunatic).

A similar process may take place iu the skin, as evidenced by the band of

diffuse colouration beyond the area of granular pigment found in the section

of prepuce (Lijuni).

The plan of the localised leucotic patches may be palaeogenetic as suggested

by piebalds with white belly markings and flare, or there may be a segmental

distribution (see case of girl H. in whom the area is limited strictly by the

mid-line).

One believes therefore that pigmentation is due to an internal secretion, that

light and other climatic conditions are determining factors, that a ferment may
play some part, that the pigmentation of the skin is due to melanin produced in

the cells of the epidermis, and that therefore structure also must be taken into

account, that in albinism in its various grades and in dynamic forms of leucosis

one or other or several of these factors have to be taken into account.

Addendum. One may say that in ordinary natives the colour of the iris is

always some shade of brown. There is one exception. The iris in a few otherwise

ordinarily dark natives may be of a greenish colour with no element of brown,

a very striking feature, and known as "jeri-jeri" by the natives, who say it

resembles the eye of a cat.

* [It seems difficult to establish such a conclusion until very elaborate chemical investigations of

the two types of pigment, lipochrome and melanin have been made. The microscopic investigation of

hundreds of samples of hair, albinotic and non-albinotic, are given in Chapter VIII of the Monograph

,

but they tell so far as much in favour of the independence as of the dependence of the two types of

pigment. Ed.]
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ON THE EXPECTATION OF LIFE IN ANCIENT ROME, AND
IN THE PROVINCES OF HISPANIA AND LUSITANIA,

AND AFRICA.

By W. K MACDONELL, Hon. LL.D. Aberdeen.

The data on which the following paper is based have been extracted from the

Corpus Inscriptionum Latinarum of the Berlin Academy. For Rome I have

examined Vol. vi. parts 1 to 4 (2), for Hispania and Lusitania Vol. II. and its

Supplementum, also the Ephemeris Epigraphica vm. and IX. 1/3, and for Africa

Vol. vm. and its three Supplementa.

Rome—(a) The Civil Population.

I have divided the Roman inscriptions into two classes, (a) those relating to

the civil population, males and females being shown separately, and (b) those

relating to the soldiers of the garrison.

Method of stating Ages. In the great majority of adults the age is given

in years only, but in a considerable number the months and days are added, in

a few cases even hours. Children's ages in the majority of cases are given in

years, months, days and sometimes hours. Also on the soldiers' tombstones we

frequently find their ages recorded to days, four of them even to hours, and

amongst these we find natives of Thrace, Pannonia, etc., which points to accurate

registers of births having been kept even in distant parts of the Empire. Some
of the inscriptions record the ages with extreme exactness, e.g. No. 2771,

80 years 8 hours; No. 17677, plus minus 25 years 2 months 24 days; No. 20670,

86 years 1 hour.

This accuracy of statement is no doubt largely due to the requirements of

astrology, which we know was widely practised in ancient Rome*; possibly also

* No. 27140, the inscription on the tombstone of a boy, who died at the age of 4 years 13 days,

contains a reference to an astrologer who had evidently forecasted a long life for the child. The

deceased is supposed to address the passer-by in half a dozen lines, which conclude thus :

Non igitur, lector, lachrimes : [dejcepit utrosque

Maxima mendacis fama mathematici.
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it is in some degree due to the operation of the ordinance of the Emperor Marcus

Aurelius, who was the first to introduce an official registration of births in Rome
and the Provinces for the special purpose of establishing the status and age of the

people when required*.

But, as I have said, in the great majority of the inscriptions the age is given

in years only, and in many cases it was evidently not known accurately, probably

no record of birth having been kept, or the record having been lost or destroyed.

An examination of Table I will make this clear. It will be seen that after the

15th year the frequencies are heaped up on ages expressed by multiples of 5;

e.g. at 25 years we find 129 deaths of males, but at 24 and 26 only 57 and

34 deaths respectively. Soldiers' ages are treated in the same way. Perhaps

the explanation is that in many of these cases the age was not known exactly

in years, but that the number of lustra of five years which the deceased had lived

would be known fairly correctly, and would thus furnish the basis on which the

number of years was calculated. Of course we cannot say how such a method of

computation, if it existed, would be worked out in practice ; if for instance it

was known that no long period had elapsed since a person had completed his

6th lustrum, his age might conceivably be recorded as 30, if a considerable period

had elapsed, as 35. Whatever the real explanation may be, it is evident that

the practice causes a difficulty which will be obvious from an inspection of the

diagrams on Figs. 1—3 : the polygons showing the expectation of life in the

ancient world present a jagged appearance in marked contrast to the smooth,

continuously descending curves which represent the data for modern times.

But these data are subjected to smoothing before publication. The difficulty

might have been got over, as Mr Palin Elderton has suggested to me, by adding

together the deaths recorded at ages 18, 19, 20, 21 and 22, calling these 20

(and similarly for the other groups) and then redistributing them. The same

result, however, can be attained fairly accurately and with a saving of labour,

by supposing the jagged polygons replaced by continuous curves, and such curves

can be readily placed on the diagrams.

Date of the Inscriptions. Few of the inscriptions which record age at death

give us a direct clue to the dates at which they were erected. Some that were

found in the "Monumenta" of families and households of historical personages

(Livia, Nero, Drusus, Marcella, etc.) can be assigned to the early Empire, and

a few, mainly Christian of the 4th to 6th centuries, give the names of the

contemporary consuls, and can thus be dated exactly. In one case, No. 9919,

the name of the Emperor, Mauricius (a.d. 582—602), and the year of his reign

are given. It is possible that scholars can date the inscriptions from the form of

the letters, the spelling, etc., but as I am not aware of this having been done,

I must leave the point unsettled and would suggest with some hesitation that

the great mass of the inscriptions belongs to the first three or four centuries

of our era.

* Marqnardt, Das Privatlebcn der Rimer 2
, p. 80.

47—2
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Status of the Deceased. A considerable number of the inscriptions record the

statvis of the deceased, and a somewhat rough examination gives the following

results for males*:

Servi 121

Vernae ... ... ... ... 164

Alumni ... ... ... ... 65

Liberti 390

Officiales and Artifices ... ... 290

Agitatores and Histrioties ... 20

Patroni 64f
Ordinis equestris ... ... ... 19

Ordinis senatorii ... ... . . 8

Sacerdotes, haruspices and calatores 17

1158

The mere fact that a person was considered worthy of a gravestone and

inscription at all, would seem to indicate that the deceased did not belong at

all events to the dregs of the people, and I am therefore inclined to believe

that we are here dealing with a population which in status was above the

very poorest and consisted largely of the slaves and freedmen, with their wives

and families, of the well-to-do classes of Rome.

Expectation of Life. A reference to Table I will show how this is calculated.

By way of illustration I will take Roman males. I start with a population of

4575, which I call l0 ,
using the actuarial symbol; of these 74 died before

completing their first year, therefore 4501, or llt completed their first year;

of the 4501, there died before completing their second year 197, therefore 4304,

or l2 ,
completed their second year, and so on. Then the complete expectation of

life at any year x is defined as

1
,

sv» (0
2+ lx

For example, at the year 1 it is

1 4304 + 4086+ . .. +1 _ 1 95185

2
+ ~ "4501"

_ "2 +
450T

" 21 'b5 '

The values of the expectation are shown by the curves on Fig. 1, and for

purposes of comparison I have added the curves showing the complete expectation

of life in modern England and Wales, based on the mortality of the general

population, not of healthy lives only, in the years 1891—1900. These data

are of course smoothed by the Registrar-General's officers before publication.

* When the indices to Vol. vi. of the Corjms are published it will no doubt be possible to extend and

correct these figures.

f It is worth noting that these seem to have been a long-lived class, the average age of the 64 being

G2—63 years.
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From Figure 1 we see that, contrary to modern experience, the curve for

females always lies below that for males until about the age of 75 ; after that age

the two curves practically coincide. For the first 20 years the male curve remains

fairly level, while the female curve goes steadily down, until the difference between

the two reaches a maximum about the 20th year ; both remain level for the next

10 years, and then they gradually approach, the female curve rising until about 45

and thereafter falling. If our data had been ampler we should no doubt have had

curves of a steady downward slope, as in the case of the African expectation.

The most striking feature of the diagram is the very low expectation of life

in ancient Rome, as compared with that of the present day, up to the age of 40,

and especially for the first 20 years of life. This might be accounted for to some

extent if we had reason to think that monuments in memory of persons who died

before reaching 20 were likely to be erected in relatively greater numbers than in

the case of older people. But I know of no reason to suppose that this was the

case ; indeed the probability seems to be the other way, for we might reasonably

assume on general grounds that the older a man was the more likely he would be

to make his mark in the social group to which he belonged, and be considered

worthy of a tombstone and inscription. In the absence of definite information

I think we may conclude that there was a relatively heavy mortality at the earlier

ages, due probably to circumstances peculiar to Rome, for, as we shall see, the

expectation of life was much higher in the earlier decades of age in the Provinces

than in the Capital.

Between 50 and 60 ancient and modern expectations are very much the same,

and after 60 the ancients had the advantage. The latter is a remarkable fact,

but it is just what we should expect if the view that there was a heavy mortality

amongst the young is correct; by severe selection of the young the survivors

would be of specially strong physique, and would therefore show a high expectation

of life.

Married Women. Out of the total of 3490 females I have noted 897 whom the

inscriptions specially record as having been wives or mothers, and I find that up

to the 20th year their expectation is greater than that of all women, the difference

ranging from 4f at the age of 10 down to 1 at the age of 20 ; but after the

25th year it is less, the maximum difference being 2*8.

In connection with this question, it would have been interesting to know at

what ages the Roman women married, but unfortunately I have found only

59 inscriptions from which this information can be ascertained. These 59 record

both age at death and duration of marriage ; the facts are shown in Table II.

The first and last entries look doubtful, but the others seem reasonable, and would

point to marriages at 10 to 20 having been quite usual. This custom of early

marriages might explain to some extent the low expectation of life for women
at that period, but little weight can be placed on this conclusion, as the data are

so scanty.
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Married Men. For the age of men at marriage the data are still scantier;

I have found only 29 cases, and in these the ages at marriage run from 15 to 63,

II of them lying between 17 and 20.

Rome—(b) Soldiers in Garrison.

The data have been collected from inscriptions 2424—3922 and 32668

—

33038. They record the nationality of many of the soldiers, and it appears that

they came from distant parts of the Empire—Dacia, Thracia, Pannonia, Egypt,

Libya and so on, as well as from various parts of Italy itself. Indeed, if we may

judge from these inscriptions, the great bulk of the garrison was recruited mainly

in the Danubian provinces and the north of Italy. I have therefore dealt with

the soldiers separately—there are 607 whose ages are recorded—and find that as

regards expectation of life they compare unfavourably with Roman males, and

from 25 to 50 even with Roman married women. But no very satisfactory

comparison is possible owing to the scarcity of available inscriptions.

The age of soldiers on entering the army can be found, as the inscriptions

often record both age at death and length of service. Fortunately a considerable

number of such inscriptions have come down to us, viz. 400 in Rome, and

particulars will be found in Table III. From these figures it seems probable

that the majority of the garrison soldiers joined at ages from 16 to 23, the

greatest number centring round 19; but remembering the absence of precision

in stating ages we can only look at the figures broadly and conclude with some

probability that the hardships and risks of a military life, the change from the

country to the capital, and perhaps the youthful age of the recruits had an

important influence on the mortality.

Amongst the soldiers were some very old men, 19 of them ranging in age from

70 to 105
;
they were no doubt attached to the army in some sort of official

capacity, apparently after receiving their formal discharge, if we may judge from

No. 3453, which records the death of a soldier at the age of 70, and states that he

was "probatus " at 22 years, served for 23, and lived 24 years 3 months and 11 days

after receiving his discharge ("post missionem "). The length of service was

sometimes very long; three inscriptions record 43, 51 and 55 years.

Hispania and Lusitania.

From the Corpus and Ephemeris I have extracted the ages at death of

1111 males and 885 females. I have not kept a record of the social status of

this population, but from an inspection of the index in the Swpplementum

I find remarkably few set down as freedmen or slaves ; it may not have been the

custom to give this information, or we may be dealing with a population of higher

social status than the Romans.
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In very few of the inscriptions are the months and days recorded, and the

same piling up of frequencies at ages represented by multiples of 5 occurs as in

Rome.

There is a very marked paucity of deaths in childhood, and a relatively large

number of deaths in very old age—two at 115 and one at 125 are specially

noticeable. The result is that the expectation of life in these provinces, both

for males and females, is far higher than in Rome for the first 30 years of life, the

difference decreasing in the case of males from 17^-, and in the case of females

from 13 at birth to 5^ at the age of 30; from 30 to 45 years of age it continues

to decrease, and in the period 45—75 it is about the same, the small difference

being in favour of Rome, but after 75 it is again higher.

Up to 60 years of age the expectation of life of females is less than that of

males, the difference varying from about 6 to 2 ; it is then about the same for the

next 15 years, but from 75 to 95 it exceeds that of the males. From 90 onwards,

however, no weight can be placed on the figures, as only five females lived beyond

90. (See Fig. 2.)

As compared with modern lives the expectation in the case of males is very

much less up to 40, a little less from 40 to 50, about the same from 50 to 60, and

from 60 onwards it is higher ; in the case of females it is very much less up to 50,

considerably less from 50 to 60, about the same from 60 to 70, and from 70 onwards

it is higher. (See Fig. 2.)

Africa.

Here, fortunately, the data are more plentiful, there being 6238 males and

4459 females, and in consequence the polygons of expectation are much smoother,

but before discussing the latter I have to make a few preliminary remarks which

raise points of some interest.

Differences of Reading. As usual the ages are almost always given in Roman
numerals (rarely in words), and when the stones have been injured or weathered

or lie in inaccessible positions, naturally the numbers are difficult to read and are

variously given by different observers. I have usually adopted the latest reading,

or the one that seems attested by the best authority.

These discrepancies may arise in various ways ; the most common in the

African inscriptions are the following

:

I and X in excess or defect, of frequent occurrence

I for V, e.g. XI for XV
I „ X, „ LXI „ LXX
I „ L, „ IX „ LX
V „ X, „ XXV „ XXX
x „ v, „ LXX „ LXV
V and L in excess or defect, rare.
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Sex. There is sometimes a difficulty, chiefly with Punic and other native

names, in determining the sex, and in consequence I have omitted all doubtful

cases.

Size of Families. On one inscription, No. 17463, it is stated that the deceased

were the father and the mother of 12 children, from which it may perhaps be

inferred that families of this size were unusual.

Record of Age. The ages are given in the vast majority of cases in years

only, but occasionally months and days and even hours are added; 12794 gives

the age with extreme precision :
" anno uno M VIII diebus XX noctu una orabus

IIII." The age of Christians seems to have been stated as a rule with greater

precision than that of non- Christians : PM (i.e. plus minus) is often prefixed

to the years, and months and days are relatively more frequently added ; also the

date of death in terms of the year of the province is often given on the Christian

inscriptions.

Centenarians. It will be observed that I have recorded ages up to 132, but

I have noted four inscriptions giving the ages as 140, 155, 160 and 170 years,

which I have rejected as being incredible. It is a question whether the symbol

for a hundred, viz. c, does not in such cases stand for circiter. In one case,

11902, where the C seems to have been written as a small letter above the

base-line of the tens, cxxx, I have taken the age as 30. 8008, erected by a father

in memory of a son, which I have not included, has VA cv, and the editor notes

" fortasse circiter quinque." Also in 3934 the editor expands CIR xxxv into

cir(citer) xxxv.

In 9106 the age of a female is given as 120 years 5 months and 25 days on

the authority of Wilmanns ; here the interpretation of C as circiter seems to

be excluded by the completeness of the record and we may accept the age as

correct. Perhaps I should have taken 120 as the maximum limit of age, but

the few cases which I have taken above 120 affect the result very slightly.

As against the probability of those very advanced ages I may quote from

11594—the inscription on the tomb of a man who died at the age of 82 years

7 months—these words: "non digne cito vita caruisti, vivere debueras annis

fere centu'," which seem to indicate that 100 was popularly considered the

maximum limit of life.

Causes of Death are hardly ever assigned, but these two inscriptions are

interesting: 9048, "duos una dies et pestis acerba abstulit hos pueros"; 18792,

" O non ut meruit pesti vita functus est." 9050, " quae vixit sine febribus,"

would point to the prevalence of fever.

Several cases of violent death—interfectus, gladio percussus, a tauru deceptus,

jugulatus, ferro petitus—have not been included.

Social Status. In the great majority of cases the social status of the deceased

is not given. A considerable number were soldiers of various ranks, but their
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length of service is seldom recorded; slaves are not uncommon—in two "sepulcreta

familiae domus Aug. Carthag.," 331 males and 215 females have their ages recorded,

and I presume most of these were slaves or freedmen, and slaves are mentioned

elsewhere, but very few freedmen. There are a few pagan priests and priestesses,

and a considerable number of Christians appear, their dates extending from the

3rd to the 6th century A.D.

Frequencies. There is the usual piling up of frequencies at ages denoted by

multiples of 5, but the effect on expectation of life is not so marked as in the case

of Rome and Hispania.

Expectation of Life. In Africa the conditions were much more favourable to

longevity than in Rome and Hispania.

Up to 40 years of age the expectation for males was not more than 3 above

that for females, and after 40 it was almost exactly the same. As compared with

Rome, the expectation for both sexes was higher at all ages, the excess ranging

from 26 for males and 24| for females at birth, to about 5 at the age of 60 ; as

compared with Hispania it was higher at all ages up to 90, especially in the case

of females, the excess ranging from a maximum of about 12. As compared with

modern English the expectation is lower for the first 30 years of life, ranging

downwards from about 8 in the case of males and about 11 in the case of females,

but after 40 it is higher and goes on increasing until the end.

Conclusions. Even allowing for the scantiness of the data we may draw the

following broad conclusions:

1. The evidence of the inscriptions brings out very clearly the extreme

unhealthiness of ancient Rome, and on this point it agrees with the literary

evidence*.

2. Leaving out of consideration ages above 75 we see that, contrary to

modem experience, the expectation of life of females in Rome and Hispania

was lower than that of males ; in Africa there was little difference between the

sexes in this respect, but the males had a slight advantage up to 40 years of age.

This would point to special influences adversely affecting the health of females in

the Roman empire which no longer operate in the modern world.

3. The expectation of life in Rome and Hispania, especially in the case of

females, compares very unfavourably with that of modern England at the early

ages, less unfavourably in middle age, but in old age it is higher, owing perhaps,

as I have suggested, to severe selection in early life.

4. In Africa the expectation of life was remarkably high, especially after

40 years of age, and may be due in some degree, not only to climate and strict

selection in childhood, but also to the considerable influx of colonists from Italy which

* Friedliinder, Sittengesehickte Roms 8
, i. 39 If.

48—2
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took place in the time of Caesar and the early Empire*—for we may reasonably

suppose that the colonists were a selected class, possessed of vigour and enterprise,

qualities which would be inherited more or less by their descendants—and also to

the fact that a large proportion of the population must have been engaged in

the healthy occupation of agriculture, for we know that Africa rivalled Egypt as

a source of supply of grain for the markets of ancient Romef.

Note. After preparing the material for the Roman and Spanish part of this

inquiry I found from the Berliner Philologische Wochenschrift, Vol. 24, p. G04

(7 May 1904) that Professor A. de Marchi published a paper in the Atti dell'

Accademia di Padova, 1903 J, on the average duration of human life in antiquity

based on the inscriptions in Vol. VI. of the Corpus. He seems to have gone over

the same ground as I have done as regards Rome, and has also dealt with Gallia

Gisalpina, where he has found a much smaller mortality amongst children than

in Rome ; in this respect it is interesting to find another province agreeing with

Hispania and Lusitania and Africa. I regret that I have not seen Professor

de Marchi's paper
;
comiug from so distinguished a scholar it carries an authority

to which the present essay cannot lay claim.

* Even before Caesar's time, ever since Home subdued Carthage, a sporadic emigration of Italians

into North Africa had been going on (J. S. Reid, The Municipalities of the Roman Empire,

Cambridge, 1913). Professor Reid points out, however, that "emigration on anything like the

modern scale, or even on the ancient Greek scale, was unknown to the Romans," and with regard to

Roman Africa he writes : "The impression that must be produced by a scrutiny of the evidence is that

but a minute fraction of the population could claim Roman descent." (See page 316 of his book.)

t Mommsen, Romische Oeschichte 3
, v. 647, 631.

J The reference appears to be incorrect as no such paper could be found in the Atti in a careful

search of the volumes at the British Museum.
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TABLE I. Number of Deaths at each Year of Life in Rome and the Provinces.

Years Rome Hispania and Lusitauia Africa

completed
it iSpslfllill ULtl\'H ? 3 ? 3 ?

0 74 46 4 2 32 16

1 197 127 (j g 60 44
2 218 95 10 4 56 41

3 135 131 10 5 63 46

4 188 1 1 7 5 (j 49 39
5 202 99 9 13 56 52
6 176 91 3 39 27

7 142 99 5 42 30
8 132 89 6 3 46 21

9 107 78 8 13 36 28
10 91 81 8 10 53 24
11 84 64 4 7 52 29
12 93 68 14 16 42 41

13 79 63 9 4 53 44

u 72 54 12 5 47 34
15 92 14 18 86 71

16 84 91 21 19 46 41

17 94 91 17 15 51 56
18 152 1 53 31 31 81 50
19 106 109 16 10 60 34
20 138 158 58 49 142 110
21 76 62 15 13 95 77
2® 96 117 25 23 78 48
23 68 18 18 69 56

24 57 70 15 23 28
25 129 152 62 60 238 192
26 34 64 13 21 32 41

27 £)5 64 14 22 69 64
28 61 73 10 1

8

39 38
29 31 34 9 7 21 16

30 153 157 60 51 229 196

31 16 18 10 10 65 56

32 38 38 10 12 52 34
33 35 22 9 8 41 48

34 19 12 3 16 8

35 131 100 35 39 222 208
36 23 18 8 3 34 24
37 28 25 8 8 46 27
38 24 16 (; 7 24 28
39 10 10 5 1 18 16

40 146 68 55 50 229 202

41 14 j')
(5 46 42

42 20 1 1 4 2 39 20

43 4 3 30 28

44 9 4 4 2 17 9

45 64 51 30 24 167 122

40 9 5 4 32 14

47 9 5 4 3 40 18

4S 10 10 9 2 20 15

49 4 2 15

50 69 37 49 51 187 131

51 4 1 2 72 34
52 10 3 4 4 33 23

53 4 3 4 48 25

54 3 3 1 15 9

55 27 16 31 22 168 102

56 5 5 Q 2 27 10

57 \ 5 3 31 17

58 12 1 4 4 21 18

59 3 1 9 5

60 75 34 53 31 245 194
61 4 9 4 60 35
62 11 3 4 2 28 14
63 7 5 1 29 23

64 6 4 3 6 2

65 30 16 25 13 188 137
66 3 1 4 1 27 14
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TABLE I.—{continued).

Years Eome Hispania and Lusitania Africa

completed
:ii ueatn $ 9 9 J-o 0

+

67 3 4 1 9 9*3 ID
68 4 i 2 n

1

69 I 7 5
70 43 1 A 17 277 179
71 4 •)

o 0 3 67 42
72 5 3 3 ft 97A / 14
78 4 2 3 9 /19-±A 15
74 2 •xo oo 4
75 1G 16 25 ]4 lui
76 6 1 ii 9 9AA 7
77 \ 3 1 ftlo 1

1

78 4 a
Ii 14 3

79 ] 2 6
80 39 12 23 0 ad t 155
81 1 4 •>

o D.T02 30
82 3 2 2 1

1 99 13
83 3 2 2 1 CI 12
84 3 0 1

85 13 3 14 9 1 i O 102
86 3 ii 2 1 12 7
87 3 2 1 1

6

9
88 2 i

1 1 9 7
89 1 y 1

90 17 •3O 5 9 AC
yt> 58

91 I \ 33 12
92 1

1 1 14 5
98 I

j
o 18 5

04 2 1 3
05 4 1

L 3 70 43
96 5 6 4
97 2 3

O 3 14 9
98 9

1 5 1
99 2 6 2

100 1
1

9A 2 46 39
33101 A — 19

102 6 4
103 \ i

7 10
104 —

1 —
105 9 — 39 20
106 1

L 3 1

107 5 1
108 — — 1

109 —

-

1

110 — 21 8
111 — 3 2
112 — 1 —
113

1 —
114 — — 1
115 — 1 1 7 9
116 — — —
117

- — — 1
118 — — —
119 —

—
120 — — — 9

—
3

121 —
1 1

122 — —
123

1

124 — — — — —
125 1 4 4
126 — — —
127

1
128

130
1

131
1

132
1

Totals 4575 3490 1111 885 6238 4459
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TABLE II.

Age of Roman Women at date of Marriage.

Age

7

10
m
13

u
15
16

Nurnber
of

Women
Age

17

18
19
20
21

24
25

Number
of

Women

Number
Age of

Women

1 28 1

SO 1

SI 1

32 1

56 1

59

TABLE III.

Age of the Soldiers of the Roman Gawison on Entering

the Army.

Number Number Number
Age of Age of Age of

Soldiers Soldiers Soldiers

15 2 24 8 33 1

16 15 25 12 38 1

17 28 26 7 43 1

IS 72 27 9 45 1

19 59 28 1 47 2

20 91 29 2 52 1

21 31 30 3

22 29 31 2 400
23 18 32 4
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PEDIGREE OF THE S. FAMILY WITH HEREDITARY " LOBSTER CLAW."

0^9

i engraved the Reclor ol N. wrote to the Editor stating that he Lad found iU last the entry ot W. S. (III. 2) in the baptismal register, two years later than that of III.

of III. 2 and III. 3, expressed by the wavy line in the diagram, is now removed.

' that doubt as to order of birth
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ON THE INHERITANCE OF THE DEFORMITY
KNOWN AS SPLIT-FOOT OR LOBSTER-CLAW.

(SECOND PAPER.)

By GEORGE McMULLAN, M.D. and KARL PEARSON, F.R.S.

In 1908 Pearson discussed the pedigree of a certain Lobster-Claw or Split-Foot

Family in this Journal*. Pearson's information was obtained from several

members of the family, but his photographs and skiagrams were of one particular

section of it. McMullan, unacquainted with Pearson's paper, read a paper on the

same family before the Reading Pathological Society in 1910. He worked

principally with a different section of the family and his photographs and skia-

grams did not cover the same individuals as Pearson's. Hearing of the latter's

paper, McMullan placed his material at the disposal of the Editor of this Journal

and the present supplementary memoir is the result. During the five years that

have intervened since the first paper several additions have been made by birth to

the family ; thus while Pearson dealt with 25 deformed individuals the present

account contains 33 f. Further, somewhat fuller particulars have been found of

the two earliest generations. The order of birth of Generation III. and further

the total number of brothers and sisters were given differently by different

members of the family to Pearson and to McMullan. These discrepancies led

Pearson to make some investigation into the church registers, but they disclosed

a rather chaotic state of affairs. Some facts, however, resulted. Ann J. (II. 3) was

married to Francis 8. (II. 4), at N. in the Chilterns in 1837, both being unable to

sign their names. It was supposed that III. 2, 3 and 5 were born before the

S.'s migrated to W. The names of most of the other children in Generation III.

are to be found at about the proper dates in the baptismal register of W. But

not until the birth of John S. (III. 13), who must have died under two years of

* Bimnetriha, Vol. vi. p. 69, 1908.

t Besides six additional births of deformed children since the date of Pearson's record, IV. 9 has

recently stated that her parents had two deformed children who died as infants, IV. 4 and IV. 5. The
statement is now confirmed by IV. 3,

Biometrika ix 49
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age,—for his brother born in 1866 is also John S.—do the names Francis and

Ann S. reappear. The births of William 8. (III. 2), James S. (III. 3), and

Elizabeth S. (III. 5) are fixed by the registers of N., but another James S., and an

Eliza Ann S., Charles S. (III. 7), Emma S. (III. 9) and Thomas S. (III. 10) are

attributed in the registers of W. in four cases to Thomas and Frances 8. and in

one case to William and Ann S. ! There was thus very great carelessness in the

preparation of the baptismal register, or our illiterate couple frequently changed

their names, or there were other families of the same surname and with children

with the same Christian names in the parish, although there is no other trace

now of their former existence. Ultimately, therefore, we are again thrown back on

the statements made by the two survivors of Generation III., who, it may be

noted, did not give their parents names correctly, or on those of the grand-

daughter IV. 3, who has, after an interval of five years, given almost the same

account of Generation III. as she did in 1908, and on both occasions referred to

III. 2, III. 9 and III. 13, who seem substantiated by the registers, although

they were not referred to by III. 7 and III. 14. Probably Generation III. is now

in fairly correct order, although it is possible that two further children—who

must have died young—namely, another John (1848) and another Thomas (1852),

really belonged to this pair, who were married in 1837 and were still having

children in 1866. Of course it is not possible to ascertain whether such children

or III. 9 and 13 really were deformed or not, although IV. 3 asserted that III. 9

was normal, presumably on the authority of her father, III. 3.

In the following account a pedigree number with P. P. affixed refers to the index

number of the corresponding individual in Pearson's Pedigree in the earlier paper.

The accounts given there are not reproduced unless there are additions to be made

to them.

Account of Pedigree.

I. 1 and I. 2 are now given and given as normal, because of the following

legend, recently unearthed, which attributes the origin of the deformity to

" maternal impression."

I. 2 the great-great-grand mother of the latest generation being pregnant

committed a theft ; when charged with the offence she denied it and further

invoked her Creator to let her child when born have no fingers to steal with,

should she be guilty. In due course the infant was born without fingers or toes

and the woman confessed to the theft lest a greater evil should befall her. All

which account is very picturesque but somewhat unconvincing. As far as one can

gather, the woman was well advanced in pregnancy ; and no explanation is

suggested of the process by which the digits were separated, nor of their ultimate

fate. Perhaps the appeal is to the miraculous rather than to a maternal

impression. But the legend is so far of interest that it seems unlikely that the

mother or father of II. 3 were deformed, otherwise, there would have been no

necessity to account for the appearance of the deformity in II. 3. Pearson gave
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II. 3 (P. P. I. 2) one brother and one sister (P. P. I. 3 and 4), but was unable to find

any real evidence as to their condition. McMullan's informants provide no less

than three brothers and one sister, II. 1, 5 and 6 and II. 2 respectively, all stated

to be normal. But no evidence is forthcoming as to their names, place of origin,

residence or descendants. Ann J. (II. 3) is reported to have been a servant in

a farmhouse at N., and the legend suggests that her mother was possibly of the

saine class as some of her more recent descendants, which have included tramps,

wandering labourers and paupers. It seems almost impossible therefore to trace

any of this t/.-family now ; some years ago Pearson made, without result, inquiries

of residents and medical men in the neighbourhood of N., both as to the family

and as to the existence of any similar deformity in the district. No stress ought

to be laid on the numbers in Generation II., they are probably nut exact. Of

Francis S., II. 4 (P. P. I. 1), we know nothing beyond his name and the fact that

he could not write it. There is no evidence whatever to suppose him in any way

of the same stock as II. 3*. It is clear that II. 3 could not, in Mendelian language,

have been either a pure recessive (RR) or a jmre dominant (DD). In the former

case she would have had no affected children, in the latter case all affected children.

She must be looked upon as an impure dominant (DR). Thus every norma! in the

pedigree must be looked upon as an (RR), and consequently since every mate is

a normal, all the affected can only be (DR)'s.

In Generation III., we have at least nine children born to Ann J. (Mrs S.),

perhaps there may have been one or two more who died young and without

possibility of any record of deformity surviving. Of these nine, four were affected,

three are known to have been normal, one is reported normal (III. 9), and the

nature of the other (III. 13) is certainly unknown. This gives a quite reasonable

Mendelian 50%.

In Generations IV. and V., where we know the individuals much more

accurately, there are eight matings of affected (DR) with normal (RR). Of these

that of IV. 9 and 10 contributes nothing as there have been only two early mis-

carriages. The remaining seven matings have so far produced 41 offspring, of

whom 28 have been affected, nearly two-thirds. The ratio is thus nearly 2 : 1 and

not 1 :1. The odds against such an excess as 28 to 13 are about 100 to 1, and

they tell very heavily against any simple Mendelian theory applying to this

deformity.

Thus far the normal members of the stock when mated with outside normals

have bred only normals. This is no convincing argument for Mendelian theory,

because in no case has an intra-stirp normal been mated either with another intra-

stirp normal or with an abnormal. Both such matings would have to be considered

before we could assume that an intra-stirp normal is as free from taint as an extra-

stirp normal. Further the fact that three out of the seven matings have given

nothing but deformed offspring is most remarkable and almost impossible on any

purely Mendelian theory. If III. 3, IV. 15 and IV. 21 had been pure dominants,

* IV. 3 distinctly states that there was no consanguinity.

49—2
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(DD)'s instead of (DR)'s, this result would have occurred. While if III. 5, IV. 3,

IV. 13, IV. 17 had been (DR)'s their 20 offspring would have given 13 affected

and 13 unaffected as they actually do. It appears fairly clear that III. 3, IV. 15

and IV. 21 were in some manner far more prepotently affected with the taint than

the other four. But even if we examine the other four, IV. 3 and IV. 13 seem

to be affected in quite different degrees ; thus not only on the average, but

individually, the seven families are very improbable on the Mendelian hypothesis

;

they suggest a graded intensity of taint in the germ-plasm of the different affected

members of the stock. But the moment such relative prepotency of the individual

is admitted, Mendelian segregation in definite ratios falls to the ground. A still

more difficult point is the definition of what a Mendelian "unit" character is in

such a case as the present. McMullan's fuller desertions completely confirm the

very great variation in the deformity, which as Pearson pointed out in 1908 could

affect any number from 10 to 60 bones. But it is not only the bones that are

affected. The usual type is a claw-like foot or hand, the digit or digits remaining

being bent round at an angle to the remainder of the hand or foot. This is very

manifest in the bulk of the skiagrams and photographs of the present and the

earlier paper. But the case of V. 8, born since the earlier paper, and several

photographs in this paper show that a single straight digit is a possibility.

Awn J. II. 3 (P. P. I. 2). Mrs Francis S. Married to Francis S. at N., April 15, 1837.

There is nothing to add to the description of the deformity given in this case by Pearson.

James S. III. 3 (P. P. II. G). Born March 4, 1838. Both hands and feet deformed.

Pearson's and McMullan's informants agree as to feet both presenting 1st and 5th toes only.

But Pearson's informant (IV. 3) says there were two fingers on right hand, one finger and

thumb on left ; while McMullan's informant says there was only the fourth finger on both

hands. The difference between the right and left hands stated positively by the eldest daughter

must, we think, stand.

William S. III. 2 (P. P. II. 2). Born February 10, 1840. Normal. Year of death not

found. Three normal children IV. 1 a—c (P. P. III. 1—3).

Jane R. IIT. 4, a native of C, was quite unrelated to her husband, III. 3.

Elizabeth S., afterwards Mrs Wh. III. 5 (P. P. II. 3), dead. Born April 23, 1842. Both

McMullan's and Pearson's informants agree that she had normal hands ; the former reports both

feet as having only their 5th toes, the latter as having the 1st and 5th toes.

Wh. III. 6 (P. P. II. 4). Husband of III. 5; he was unrelated to his wife, but is now
reported to have had a deformed foot, quite different from those of his wife, and probably to

judge by the description a club-foot.

George S. III. 12 (P. P. II. 10) (dead). Date and locus of birth ? no information beyond that

already given by Pearson that both hands and feet were deformed.

John S. III. 14 (P. P. II. 3), seen by Pearson's field worker and again by McMullan *.

Born, 1866. Scavenger, unmarried ; both hands and feet affected.

Feet. Examination refused, but said he had the 5th toe only present on each.

* Bones present and those absent in this as in other cases made out by palpation. Such a method

leaves something to be desired, but many of the affected persons feel their affliction keenly and are not

willing to have it further investigated even if X-ray apparatus were available, which it is not in country

districts.
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Hands. Carpus apparently normal on both right and left
;
metacarpals : 1st, 3rd, 4th and

5th present on right hand, 2nd absent or rudimentary
;
3rd, 4th and 5th present on left hand

;

4th ringer three phalanges present on both hands. Thumb on right only, rudimentary, one

phalanx.

S. Mrs R., IV. 3 (P. P. III. 21). MeMullan's informant gave no additional information,

and the skiagrams in the first paper fully describe the case.

IV. 4 and 5. Two children, sex unstated, reported recently by IV. 9, said to have died as

infants and to have been deformed.

George S. IV. 6 (P. P. III. 22). Dead, unmarried. Hands and feet deformed ; deformities

irregular, described by Pearson's informant
;
they involve Polydactyly : see loc. at.

Richard S. IV. 7 (P. P. III. 23). Inmate of workhouse, unmarried. Hands and feet deformed.

Hands Right
_ Left

Carpus. Trapezium probably absent. Normal.

Metacarpals. 2nd, 3rd, 4th and 5th present. 1st, 2nd, 3rd, 4th and 5th present, 1st

rudimentary.

Phalanges. Mid-finger, one rudimentary phalanx. First finger, one rudimentary pha-

4th finger, three phalanges. lanx. Ring finger, one fairly well-

developed phalanx. Little finger,

three phalanges.

Feet. Both show the same deformity.

Tarsus. Probably middle and external cuneiform bones absent.

Metatarsals. 1st and 5th only present.

Phalanges. 1st toe, two fused phalanges. 5th toe, three fused phalanges (i.e. no moveable

joints are demonstrable). A web of skin is present between the two digits.

For photographs of hands and feet : see Plate XXVII, Figs, (xv) and (xvi).

'Francis S. IV. 8 (P. P. III. 26). Farm labourer. Hands said to have one finger only, the

4th, present.

Feet said to resemble last case.

Annie Eliza S. (Mrs F). IV. 9 (P. P. III. 24). Married, no living children; has had two
abortions at the 4th month (V. 11—12). Has both hands and feet deformed.

Hands Rigid Left

Carpus. Normal. Normal.

Metacarpals. Normal. Normal.

Digits. Thumb, one very rudimentary bone. Thumb, short otherwise normal.

Index finger absent. 1st finger, one small rudimentary

Mid and ring fingers united, one nail phalanx.

only present, and bones partially Mid finger, very long, three phalanges.

fused to each finger, three phalanges. Ring finger dichotomous at 2nd joint.

4th finger normal. 4th finger normal.

Feel. Both show a similar deformity. Presence of middle and external cuneiform bones

doubtful. 1st and 5th metatarsals only present. Phalanges, normal in number, but ankylosed.

For photograph of hands : see Plate XXV, Fig. (vi) ; and for that of feet : see Plate XXVII,
Fig. (xviii).
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Herbert S.

Hands

Carpus.

Metacarpals.

Disrits.

IV. 11 (P. P. III. 27). Farm labourer, unmarried

Right

Apparently normal.

1st, 3rd, 4th and 5th present.

Hands and feet deformed.

Left

Apparently normal.

1st, 2nd (probably present but small

and rudimentary), 3rd, 4th and

5th fairly well developed.

Thumb rudimentary, one small bone.

Middle and ring fingers fused, one

nail. Three phalanges to each.

5th finger normal.

Thumb, rudimentary, one small pha-

lanx.

Ring and 5th fingers united by thick

fleshy web. Three phalanges to

each.

Feet. Show a deformity similar to Eliza S. (IV. 9).

For photographs of hands and feet : see Plate XXVI, Figs, (ix) and (x).

Wm. Wh. IV. 12 (P. P. III. 4). Dead, unmarried. Hands and feet said to have been

deformed. Said to have had only the little finger and 5th toe present.

Alfred Wh. IV. 13 (P. P. III. 5). Married. (Four normal children, V. 12—15.) Hands and

feet said to be deformed. Hands said to be broad with 5th digit present on each and a thumb

on right hand. Feet to have 5th toe only present.

Chas. Wh. IV. 15 (P. P. III. 7). Married, whereabouts unknown (has three deformed

children). Hands and feet in this case said to be affected ; in what manner not specified.

Eliza Wh. (Mrs Sm.). IV. 17 (P. P. III. 9). Recently an inmate of Claybury Asylum suffering

from confusional insanity. Discharged recovered. Hands and feet deformed : has had three

children, two male deformed and one female normal. One of the male children and the female

child are dead. Stated when in asylum that she had had a fourth child with deformed hands

and feet when sixteen years old, but statement doubtful.

Hands

Carpus.

Bight Left

Normal.

Metacarpals.

Dibits.

1st very rudimentary.

2nd badly developed.

3rd, 4th and 5th normal.

One, the 5th, alone present, shows

ankylosis.

All the bones appear to be present

though the trapezium and trape-

zoid are not well developed.

3rd present, rudimentary.

4th and 5th well developed but show-

ing a measure of deformity.

A small bone lies between the heads

of the 4th and 5th metacarpals,

possibly a rudimentary digit.

The 5th digit present and badly

developed.

Feet. Tarsus. In the case of the feet the deformity is difficult to determine, both however

show either absence or very imperfect development of the middle and external cuneiform bones.

Metatarsals. The 1st and 5th alone are present in the left foot while the right shows these

two bones, and also a rudimentary 4th metatarsal.

Digits. 1st and 5th alone present, the number of bones in each is normal, but much deformity

is shown, i.e. ankylosis, dislocations, etc.

Skiagraphs, hands and feet, Plates XXIII—XXIV; photograph, Plate XXV, Fig. (v).

Our best thanks are due to Dr Robert Jones of Claybury Asylum for acquainting us with the

facts regarding this case, and providing a photograph and skiagraphs of the deformities.

G. Wh. IV. 19 (P. P. III. 11). Normal, married, with eight normal children, V. 22—29
(P. P. IV. 8—14, and one additional birth).
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Thomas Wk. IV. 21 (P. P. III. 16). Green keeper on golf course. Married, four children

all showing deformity.
Right and Left.

Hands. Carpus. Trapezium presence doubtful. Trapezoid probably not fully deve-

loped on left hand.

Metacarpals. Three inner bones alone present.

Digits. 4th finger only present, vei-y much curved, three phalanges.

Feet. Tarsus. Presence of middle and external cuneiforms doubtful.

Metatarsals. 5th alone present. A small hard mass is present lying over internal

cuneiform bone, possibly a rudimentary 1st metatarsal.

Digits. 5th alone present, much curved, three phalanges.

For photographs of hands and feet: see Plate XXVII, Figs, (xiii) and (xiv).

Annie Wh. IV. 23 (P. P. III. 13). Normal.

Henry Wh. IV. 24 (P. F. III. 16). Dead, normal; three normal children, V. 34-36.

Clara Wh. IV. 26 (P. P. III. 18). Dead, normal; one normal child, V. 37.

John Wh. IV. 28 (P. P. III. 19). Normal.

We now come to Mrs B.'s family :

V. 1 and 2 (P. P. IV. 17, 18). Two normal sons.

V. 9, born since the first paper was written, also a normal boy ; V. 10, ditto, but stillborn.

The remainder of the family are deformed. All have the little finger only on the hands, but

as Pearson's Plate IX and skiagrams in the earlier paper show, this may mean very different

bones missing even in the two hands of the same individual.

V. 3= P. P. IV. 19. V. 4 = P. P. IV. 20. V. 5 = P. P. IV. 21. V. 6 = P. P. IV. 22. V. 7 = P. P.

IV. 23. Accounts will be found in Pearson's paper, detailed in the cases of V. 5 and V. 7.

V. 8 = P. P. IV. 24, the "expected birth" of the first paper recorded in a footnote (p. 74)

as a girl deformed in hands and feet. She differs from the other members of this branch

of the family in having a single (little) finger straight on the left hand ; but this single finger is

crooked on the right; she has two toes (big and little) on each foot, both "clawed" round, being

thus like her mother, and differing from her sister, V. 3.

Eliza Wh. V. 16 (P. P. IV. 4). Hands and feet deformed.

Hands Right Left

Carpus. Scaphoid presence doubtful. Trape- Scaphoid and trapezium probably

zium probably absent. absent.

Metacarpals. 2nd, 3rd, 4th and 5th present. 2nd (rudimentary), 3rd, 4th and 5th.

Digits. Ring and little fingers closely united Ring and little fingers closely united

by fleshy web, double nail. Three by a thick Meshy web, double nail,

bones in each. Three phalanges in each finger.

Rudimentary middle finger, one

small phalanx.

Feet. Same deformity in each foot.

Tarsus. Presence of the middle and 1st cuneiform bones doubtful.

Metatarsals. 1st and 5th only present.

Digits. 1st and 5th alone present, much curved, resembling a crab's claws, normal

number of bones in each digit, but joints are ankylosed.

Fred. W. V. 17 (P. P. IV. 5). Hands and feet deformed. The deformity of the hands is

difficult to determine (see diagram), but probably the rigid bar of bone felt running along the free
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border of the hand is due to a displaced phalanx, or to two phalanges fused and displaced*. The

hands as in the majority of cases show poor muscular development ; the five metacarpals are

palpable on the left hand.

Hands

Carpus. Apparently normal. Normal.

Metacarpals. 1st absent, 2nd rudimentary, 3rd Normal but the middle three are de-

rudimentary, but larger. fleeted towards the thumb.

4th and 5th of normal length.

Phalanges. In both hands a bone is felt lying between the heads of 4th and 5th meta-

carpals, probably a phalanx of ring finger : see diagram above.

5th digit shows three phalanges. 1st digit rudimentary.

5th digit, three phalanges.

The feet show the same deformity as those of Eliza Wh., his sister.

For photograph of hands : see Plate XXVII, Fig. (xvii), to right.

Henry Wh. V. 18 (P. P. IV. 6). Hands and feet defective. Hands have one digit only on

each ; feet resemble those of his sister, Eliza W/t., V. 16.

Hands, symmetrical.

Carpus. Trapezium and trapezoid bones probably absent in both hands.

Metacarpals. 3rd metacarpal probably present but very imperfectly developed.

4th metacarpal better developed. 5th metacarpal normal.

Digits. 5th only present on each hand, much curved, and joints partially anky-

losed.

For photograph of hands : see Plate XXVII, Fig. (xvii), to left.

William Wh. or Sm. V. 19 (P. P. IV. 7). Dead. Hands said to have one finger only present-

Feet normal.

Alfred, Wh. or Sm. V. 21 (P. P. unborn). At present in one of Dr Barnardo's homes. One

finger only on each hand, the 4th, well developed. Feet. The outer digits alone present, though

feet appear well developed save for the absence of the toes.

We are indebted to Dr C. T. Ewart of Claybury Asylum for the facts and photograph of

this case.

For photograph : see Plate XXV, Fig. (vii).

William Wh. V. 30 (P. P. IV. 15). Hands and feet deformed.

Hands. Right and left are symmetrical.

Carpus. Trapezium probably absent.

Metacarpals. The inner three alone present-

Digits. Little finger only present and has three phalanges with freely moveable

joints.

* This case is of peculiar interest as showing in the S.-farnily the occurrence of the same " bridge"

type or " cross-bone " type that Lewis and Embleton have illustrated by skiagrams in the G.-family ; see

Biometrika, Vol. vi. p. 41 and plates.
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Feet. Also symmetrical.

Tarsus. The external and middle cuneiform bones are probably absent.

Metatarsals. 5th alone present.

Digits. A small and very much curved little toe only is present ; it probably has

the normal number of bones in it.

For photograph of hands and feet : see Plate XXVI, Fig. (xi).

Thos. IF. Wh. V. 31 (P. P., then unborn). Hands resemble those of his brother (V. 30) in

every respect : but have more marked grooves between metacarpal heads.

Feet Right

Tarsus. The presence of the middle and ex-

ternal cuneiform bones is doubtful.

Metatarsals. 5th alone present.

1st present, rudimentary.

Digits. 5th alone present and curved.

Small mass of fibrous tissue overlies

the rudimentary 1st metatarsal.

Left

Apparently normal.

Probably a rudimentary 1st.

5th present.

5th normal in number of bones, but

curved.

This child is only five years of age and it is difficult to say with any degree of certainty which

bones are present and which absent in the case of the carpus, tarsus and the metacarpal and

metatarsal bones. This is true also of the following case.

For photograph of hands and part of feet : see Plate XXVI, Fig. (xii).

R. Wh. V. 32 (P. P., then unborn). Hands and feet deformed.

The hands are symmetrical and probably have the trapezium, at least, absent. Either the

inner two or three metacarpal bones are present, but are badly developed, except the innermost.

One digit, the little finger, alone is present, and has the usual three bones ; it is very much
curved.

The feet are asymmetrical.

Right Left

Possibly normal, though the cuneiform bones are not palpable.Tarsus.

Metatarsals.

Phalanges.

1st rudimentary, 5th normal.

Three bones in 5th digit.

1st and 5th present.

The first toe is long, and apparently

composed of two bones.

The little toe is as long as a child's

middle linger, perfectly straight

and without a nail. Three bones

present.

For photograph of hands and feet : see Plate XXV, Fig. (viii). The photo does not give a

proper idea of left foot which looks more as in diagram.

— Wh. V. 33 (P. P., then unborn). An infant, three months old. Hands and feet deformed,

the deformity of the hands resembling those in V. 32.

The feet both show a well-developed little toe, and a mal-developed great toe.

Biometrika ix 50
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The additional information now obtained is of much interest. We can assert :

(i) That our increased knowledge has not shown the deformity to give any

closer approach to Mendelian inheritance—on the contrary the disproportionate

number of abnormals has increased.

(ii) That the experience of the last five years further emphasises the

importance of legislative interference with the propagation of deformity.

Pearson in 1908 laid stress on the wide variation found in the types of hand

and foot, and remarked that all Lewis and Embleton's types from the G\-family

with the exception of the "cross-bones" had been found in the S.-family ; but he

suggested that this might also be revealed if the whole family were skiagraphed.

McMullan has now shown that this type actually exists.

A careful comparison of the present pedigree with the former one will show

that, if additional births be put on one side, the chief changes are in the orders of

birth in the earlier generations. We cannot lay much stress even now on these

orders. In the class with which we have here to deal, the members frequently

seem uncertain of their own ages—and are therefore ignorant of their brothers'

and sisters' ages and their order of birth. When we find that they do not know

their own mother's Christian name correctly, we need not be surprised that they

contradict each other's statements as to the relative ages or even as to the numbers

of their brothers and sisters. This especially will be the case in people of this

class when the youngest is born 25 to 28 years later than the eldest. Unfortunately

the Church baptismal registers appear equally chaotic; they make no pretence to

identify father and mother by the same names in two successive years ! On the

whole there is a reasonable agreement in the two accounts. Those who have

studied such families as those in the G* and ^.-pedigrees of Lobster-claw, must

earnestly wish for some immediate step to be taken to restrict the propagation

of the physically defective ; it is no less urgent than the restriction of the

propagation of the mentally defective.

* We have further evidence that in the G.-family there has also been a considerable number

of births of deformed individuals in the last five years, and a similar experience has arisen in the

case of a number of pedigrees of hereditary deformity recently brought up to date by the Eugenics

Laboratory staff.
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Fig. (ii). E. Sin. Pedigree IV. 17. Left Foot.

" LOBSTER CLAW " FAMILY.
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Fig. (iv). E. Shi. Pedigree IV. 17. Lett Hand.
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Fig. (vii). A.Wh. Pedigree V. 21. Bight Hand, and Feet. Fig. (viii). 11. Wh. Pedigree V. 32. Hands and Feet.
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Fig. (xi). W.Wh. Pedigree V. 30. Hands and Feet. Fig. (xii). T.W.Wh. Pedigree V. 31. Hands and Part of Feet.
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Fig. (xvii). //. Wh. Pedigree V. 18. F. W. Pedigree V. 17. Fig. (xviii). A. E. F. Pedigree IV. 9. Feet. (See Plate XXV,
Hands. Fig. (vi).)
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(1) Introductory.

The measurements on which the following paper is based were taken by

Kathleen V. Ryley, in part at the Museum of the Royal College of Surgeons by

the kindness of Professor Arthur Keith ; in part at the British Museum (Natural

History), where we have especially to thank Mr W. P. Pycraft; in part at the

Cambridge Anatomical Museum and in the private collection of Dr Duckworth, whom
we have heartily to thank for his courteous and ready aid ; in part at the Oxford

Museum by the kindness of Professor Bourne. Lastly we owe the possibility of

measuring a few specimens to Professors Thane and Hill of University College,

London, who readily placed their material at our disposal. We have further to

express our indebtedness to Professor Thane and to Dr Derry for aid in a variety

of other ways. Only by the great help received from all these authorities would

50-2
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it have been possible to bring together even the slender numbers now dealt with,

and a very full sense of our obligations to these gentlemen must here be

expressed.

In a recent paper entitled "A Study of the Negro Skull" (Biometrika, Vol. VIII.

pp. 315— 320) a special study was made of the nasal bridge in the Congo and

Gaboon crania and the results compared with measurements on Egyptian and

English series. There resulted values so suggestive that a wider study was

promised, and that promise is to some extent fulfilled in the present paper.

In the former paper it will be remembered that the chord from dacryon to

dacryon (DC) was measured—the mesodacryal chord—and the minimum arc from

dacryon to dacryon (DA)—the mesodacryal arc. The ratio 100 (arc — chord)/chord

was termed the mesodacryal index (3. If on the other hand we measure the

subtense of the minimum arc (DS) and take the index 100 subtense/chord,

we obtain a second mesodacryal index, which we will term here the mesodacryal

index a. As a cannot be found without a special instrument, or a special

construction, an attempt was made to determine the second mesodacryal index a

from the first jS by the hypothesis that in man the bridge of the nose may be

sufficiently closely represented by a catenary, which seemed a fairly justifiable

assumption in this case. The index thus indirectly found will be termed in this

paper the mesodacryal index a'. Tables to determine a from /3 calculated by

one of us (Julia Bell) were published in the same number of Biometrika,

pp. 338—9, as the paper on the negro skull. An extension of these Tables due

to H. E. Soper, rendered necessary when we deal with apes, will be found in the

footnote on p. 401 of the present paper. Meanwhile our attention was drawn by

Professor G. D. Thane to Merejkowsky's pioneer work of 1882 on the nasal bones.

He measured the shortest horizontal chord from nasal suture to nasal suture (SC)

and the minimum subtense (SS) and took the index 100 SS/SC, which we have

ventured to term the Simotic Index, S. There is little doubt that this index is

of a more simple anatomic character, as being only concerned with the nasal bones,

than the mesodacryal indices. But it is by no means so marked a physiognomic

feature in the living as the mesodacryal index. It has further to be obtained by

aid of a special instrument—in our case a modified Merejkowsky instrument,

—

which may be termed the simometer. This simometer may also be used to test

the relationship between observed a and calculated a.

In the present investigation a, /3, S have been measured and a calculated for

Gorilla, Chimpanzee, Gibbon and Orang. But in the case of the latter ape it

was found possible to measure the simotic index in only a few cases,—the index

taking frequently the form of the ratio of two almost vanishing quantities*. In

* There were three eases in which the simotic chord was recorded among the Orang-utans. In two

males it was 5 - 7 and 5-8 mm. In both these cases the subtense was zero, for the bones were practically

fiat; thus the simotic index was zero. In the third case, a female, the simotic chord was 7'0 mm. and

the subtense 1-2 mm. and therefore the simotic index was 17T. There were a few further cases in which

the chord only was measurable. Thus on the basis of such isolated cases we should have to place the

Orang-utan below the Chimpanzee, and both of course below the Negroes.
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the Orang the nasal bones are fused into a narrow flat strip from 5 to 6 mm. wide,

sometimes there is only a thread at the nasal bridge or the nasals are entirely

absent. In some cases the maxillary bones stand out forming a ledge which over-

hangs the region of the dacryon and extends beyond it, thus making it very difficult

to measure with Merejkowsky's instrument. Initially we excluded entirely from

our measurements the Gibbon, but notwithstanding the difficulties of including

this ape, it afterwards appeared to us that it might be worth while to indicate

the results in rough numbers. The difficulties partly arise from the fact that a

large proportion of the Gibbon crania available are without any statement as to

sex and we did not feel that an attempt at sexing would be really profitable, as

the total numbers were not large enough to give double series. Further we are

compelled to distinguish between Hylobates and Symphalangia, and even of the

former with the sparse data as to locus usually provided, it is impossible to assert

that we are dealing with anything like a homogeneous race. Thus we found

ourselves ultimately with only 25 cases— c? + ? + 3

—

Hylobates—indeed only 16

for the simotic characters, and 9 cases— c£ + ? + 3

—

SympJialangus—with merely

six for the simotic characters. Our results in this case can therefore only be

rough indications of the racial characters of the nose of these apes. Our Museums

have yet to learn that for comparative study we want at least 50 to 100 crania

of each sex drawn from definite districts. To compare with those of the apes

the corresponding indices were measured in a number of human races selected in

order to contrast the values, if possible, with those of the anthropoid apes of the

same continent. A few other human races are taken to indicate general relation-

ships. The Hindoo, Egyptian and English crania used ai*e at University College

either in the Biometric Laboratory or in the Department of Anatomy ; the

Asiatic skulls and the Congo skulls are at the Royal College of Surgeons; the

Gaboon skulls at the British Museum of Natural History. The nasal features of

the latter as well as of the English and Egyptian crania had already been

discussed in Dr Crewdson-Benington's paper referred to above.

(2) Reliability of Measurements.

The first point to be considered is the degree of reliability in the measure-

ments made, and here we must again emphasise the difficulty of accuracy. Not

only do the quantities measured differ by their extreme smallness from the

customary cranial measurements, but the points for measurement and the

instrument for measurement are by no means all that could be desired. When
a small quantity lias to be measured, an error of reading which would have no

importance in the case of either head breadth or head length, the cephalic index

being in question, becomes of very great significance in the case of the simotic

or even the mesodacryal indices. Further in the handling of Merejkowsky's

instrument, there is much play for personal equation, and only after long practise

will the recorder settle down into a process, which repeats within reasonable limits

the values of the indices previously determined. In the next place for our present

purposes only small series of crania were as a rule available, e.g. 20 to 40 of either
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sex of each ape, 10 to 40 of the various Asiatic races. Considering the smallness

of these numbers, it did not appear needful, in view of the labour involved, to

measure more than 50 of each sex of the English (Whitechapel) and Egyptian

(xxvi—XXX dynasties) crania of which far larger numbers were at hand.

Further in such small series the question of sexing becomes of considerable

influence. With a large series of crania of one type, we sex on our knowledge

of that series itself. But in short series one is apt to sex by a priori impressions

of sex in other races, because we have not before us wide enough material to

appreciate sex differences within the race itself.

We propose to illustrate first the order of the differences which may arise

from these sources, and we will deal first with sexing. Owing to the courtesy of

Dr Deny we were able to test this point on 35 Nubian crania in his possession.

They were independently sexed by Professor G. D. Thane and by Dr Derry

himself*. The nasal measurements were taken and the mean values of the

indices calculated. The following values were obtained, where we have added for

comparative purposes those of other negro series :

TABLE I.

6 ? <$ ? ? s ?

Nubians : Professor Thane ... 48-0 40-9 49-7 43-6 49-6 40-0 34-5 23-4

,, Dr Derry ... 48-9 39-7 51-0 42-1 51-6 37-7 33 7 23-5

Gaboon : 1864 42-9 44-0 43-6 44-9 40-0 42-0 30-9 27-7

1880 42-9 44-1 44-8 45-1 41-9 42-3 29-0 22-9

Congo 39-1 37-2 40-5 38-6 35 '5 32-6 25-6 25-7

"Negres": Merejkowsky 25-6

It will be seen that for short series the personal equation of sexing makes

1 to 2 points difference in the indices, but that in two series of the same race

—

Gaboon, 1SG4 and 1880,—differences of this order may occur at least in the simotic

index. If we compare Merejkowsky 's value for the simotic index with ours, we

see that there would be excellent agreement if his somewhat vague "Negres" were

from the Congo district. But we lay no stress on this agreement because we

believe that Merejkowsky tends almost invariably to get a higher simotic index

than we do. This is illustrated in Table II.

Of course there are but few races common to both series and in Merejkowsky's

series as in ours the numbers dealt with are miserably small, but still cases where

* Before discussion there were four crania in a total of 35 on which there was difference of opinion,

say 11 per cent., and we have used the original determinations, putting as usual ? 3 and ? ? with the

3 's and ? 's respectively.



Kathleen V. Ryley and Julia Bell 395

we can compare and the general appearance of the Table are both against the

view that the differences are wholly racial. We believe them to be largely dne

to personal equation in taking a delicate measurement with a not very reliable

instrument, and consider that without determination of personal equations by

direct comparison of measurements on the same individual crania, it is not possible

at present to compare simotic indices found by different craniologists.

TABLE II.

Values of the Simotic Index.

Eace

Merejkowsky

Eace

Eyley

6 ? 6 ?

Negroes 25-6 Congo ... ... 25-6 25-7

Malays 31-3 Moluccas 26-5

New Caledonians ... 38-5 30-6 Gaboon, 1880 29-0 22-9

Mongols 40-5 Sumatra 29-2

Melanesians ... 41-9 35-2 Celebes 29-7

Marquesas Island ... 43-9 34-0 Borneo 30-2 34-7

Maoris 47-9 43 3 Philippines ... 30-4 29-0

American Indians ... 48-0 46-2 Gaboon, 1864 30-9 27-7

New Hebrides 49-1 44-5 Malay 33-7

Hindoos 51-1 42-5 Java and Madura ... 33-9 32-7

Auvergnats ... 51-8 45-0 Nubians 34-1 23-4

Gypsies 53-8 Ainos 43-4

Tahitians 54-3 Veddahs 43-6 36-9

French 54-8 47-1 Egyptians ... 44-4 36-9

Dutch 58-6 55-2 Hindoos 44-7 391
French Cymry 59-6 50-3 English 50-8 46-6

In two points, however, we agree fairly well with Merejkowsky, i.e. in the

general order of races and in the fact that the simotic index is a marked sexual

character. In all cases—22 in number—except the Congo and Borneo crania,

the female has a lower simotic index than the male and this is true for the apes,

where we can determine it

:

$ ?

Chimpanzee 21"4 185

Gorilla 5(y8 551

The two exceptions are the Congo crania, where the two sexes are practically

alike, and the crania from Borneo, where the female has the higher simotic index,

but the probable errors being introduced, i.e. Borneo : </'s 30"2 + 1*2, $ 's 34<'7 ± 21,

show us that even here the difference is quite possibly non-significant. Thus we
conclude that in the female the nasal bones are natter than in the male, and this

secondary sexual character may be used—as far as it is ocularly appreciable—as a

help in sexing. It may be remarked—in order to avoid circular reasoning—that
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with the possible exception of Dr Derry's classifications, the judgment in sexing

has not been influenced by nasal characters*.

While it appears to us that the difference of sexing will not be greater than

that of two small samples of the same race and less probably than the difference of

measurement of two different craniologists, we have still to answer the important

question of how far the same craniologist will repeat results in the case of these

delicate nasal measurements. We are able to make some interesting comparisons

from this standpoint. K. V. Ryley made her first measurements of the nose on the

Whitechapel, Egyptian, Congo and Gaboon series in the summer of 1911 for use in

the paper on the negro skull {Biometrika, Vol. VIII. p. 316). She was then new to

these particular measurements, and before the second series were made she had

nearly a year's practice on a great variety of races. In the English Whitechapel

series 13 crania measured in one series (1911) are not in the other series (1912),

that is to say one quarter of the crania are not the same in the two series. These

13 crania of the first series were originally Museum specimens, i.e. skulls having

some abnormality (other than nasal), or remarkable feature, and placed in the

Auatomical Museum for exhibition. It was thought better to exclude these

individuals in the second series and replace them by more normal examples.

Thus the divergencies between the A (1911) and B (1912) English series are not

solely due to personal equation. The Congo and Gaboon 1864 series are practically

the same crania for A and B as nearly every skull which was measurable was

measured on each occasion.

The two Egyptian series are not the same crania, for they consisted of the

100 crania of the series of 1800 skulls, which were being otherwise measured at

the time when these nasal measurements were taken. Thus we may conclude

that the Congo and Gaboon 1864 series represent changes due to the same

measurer repeating operations at the beginning and end of a period during which

experience was growing and methods being standardised ; the Egyptian series

represent this variation in the measurer together with the difference between

random samples ; and the English series represent not only the variation due to

the measurer, but further the effect of modifying by 25
0

/ o the actual sample

* Dr Derry does give weight to nasal features in sexing, but if we examine the results in Table I

from this standpoint, we have

Difference of male and female, i.e. 3 — ¥ .

Professor

Dr Derry

a
m i

a «0 m
S

Thane 71 6-1 9-6 111

9-2 8-9 139 10-2

It will be clear from these results that Dr Derry used the mesodacryal indices, i.e. the entire bridge

of the nose, rather than the nasal bones in his sexual appreciation ; for he has a less sexual difference

in the simotic index than Professor Thane, while he has greater values in the mesodacryal indices.

As a matter of fact the sexual differences in the Nubians seem to us of such an exaggerated character,

that we venture to suggest that the females may have been captives and thus may be more definitely

negresses, with whom their indices accord, than the males were negroes; the males being possibly a

conquering race.
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measured. Finally to test the extent to which K. V. Ryley's methods were finally

standardised, a third measurement of the male Whitechapel crania was made four

months later than B, namely C in December, 1912. In the case of C the same

50 crania exactly were remeasured*. There now resulted a very close accordance

between all the measurements absolute and indicial. It will be noticed on

examination of the Table that

:

(i) The error in the value of the simotic index due to variation of personal

equation never exceeds a point.

TABLE III.

Comparison of Measurements on the Nasal Bridge made at intervals and on

different samples.

Series

Meso-
dacryal

Chord
(DC)

Meso-
dacryal
arc (DA)

Simotic
Chord (SC)

Simotic
Subtense

(SS)

Meso-
dacryal

Index /3

Meso-
dacryal
Index a'

(from
ft)

Simotic
Index (S)

Bemarks

Gaboon, 1864, A $ 24 5 + 2 33-5 + •3 9-16 + 26 2-87 + •11 42-7 + 9 45 '4+ -6 30 8 + •9 Same
» B$ 23 2 + 2 32-4 + •3 9-43 + 26 2-88 + •11 40-0 + 8 43-6+ -5 30 9 + •9

!
crania

„ A? 23 1 ± 3 32-3 + •4 9-55 + •28 2-68 + 10 44-8 + 1 3 46-7+ -8 28 7 + 1 o Same
„

Congo, A £
22 5 + 3 31-8 + •4 9-88 + •29 2-68 + •11 42-0 + 1 3 44-9+ -8 27 7 + 1 •o ! crania

24 •4 + 3 32-8 + •4 9-44 + •21 2-38 + 08 34-5 + 9 39-6+ -6 25 6 + 8
1
Same

» B$ 23 9± 3 32-4 + •4 9-80 + •21 2-48 + •09 35-5 + 8 40-5+ -6 25 6 + 7
1
crania

„ A$ 23 5 + 3 32-2 + •4 9-46 + 33 2-31 + 11 36-8 + 1 0 41-5+ -7 25 2 + 1 3 Same
„ 5? 23 •3 + 3 30-8 + 3 9-72 + •35 2-41 + •12 32-6 + 8 38-6+ -6 25 7 + 1 •4

i
crania

Egyptians, A$ ... 21 5± 2 34-5± 4 10-58 ± •18 4-67 + •10 61-3+1 5 57-0 ± -9 44 8 + 8 Different

B$ ...

A2 ...

21

20
5 +
•4 +

2

2

35-3 +
32-4 +

•2

•2

10-42 +
10-76 +

•17

•17

4-63 +
411 +

10
09

65-0+1
59-3 +

3

9

59-4+ -8

55-9+ -6

44
38

4 +
6 +

•7

•7

!

\

samples
Different

5? ... 20 6± 3 32 -0± 3 10-84 ± 16 3-97± •09 56-0±l 1 53-9± -7 36 9± •8
)
samples

English, A £
BJ ...

22

21

6 +
5±

2

2

35-1 +
34 -8 ±

3
•3

9-52 +
9-38±

•17

•17

4-74 +
4-68±

11
•10

56-2+1
62-7±l

3

2

53-9+ -8

58-0±-7
50

50
7 + 1

8±1
•2

•2

1
25%

> different

i crania

„ A$ ...

„ -
20
20

9 +
6±

2

2

31-9 +
31 "5 ±

•3

•3

8-98 +
9-10±

•18

•17

4-14 +
4-16±

•07

07
53-4 + 1

53-7±l
2

0

52-2+ -8

52 -5 ±-6
47
46

4 +
6±

9
•8

25%
> different

crania

TABLE III bis.

English Crania, 50 Males.

Series

Meso-
dacryal

Chord
(DC)

Meso-
dacryal

arc (DA)

Meso-
dacryal
Subtense

ADS)

Simotic
Chord
(SC)

Simotic
Subtense

(SS)

Meso-
dacryal

Index ji

Meso-
dacryal
Index a'

Meso-
dacryal

Index a

Simotic
Index S

B ...

C ...

21-5+ -2

21 -4± -2

34-8+ -3

34-6 ± -3

12-1+ -1

12-1 ± -1

9-38+ -17

9-43 ± -17

4-68+ -10

4-72± -10

62-7 + 1-2

62-7±l-2
58-0+ -7

58-1 ±-7
56-8+ -7

57
-4 ±-7

50-8+1-2
51-2 ±1-2

A are measurements taken at start of investigation, B at conclusion of investigation after

practise and standardisation, B only used in this memoir. In the Table III Us both series, B and

C, were taken on the same crania at the end of the investigation with an interval of four months.

* K. V. Byley, it is needless to say, had not her earlier values before her when making her

remeasurements.

Biometrika ix 51
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That is, it is of the order of the probahle error. It may amount to 1'7, which

is only about twice the probable error when we combine the effect of random

sampling with personal error.

(ii) The differences in the mesodacryal index ft can amount for personal

variation to 4'2 (Congo $ 's), which is as large a value as we obtain on the

Egyptian series for combined personal error and random sampling, and even to

6"6 points in the Whitechapel with change of sample and personal variation,

which is five times the probable error. Corresponding differences will of course

exist in a deduced from /?. We believe that this difference in the early and

late values of (3 is due to greater standardisation of method in determining the

dacryon with a rather blunt pointed instrument and to greater mastery of the

difficulties arising from damaged crania and in the case of the apes from partially

obliterated sutures.

(iii) In the absolute measurements mesodacyral chord {DC), mesodacryal

subtense (DS), mesodacyral arc (DA), simotic chord (SO), simotic subtense (SS)

there is a maximum error in the means of about 4 -5°/
o , but this is rare, and

reduces to insignificance with practise in the measurements*.

(iv) A comparison of B and G shows that in all cases after continuous

practise and standardisation of method, the variations in absolute measurements

or in indices are less than the probable errors of random sampling.

Of course the whole of the above remarks apply to a comparison of mean

values and not to measurements on an individual cranium. We should conclude

as follows

:

(a) The measurements on the nasal bridge need great care, and the same

measurer may on repetition differ considerably from a previous determination on

the same skull.

(b) But with long practise and careful standardisation of method the racial

values obtained will repeat themselves, if the series be measured afresh, and

values obtained by the same recorder are quite intercomparable.

(c) We are doubtful—especially having regard to Merejkowsky's results

—

whether racial values obtained by different craniologists, who are fresh to this

side of cranial measurement, or who have not tested their personal equation on

the same series, will be directly comparable.

(d) Notwithstanding these difficulties, which are really only an intensifica-

tion of difficulties which occur in all branches of craniometry, we believe these

measurements on the nasal bridge to be really valuable and think that they

ought to occupy more attention. They are of course only a phase of what may
reach greater importance in the future : namely of what we may term micro-

metric as distinguished from the usual or macro-metric measurements of the skull.

* The earlier series of measurements tended rather to exaggerate the mesodacryal chord

and arc.
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There are bones other than those of the nasal bridge which might give racially

significant micrometric measurements, although specially designed apparatus, or

an adaption of existing physical instruments as yet unused in craniometry, would

have to be employed in their determination.

(3) On the observed (a) and calculated (a') values of the subtense mesodacryal

index.

In the discussion on the negro skull (loc. cit. pp. 297, 310) it was pointed out

that our original measurements of the mesodacryal chord and arc leading to the

index /3 did not enable us to determine the subtense directly, or indirectly, until

some assumption was made as to the shape of the bridge of the nose. We were

not at the time these measurements were suggested to Dr Crewdson-Benington

aware of Merejkowsky's instrument, which is as available for finding the mesodacryal

subtense as for its designed purpose the determination of the simotic subtense.

Accordingly after some consideration the catenary was selected as a fairly suitable

curve for the nasal bridge and by means of it the value of the subtense meso-

dacryal index (a') was deduced from /3. In the present investigation a has been

found directly and it is of much interest to test the legitimacy of the catenary

hypothesis.

TABLE IV. Differences a — a of Calculated («') and Observed (a) Values

of Mesodacryal Subtense Index.

6 ? Average

Gorilla... 0-21 0-07 0-14

Ainos ... 036 0-36

Ne°roes )
Cjfaboon

(
1864 + 1880

)

° " (Congo

1-01

1-45

0-88
1-37

0-94

1 -41

English 1-19 -0-47 0-36

Egyptians 1-53 1 -12 1-32

Chimpanzees ... 1-64 1-41 1-52

Philippine Islands 1-10 2-16 1-63

Moluccas 1-63 1-63

Hindoos 1-79 3-12 2-45

Celebes 2-41 2-41

Borneo... 2-76 3-86 3 31

Javanese 2-20 2-80 2-50

Sumatra 3 73 3-73

Veddahs 4-58 4-99 4-78

Orang-utans ... 17-33 20-23 18-78

Gibbons j. q o
j
Hylobates 18-60

6 + ¥ + 6 iSi/mphalangusU-22
18-60

14-22

We see, to judge by this Table, that the hypothesis of the catenary suits the

Gorilla and the Aino nose very closely; it is fairly good for Negro, English and

51 2
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Egyptian, roughly we must subtract one point from the calculated to get the

actual value of the index ; for the Chimpanzee, the Hindoos and the inhabitants

of the Philippine and Molucca Islands two points must be subtracted ; for those

of the Celebes, Borneo, Java and Sumatra three points, for the Veddahs five

points, and for the Orang-utan and Gibbon 14 to 20 ! Thus as we pass from

Africa and the region of the Gorilla through Europe to Asia and to the East

Indian Islands and the region of the Orang-utan we get roughly a continuous

divergence from the catenary hypothesis, which fits the Gorilla, to a markedly

non-catenary relation as in the case of the Orang*. While the Aino and Veddah

have equal flatness of the nasal bones as measured by the simotic index, they

stand at opposite ends of the scale with regard to a catenary hypothesis of the

whole bridge of the nose. No attempt, however, is made to deduce any racial

order from Table IV although it is not without suggestiveness.

Another method of approaching the degree of relationship of a! to a is to

consider the correlation coefficient between them, raa -.

shows that it is very high. We have, averag-ino- results

A glance at Table XX

TABLE V. Correlation r,

Chimpanzees and Orang-utans

Gibbons (Ht/lobates)

East Asiatic Group

Gorillas

Negro Group

Hindoos

Egyptians and English

Veddahs

754

815

878

906

923

931

964

965

Finally in order to calculate the value of a from a for a given individual of one

of the races dealt with, we append the regression lines, which provide the most

probable value of a for a given a .

TABLE VI.

Male

Orang-utans a =

Ch impanzees a =

Veddahs a-

Congo a -

Egyptians a =

Philippine a =

Javanese a -

Gaboon, 1864 a-

English a-

Hindoos a =

Borneo a

=

•6697a' + 12-99

•6629a' + 8-66

•8324a' + 5 '75

•8431a'+ 4-91

•9359a' + 2-25

•9448a' + 1-25

•9359a' + -82

•9782a'+ -23

9756a' + -22

•9665a' + -11

9645a'- 1-16

Gaboon, 1880 a= l -0045a'- 2-09

Gorillas a = l
-0750a'- 3 -29

Orang-utans

Chimpanzees

Gorillas

Egyptians

Gaboon, 1880

Gaboon, 1864

English

Congo

Female

a= -5053a' + 28

a= -6096a'+ 10

a= -8404a' + 7

a= -8877a' + 4

a= -8842a' + 4

a= -8931a'+ 3

a = l-0037a'+
a= -9739a'-

" Mixed" Malays a= l -0420a'- 5

Veddahs a = 1 -1203a' - 12

50

11

93

28

94

27

36

76

71

Gibbons, Hylobates „^„,, , . ,,"]

* The reader will observe (see contours, pp. 428—9) that it is not proper to speak of a catenaryform of

the nose. The English and Gorilla noses are not at all catenary in contour, but the chord and subtense

relation is on the average clearly that of the catenary chord and subtense.
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It will be seen that the catenary assumption as to the bridge of the nose,

notwithstanding the relatively high correlations of a and a, is not very satisfactory *

If it were, the best fitting or regression line would be simply a = a'. Thus the

regression coefficient should be unity and the constant term zero. This is roughly

true for English females, less true for English and Hindoo males, and approximately

the case in Congo females and Gaboon (1864) males. For the anthropoids the

deviations are very considerable, and this is also true for the Veddahs. The

catenary form of the nose appears to be an impression largely based on familiarity

with the higher racial types. Thus the mesodacryal subtense index a can only

be deduced from the mesodacryal arcual index /3 for individuals of the higher

races. At the same time Table IV shows that the racial value a of a as

deduced from /3 is very little in excess of the true value for a number of races,

and we conclude that the hypothesis has greater value for interracial than for

intraracial comparisons"!".

(4) On the Simotic and Mesodacryal Indices.

If we are going to use these indices as a racial scale, it becomes of some

importance to determine which provides the better classification. Unfortunately

the simotic index cannot be determined for the Orang-utan. But an examina-

tion of Table IX shows that the Chimpanzee is placed at one end, the Gorilla at

* It serves excellently, however, as a control of individual measurements, and when a' is not

approximately a it is always worth reconsidering the measurements involved.

f In order to obtain the values of a' from those of /3 for the catenary hypothesis in the case of the

Chimpanzee and Orang-utan, the table published in Biometrika, Vol. vin. pp. 338—9, had to be

somewhat extended. The values in Table VII below were obtained.

TABLE VII.

Supplementary Tables for Subtense Mesodacryal Index a as calculated

from the arcual value ft on the Catenary Hypothesis.

(A) Values of a.

|8 o 1 •0 4 ~5 6 '7 s •9

6 15-3 15-4 15-6 15-7 15-8 16 -0 16-1 16-2 163 KJ-5

7 16-6 16-7 16-8 17'0 17-1 17-2 17-3 174 17-6 17-7

8 17-8 17-9 18-0 18-1 18 3 18-4 18-5 18-6 18-7 18-8

9 18-9 19-1 19-2 19-3 19-4 19-5 19-6 19-7 19-8 19-9

10 20-0 20-1 20-2 20-3 20-4 20-6 20-7 20-8 20-9 21-0

11 214 21-2 21-3 21-4 21-5 21-6 21-7 21-8 21-9 22-0

12 22-1 22-2 22-3 22-4 22-5 22-6 22-7 22-8 22-9 23-0
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the other end of the simotic scale*, while in the case of the mesodacryal indices

the Chimpanzee aud Gorilla although widely separated from each other are both

placed at the low end of the scale next the Negroes, while the Orang-utan

appears next the Veddahs at the top of the scale. This appears an arrangement

at least more in keeping with geographical relations, although we make no

assertion that similarity in nasal form between Veddah and Orang and again

between Negro and Gorilla or Chimpanzee is due either to closer descent relation-

ship, or to a common environment compelling species dwelling under it to

follow similar nasal developments \. As far as the mesodacryal indices are con-

cerned, English, Egyptian and Hindoo are closer to the Veddah than they are

to the Negro, and may in nasal form be considered closer to the Orang than to

TABLE VII. {continued).

(B)

0 a a 0 a a 0 a /3 a

101 SO-2 126 94 0 151 107 5 176 120-8 201 133-9 226 147-0

102 80-8 127 94 5 152 108 0 177 121-3 202 134-5 227 147-5

103 81-3 128 95 1 153 108 5 178 121-8 203 135-0 228 148-0

104 81-9 129 95 6 154 109 1 179 122-4 204 135-5 229 148-6

105 82-4 130 9G 2 155 109 6 ISO 122-9 205 136-0 230 149-1

106 83-0 181 96 7 156 110 2 181 123-4 206 136-6 231 149-6

107 83-5 132 97 2 157 110 7 182 124-0 207 137-1 232 150-1

108 84-1 133 97 8 158 111 2 183 124-5 208 137-6 233 150-6

109 84-6 134 98 3 159 111 8 184 125-0 209 138-1 234 151-2

110 85-2 135 98 9 160 112 3 185 125-5 210 138-7 235 151-7

111 85-8 136 99 4 161 112 8 186 126-1 211 139-2 236 152-2

112 86-3 137 99 9 162 113 4 187 126-6 212 139-7 237 152-7

113 86-9 138 100 5 163 113 9 188 127-1 213 140-2 238 153-2

114 87-4 139 101 0 164 114 4 189 127-7 214 140-8 239 153-8

115 88-0 14<) 101 (i 165 114 9 190 128-2 215 141-3 240 154-3

116 88-5 141 102 1 166 115 5 191 128-7 216 141-8 241 154-8

117 89-1 142 102 7 167 110 11 192 129-2 217 142-3 242 155-3

118 89-6 143 103 2 16S 116 5 193 129-8 218 142-8 243 155-8

119 90-1 144 103 7 169 117 1 194 130-3 219 143-4 244 156-3

120 90-7 145 104 3 170 117 6 195 130-8 220 143-9 245 156-9

121 91-2 146 104 8 171 118 1 196 131-3 221 144-4 246 157-4

122 91-8 147 105 3 172 lis 7 197 131-8 222 144-9 247 157-9

123 92-3 148 105 9 173 119 > 198 132-4 223 145-4 248 158-4

124 92-9 149 106 4 174 119 7 199 132-9 224 146-0 249 159-0

125 93-4 150 106 !) 175 120 1 200 133-4 225 146-5 250 159-5

* There is slender evidence also to place the Orang-utan out of position below the Chimpanzee and

Negroes in the matter of this index.

f Dr Hans Friedenthal (Beitrdge zur Naturgeschichte des Menschen, Th. v. " Sonderform der

menschlichen Leibsbildung," Jena, 1910, S. 61) considers the nasal form determined by environmental

conditions: "Die anthropoiden Affen als Baumbewohner bedurften keiner Vervolkomniung der

Atemrohre walirend der Reduktion des Riechorgans, wie die bodenbewohneuden Menschen und

Paviane. Die Gorilla, mehr dem Bodenleben angepasst als die iibrigen Anthropoiden, ja, mehr als

viele Ostaffen und Westaft'en, zeigt eine ausgebildetere iiussere Nase als Schimpanse, Orang und

Hylobates."
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the Chimpanzee, although all the races dealt with are nearer to the Gorilla than

either of the two apes. The following table gives the racial order for the simotic

and two mesodacryal indices :

TABLE IX.

Simotic and Mesodacryal Indices. Mean Values*.

Simotic Index (S) Mesodacryal (Subtense) Index (a
)

Mesodacryal (Arcual) Index

$ ? 6 ? ?

[Orang-utans O
1

'!] [Orang-utans 17?]

Chimpanzees 21 Chimpanzees 19 Chimpanzees 29 Chimpanzees 29 Chimpanzees 22 Ch impanzees 22

Congo 26 Nubianst 23 Congo 39 Congo 37 Congo 35 Congo 33
Moluccas 27 Gorillas 41 Nubianst 40 Gorillas 36
Gaboon, 1880 29 Gaboon, 1880 23 Philippines 42 Borneo 41 Philippines 38
Sumatra 29 Congo 26 Borneo 42 Javanese 43 Gaboon, 1864

Moluccas
40 Nubianst 39

Celebes 30 Moluccas 43 Gaboon, 1880 44 41 Gaboon, 1864 42

Borneo 30 Gaboon, 1864 43 Gaboon, 1864
Gorillas

44 Gaboon, 1880 42 Gaboon, 1880 42

Philippines 30 Gaboon, 1864 28 Gaboon, 1880 43 45 Borneo 42 Borneo 42

Gaboon, 1864 31 Philippines 29 Malays 44 Philippines 45 Malays 43 Gorillas 43

Malays 32 Celebes 45 Celebes 45 Javanese 43
Javanese 34 Javanese 33 Sumatra 45 Javanese 46 Philippines 45

Nubianst 34 Borneo 35 Javanese 45 Sumatra 47
Ainos 43 Nubians! 48 Ainos 50
Veddahs 44 Veddahs 37 Ainos 50 Nubianst 51

Egyptians 44 Egyptians 37 Hindoos 55 Hindoos 49 Hindoos 61 Hindoos 54

Hindoos 45 Hindoos 39 English 57 English 53 English 63 English 54
English
Gorillas

51 English 47 Veddahs 57 Egyptians 53 Egyptians 65 Egyptians 56

57 Gorillas 55 Egyptians 58 Veddahs 59 Veddahs 69 Veddahs 73

Orang-utans 74 Orang-utans 79 Orang-utans 123 Orang-utans 137

Now if we compare the results given in this table we see that with one

exception, that of the Borneo crania, the simotic index is greater in the males than

in the females ; but there is a greater agreement between the sexes—the Hindoos,

English and Egyptians excepted—in the mesodacryal indices. For the mesodacryal

index, a, there are 7 cases (judging from Table VIII, p. 403) in which the female is

greater, as against 7 in which the male is greater; for the mesodacryal index /3,

there are also 7 cases for the male and 7 for the female with greater value, and

* The following are the values for the Gibbons :

Simotic
Index

Mesodacryal
(Subtense) Index

Mesodacryal
(Arcual) Index

(Hylobates $ + ? + &
Gibbons -j

[Symphalangus $ + ? + 3

9

10

37

29

55

43

t The position of the "Nubians" confirms the view that the men were more Egyptian and the

women almost negroes.
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the individual cases are the same for a and fi. On the whole it is the lower races

for which the female has the greater value, aud the higher races— in the scale

of civilisation—for which the male has the greater value. Thus the mesodacryal

index appears more of a racial and less of a sexual character than the simotic

index. Roughly also the two sexes give nearly the same racial order, especially if

we regard the large probable errors (see Table VIII, p. 403) of some of our results.

Looked at in broad outline we have the nose of the Gorilla closely associated with

that of the Negro, and the Negro lies between the Chimpanzee and the Asiatic

races. At the bottom of the scale we have the Orang-utans closest of all to the

Veddahs, who lie between the Orang-utans and the higher races, so far as such

are provided by these measurements*. On the whole the racial scale of the

mesodacryal indices seems far more suggestive than that of the simotic index,

where the Gorilla is widely separated from the Negro, and is divided from the

Veddahs by English, Hindoos and Egyptians^. We believe that a measure of

the mesodacryal index is likely to be of as much value as the determination of

the simotic index, possibly of greater value.

(5) On the Absolute Nasal Measurements.

We are doubtful as to what if any stress can be laid on the absolute

measurements. Merejkowsky, however, cites the absolute values of the simotic

subtenses and it is of interest to compare our results with his. This is done in

Table X. It will be seen that for Negroes, Malays and " White races" our results

are in fair agreement with Merejkowsky 's ; with his Melanesiau, Polynesian and

American groups, we have nothing to compare. There is relatively little difference

in the order between the two sexes, but the actual height of the nasal bones, with

the one exception of the Borneo crania, is considerably less for the females. This

smaller value of the simotic subtense in the female is not true for the chord,

which in Nubians, Egyptians, Gaboon (1864), Gaboon (1880), and Philippine

Islanders is greater in the female as will be seen in Table XI. There is very

little we think to be learnt concerning racial differences in either Table X or

Table XI.

The races are mixed in a rather meaningless way— at least we have failed to

find any clue to their order, although in this respect the simotic chord appears

worse than the simotic subtense. On the whole we believe little of real value

is to be learnt from the absolute size of the nasal bones.

* The Gibbons agree with the Orang for the simotic index, but are nearer to the Chimpanzee than to

the Orang for the mesodacryal index a, while for the arcual index (3 their position, like that of the

Gorilla, is within the human range.

t Judged by the mesodacryal indices the Gorilla has a natter nose than any human race, the Negroes

approaching most closely
;
judged by the simotic index the Gorilla has a sharper nose than any human

race, the English approaching most closely. At any rate from the standpoint of physiognomy, there

can be no doubt that the mesodacryal indices express better the general visual state of affairs : see,

however, the contours, pp. 428—9.

Biometrika ix 52
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TABLE X. Simotic Subtense*.

Males Females Sex?t Merejkowsky

•

Chimpanzees I/O C la'ill puil.'.ccs 1 It

VTcUJOOU, lOOU VJcLOOOIlj lOOC/

Borneo (',111(111v^OI) LIO

Congo 2-45 Philippines 2-58 Negroes 2-60

Moluccas 2-48

Philippines 2-55 Borneo 2-59 Mongols 3 00

Celebes 2-58

Malays 2-62 Malays 2-90

Gaboon, 1864 2-88 Gaboon, 18(54 268
Sumatra 2-88 Polynesians 313
Javanese 299 Javanese 2-80

Gorillas 3 31 Nubians 2-81

Nubians 374 Gorillas 2-82

Hindoos 378 Hindoos 3-02

Ainos 3-80 American Indians 3-80

Veddahs 393 Veddahs 308 Melanesians 3-85

Egyptians 4-63 Egyptians 397
English 4-68 English 4-16 White races 4-74

*

TABLE XL Simotic Chord ++

Males Females

Gorillas 6-47 Gorillas 5-31

Malays 7-76

Borneo 7-93 Borneo 7-66

Gaboon, 1880 8-30 Hindoos 7-86

Chimpanzees 8-32 Chimpanzees 8-l»7

Philippines 8-42 Veddahs 8-28

Celebes 8-54

Hindoos 8-71 Javanese 8-58

Ainos 8-80

Javanese 8-83 Philippines 8-80

Veddahs 9-14

Moluccas 9-36 English 9-10

English 9-38

Gaboon, 1864 9 43 Gaboon, 1880 946
Congo 9-80 Congo 9-72

Sumatra 10-10 Gaboon, 1864 9-88

Egyptians 10-42 Egyptians 1084
Nubians 11-45 Nubians 11-90

* The Gibbons he at the very top of this scale close to the Orang-utan with its practically zero

value of the subtense. Thus for the simotic subtense we have :

( Hylobates 0 46
Gibbons, $ + $ + g \symphalangus 0-62

f Apparently Merdjkowsky mixes both sexes together, which is hardly permissible considering the

large sexual differences.

\Hi/lobates 5-33

J GibbollS, rt + 2 + $)c J7 a nn
' o -r + -r v

( Sympnalangus u-00
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aii(

(6) On the Absolute Mesodacryal Measurements.

The following table gives the order for the mesodacryal subtense, chord
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Now we have already seen that the sexual differences in the mesodacryal

indices are not very large, but we notice at once that these sexual differences are

very considerable in the absolute measurements. It becomes rather meaningless

to assert that the Hindoo's eyes are closer together than the Englishman's, when

the difference in mesodacryal chord is less than that between male and female

Javanese. They are less for the same reason, namely, because the cranium as a

whole is smaller. Practically the female is less—and often very considerably less

—

in every mesodacryal absolute measurement, and we cannot usefully compai'e

males and females—except as to absolute size, a sexual difference we are already

familiar with—unless we get rid of this problem of size by using as we have

already done the indices. But surely if this be true for sex, it is also true for race.

Our scales become scales of absolute size and of very small racial significance.

In all probability absolute lengths or breadths of the head would tell just as much

as is to be learnt from these tables of relative racial sizes of the bridge of the nose.

In our opinion there is little that has bearing on racial relationships. In, for

example, the chord scales, it is possible that Veddah and Orang-utans are close

together because of an ancestral link, but the Hindoo appears in this part of the

scale because of his small size. The association of the Negroes with the Gorillas

may again be partly ancestral, but the association of English and Javanese in the

same part of the scale as the Gorillas is probably fortuitous. We are inclined to

say that very little indeed can be deduced from absolute scales of this kind for

nasal characters.

It is often asserted that a characteristic feature of the negro lies in the fact

that he has his eyes farther apart than other races of man. The average value

of the mesodacryal chord for the Congo and Gaboon male negroes is 23'5 and for

English and Egyptians 21 "5
; for the females, Congo and Gaboon, it is 22"G, and

for English and Egyptians 20'6. There is thus 2 mm. difference on the average.

Is it possible for the human eye to appreciate this difference ? We are inclined

to doubt it and believe that it is the marked simotic platygephyrosis (see p. 430

below) of the negro nose which produces largely the impression of greater ocular

Value of Ratio 100 x Mesodacryal ChordjMinimum

Forehead Breadth.

Kace 6 ?

Congo 24-6 25-1

Gaboon, 1864 ... 24-0 24-3

Gaboon, 1880 ... 23-5 23-5

Egyptians 22 '6 22-4

Veddahs 22-0 21-2

English 21-9 22-1

Hindoos ... 21-3 21-0
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breadth*. As the total size of the skull varies much from race to race it seems

desirable to compare the mesodacryal chord with another horizontal measure and

we have taken the minimum forehead breadth : see Table, p. 408.

It will be seen that the Negroes stand at one end of the list and the Indo-

Europeans at the other, but again the change of index is relatively small, and it

may be legitimately doubted whether it would be visually significant.

(7) On the relative Racial Variability of the Nasal Bridge Characters.

Tables XIII and XIV give respectively the Standard Deviations and the

Coefficients of Variation of the characters determined in such series as supplied

sufficient data for even an attempt at these constants. There is no doubt in our

minds that the coefficient of variation is the better measure for racial purposes in

the case of absolute measurements. We will consider first what points arise from

a discussion of the variability of the mesodacryal subtense, chord and arc from this

standpoint. The relative orders of variability are given in Table XV.

Again beyond the broad fact that the apes on the whole are far more variable

than the races of men, perhaps little can be learnt from this table. In the

apes the female is more variable than the male in 5 out of 9 cases ; the same

ratio of 5 to 4 is maintained in the case of the negro races ; in the lower races

from Borneo and the Veddahs, the males are more variable than the females in

the ratio of 5 cases to 1, while in the higher races—Egyptian and English—the

ratio is 5 cases of the female to 1 case of the male more variable. Altogether

therefore the female is more variable in 16 and the male in 14 cases. .
Generally

there is no evidence for greater male variation in these coefficients of variation

of the mesodacryal absolute lengths. Even if we based our comparison on the

absolute variations of the mesodacryal characters, we find among the apes the

male is more variable in 5 the female in 3, with one case—the Chimpanzee

mesodacryal subtense—of equality ; in the lower races (Veddahs and Borneo)

the male is more variable in all 6 cases ; in the negro races in 5 out of 9, but

in the higher races (English and Egyptian) in only 1 out of 6 cases. Thus in

absolute measurement the male is more variable in 17, the female in 12 cases.

* The reader must not judge from Figs. 6—9 of the contours, pp. 428— 9. These all have the meso-

dacryal chord in considerable excess of the negro mean, and were selected to give approximately mean
angles, not mean absolute lengths.
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For the simotic chord and subtense we have

:

TABLE XVI.

Order of Racial Variability for Simotic Characters*.

Simotic Subtense Simotic Chord

6 ? 6 ?

Hindoos 21 "9

Gorillas 22-0

English 22-1

Veddahs 23 0
Egyptians 23'1

Gaboon (1880) 29'3

Philippines 31 -3

Borneo 329
Malays 36 3

Congo 36"9

Gaboon (1864) 37'4

Javanese 38 4

Chimpanzees 41T

English 18-8

Egyptians 22 -8

Veddahs 334
Gaboon (1864) 34-5

Borneo 36 6

Gorillas 37 0

Congo 37-3

Gaboon (1880) 392

Chimpanzees 39'2

Egyptians 16 -8

Veddahs 18-4

Hindoos 186
English 18-9

Ch impanzecs 2 1 '9

Philippines 22-7

Borneo 22-8

Congo 22 -9

Javanese 23T
Malays 24'8

Gaboon (1864) 28-2

Gaboon (1880) 28"7

Gorillas 31 "1

Chimpanzees 10T0
Egyptians 153

Gaboon (1880) 179
English 19-9

Veddahs 20"7

Borneo 25 -4

Gaboon (1864) 26'0

Congo 26-6

Gorillas 28-4

Again there is practically little to be learnt, the Gorillas are very variable in

nasal chord and much less variable (in scale position) on the subtense, while the

reverse holds for the Chimpanzees, the subtense being far more variable than the

chord. The Negroes are as a rule low down on the scale, being considerably more

variable than the English, Egyptians or Hindoos. In 9 cases the female and in 9

the male is more variable in simotic characters.

Lastly we pass to the indices, omitting the calculated mesodacryal subtense

index a. We find for Standard Deviations the order given in Table XVII.

Again there seems little to be learnt with regard to racial variability from

these results, beyond the confirmation of what we have learnt from the earlier

tables that the Orangs, and the Gorillas as a rule, have large variability
;
here,

however,—as distinguished from the coefficients of variation of the absolute

lengths—the Chimpanzee is seen to have very small variability. If, however,

we take the coefficients of variation of the indices we find the Chimpanzee is

associated with the other two anthropoids of our scales in high variability.

Turning to the sexual differences, we find in the apes as many cases (4) of female

as of male greater variability; among the human races there are 10 cases in which

the female is more variable and 11 cases in which the male is more variable, or

again there is little if any distinction of sex in variability.

An examination of Tables XIII and XIV will show the reader that much of

the non-significance of the variation scale for racial purposes is quite possibly due

* The values for Hylobates, both sexes together, are : simotic chord 14 -5 and simotic arc 57 '2.

Biometrika ix 53
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to the smallness of our samples. Except in the case of Egyptians and English, the

size of these samples was not under our control; we set out to compare the African

and Asiatic anthropoids with the human races of the same environment, and we

measured all the crania available, and calculated the variabilities for all series of

10 and over*. Further the homogeneity of some of the series, as the Malay aud

Javanese, is possibly open to doubt. We have accordingly clubbed together our

variation results for the coefficients of variation of the absolute measurements,

with the results given in Table XVIII.

TABLE XVIII.

Average Values of Variability of Absolute Measurements on the

Nasal Bridge.

With Siraotic Lengths Without Siraotic Lengths

s ? 6 ?

Chimpanzees . .

.

23-4 22-4 Chimpanzees ... 18-0 20-8

Gorillas 20-5 23-6 Gorillas 16-5 17-5

Orangs Orangs 16-3 12-3

[Hylobates $ + $ 23'4] [Hylobates $ + ? 15'1]

Mean 22:5 t Mean 16-9 1

Malays 19-8 Malays 12-6

Javanese 19-7 Javanese 12-3

Mean 19-8 Mean J 2-5

Congo ... 20-0 18-9 Congo ... 13-5 10-1

Gaboon (1864) 19'3 19-8 Gaboon (1864) 10-3 12-9

Gaboon (1880) 17-6 18-5 Gaboon (1880) 10-1 11-9

Mean 19'0 Mean 11-5

Philippines 17-5 Philippines 11-2

Borneo... 17-4 18-2 Borneo... 10-5 9-7

Mean 17-7 Mean 10-5

Veddahs 15-9 18-0 Veddahs 12-7 11-9

Hindoos 15-2 Hindoos 11-7

Mean lG'J^ Mean 12-1

Egyptians 13-2 14-G Egyptians 8-7 11-5

English 13-7 13-9 English 9-3 10-3

Mean IS -8 Mean 10-0

General Means 17-9 18-7 General Means 12-5 12-9

* Nubians excepted : these were included at a later date,

t Hylobates not included.

53—2

/
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Whether we take the number of cases in which the female is more variable

than the male— i.e. 7 out of 9 in the first series and 6 out of 10 in the second

—

or the mean variabilities of the whole series, we see that the female is certainly

not less variable than the male.

Massed as above the table seems to show more racial relationship to variability.

The races group better together, and generally speaking—Veddahs, perhaps, ex-

cepted—there is decreasing variability as we reach higher degrees of civilisation,

i.e. as we pass from the Apes through East Asiatics and Negroes to Hindoo,

Ancient Egyptian and English. It is as well to see if these results correspond

with those for the two mesodacryal and the simotic indices.

It will be seen in the first place that these results (Table XIX) confirm those

of the previous table (XVIII) for the variation of the absolute lengths, in that

TABLE XIX.

Average Values of Variability of Indices of Nasal Bridge (a, /3 and S)

From Standard Deviations From Coefficients of Variation

6 ? <* ?

Chimpanzees ...

Gorillas

Orangs

6-8

14-5

30-8

7-8

14-4

24-0

Chimpanzees . .

.

Gorillas

Orangs

29-2
31-5

30-0

35-3

29-8

21-1

[Hylobates $ + ? 9 -9] [Hylobates $ + ? 30'4]

Mean 16'4* Mean 29S*

Malays
Javanese

8 '2

11-2
Malays
Javanese

20-8

27-5

Mean 9-7 Mean 2^2

Congo ...

Gaboon (1864)

Gaboon (1880)

7 3
7-4

93

7-2

9-1

9-4

Congo ...

Gaboon (1864)
Gaboon (1880)

22-9

20-4

25-0

24-3

24-8

28-3

Mean 8S Mean 2^3

Philippines ...

Borneo...

7-0

10-0 8-4
Philippines ...

Borneo
19-2

28-5 2F9

Mean 8-5 Mean 23-2

Veddahs
Hindoos

10-3

9-7

14-9 Veddahs
Hindoos

18-4

18-5

27-7

Mean 11-6 Mean 2V5

Egyptians
English

1

9-3

|

10-6

8-9

8-3
Egyptians
English

16-5

18-9
1

18-6

|

16-3

Mean 9-3 Mean 17-6

General Means 10-9
1

11-2 General Means 23-4 24-8

* Hylobates not included.
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they make the female slightly more variable on the average than the male. For

the standard deviations the male is more variable in G out of 10 cases ;
for the

coefficients of variation the female is more variable in 6 out of 10 cases. In either

method of measurement the apes are more variable than men, with the one

exception of the Chimpanzees in the case of the standard deviations, where the

small variation is associated with small variation in the Negro group.

(8) Racial Relationship as based on Nasal Bridge Measurements.

Having general regard to Tables XV—XIX for variability, and comparing

the orders therein with those for the racial order of absolute lengths, it seems

impossible to suggest any linear scale of arrangement which will mark racial

relationship ; it is impossible to assert that the Negroes or the East Asiatic group

stand regularly higher or lower in a linear scale. Still there does appear to be

some order in the scales both for absolute mesodacryal values and for variabilities.

Thus the Veddah nasal bridge is more closely related to that of the Orang than

the latter's to the Negro group, which on the whole is closer to that of the

African apes. Our numbers are too small, our probable errors too large, for

insistance on any individual point, but the measurements lead to constants both

for index and variability suggesting a scheme of the following type :

Tree. Mesodacryal Subtense Index and Average Variability for s 's indicated.
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On this tree we have placed the mean values of the mesodacryal subtense

index (a) and the average variability of the mesodacryal lengths*, both for

males to indicate the degree of correspondence suggested.

In such a tree as this we see the general tendency of the higher races to have

(1) a more developed nasal bridge, and (2) a markedly lessened variability. The

tree is merely diagrammatic and no great stress is of course laid on it, but it does

suggest that the results reached both for mean values and variabilities may not be

merely contradictory, but correspond to a real evolutionary order in the develop-

ment of the nasal bridge.

(9) On the Correlations of the Nasal Bridge Characters.

The correlations of the two mesodacryal indices and the simotic index are

given in Table XX.

TABLE XX.

Coefficients of Correlation. Nasal Bridge Indices.

r
*P

r ,aa rSa

$ ? 6 ? 6

Congo ... 50 •881 + •021 27 •864 + •033 50 882 + •021 27 •867 + 032 50 •613 + 060 25 •704 + •068

Gaboon, 1864 48 •904 + •018 37 •941 + •013 48 •905 + •018 37 •945 + •012 47 •258 + •092 35 •509 ± •084

Gaboon, 1880 16 976 ± •008 18 •959 ± •013 16 •978 + 007 18 959 ± •013 16 •423 ± •138 18 •508 + •118

Philippine Islands 17 •725 + •078 17 •727 ± 077 17 •374 + •141

Borneo ... 26 •948 + •013 26 945 + •014 26 •426 + •108

Java and Madura 39 •940 ± •013 39 944 ± •012 39 •318 + •097

Mixed " Malays "
24 •897 ± •027 24 897 ± •027 23 •696 ± •073

Hindoos ... 10 •929 + •029 10 •931 + •028 10 •891 ± •044

English 50 •955 + •008 50 •961 + •007 50 •956 + 008 50 •962 + •007 50 •440 + •077 50 •519 + •070

Egyptians 50 •976 + •005 50 964 + •007 50 •975 + •005 50 •964 + •0C7 50 •444 + •077 50 •471 + •074

Veddahs 15 •959 ± 014 12 971 ± •on 15 •958 ± •014 12 972 ± •on 15 291 ± •159 12 •369 ± •168

Chimpanzees O'J •675 + •064 18 782 + •062 •674 + 064 18 •784 + 061 13 062 + •186

Gorillas ... 27 •889 + 027 25 •928 + •019 27 •888 + 027 25 •924 ± •020 21 •740 ± •067 19 •464 ± •121

Orang-utans 44 •839 + •030 13 •720 + 090 44 •844 + •029 13 •715 + •091

Gibbons, Hylobates $ + 9 25 •812 ±-046 25 •815 ± -045 16 •199 ±-162

We have already (see pp. 399—401) discussed the relation of a to a' and seen

that it does not lead us to any very marked racial order. The correlation of the two

mesodacryal indices gives a somewhat clearer result, if we group the correlations

thus:

* Coefficients of variation of arc, chord and subtense.
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rap in Groups.

6 ?

Apes
East Asiatics ...

Negroes ...

Veddahs
Hindoos ...

Egyptians 1

English /

•801

•871

•920

•959

•929

•965

•810

•897

•931

•971

•962

All values, means •892 •899

The suggestion is that there is increased correlation with higher civilisation,

the Veddahs being somewhat out of rule. The females are slightly, but very

probably not significantly, more highly correlated than the males. There is

nothing out of keeping in this correlation order with that for the means and

variations exhibited in the "tree" on p. 417, but it is too slender to give it much

support. If we turn to the correlations of simotic and mesodacryal (subtense)

indices rSa we find a greater range of variation and thus more possibility of

getting an order of some racial interest.

rSa . Correlation Order.

6 ?

Gli impanzees •06

[Ih/lobates •20 +
•26

-]
Gaboon, 1864 ... •51

Veddahs •29 •37

Javanese... •32

Philippines 37
Gaboon, 1880 ... •42 •51

Borneo ... 43
Malays ... •70

English •44 •52

Egyptians •44 •47

Congo 61 •70

Gorillas ... •74 •46

Means 40 •53

With the single exception of the Gorilla the females have in every case, and

often markedly, more correlation than the males. But the results are extremely

irregular, even if we allow for the small numbers dealt with. Accordingly it

seemed worth while to deal more at length with the relation between the simotic

and mesodacryal characters, and further correlations were worked out. It must
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be borne in mind that the mesodacryal subtense consists of two portions, the first

part due to the nasal bones is the simotic subtense, the second part is due to the

maxillary bones. If we subtract the simotic subtense from the mesodacryal sub-

tense (DS) — (88), we have a measure of the part of the nose due solely to the

maxillary bones, and we may correlate this with (SS) the part due to the nasal

bones. There will be no spurious correlation in this as in correlating (DS) and

(SS) directly. Further we may form an index {(DS) - (8S)\/(DG) and correlate

this with the simotic index (SS)j(SC), although in doing this (SG) must be

considered in a certain sense as contained in (DC). The spurious correlation,

however, is unlikely to be as great in this as in (SS) and (DS), for the maxillary

walls of the nose can approach so close that there is no (SC) at all, as in the case

of many Orangs and in some Negro skulls*.

SS

DS-SS

Fig. (i).

(10) The Maxillary and Simotic Nasal Angles, and .

The value of DC — SC may be used to obtain a measure of the flatness of the

maxillary walls of the nose. Clearly (see figure above)

tan (j) = (DS- SS)/± (DC - SC).

We term </> the maxillary nasal angle and its complement 90°— measures

approximately the angle the maxillary wall of the nose makes with the median

plane of the skull. Table XXI records the values of the nasal maxillary angle (p

for the races dealt with; they are obtained not from the calculation of
<fi

from

individual crania, but by the rougher process of using the mean values of the

mesodacryal and simotic subtenses and chord in the above formula*)". The table

emphasises again the relation of the Veddahs and the higher races to Orang and

Hylobates, while it indicates the relation of the Negro races to the African anthro-

poids. At some points the female order is not in accord with the male, but the

smallness of many of the series dealt with seems sufficient to explain the source

of these differences. Some races have clearly a marked sexual difference, but it is

not always one way and the means show no very great difference ; more data and

longer series would be needful to be certain of a persistent sexual differentiation.

* E.g. Gaboon 1864, Nos. 10, 11, 81, and Congo 70 : see Biometrika, Vol. vm. p. 319, and see

especially the remarks in Tables of measurements. In one gibbon the simotic subtense was actually

negative or the nasal bones depressed.

f Table XXIV a gives the values of <p and their variabilities for a small number of selected races. It

will be seen that the differences due to the two methods are not great. The short method will give

results close enough for any conclusions which are in the least likely to be drawn from such small series.
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TABLE XXI.

Maxillary Nasal Angle 0.

6 ?

Orang-utans 55-3" Orang-utans 57-5°

Egyptians 54-3° Veddahs 56-1°

Yeddahs 53-8° Egyptians 54-3°

[Hylobates + 52-5°]
[
Hylobates

( $ + $ )
52-5°]

Hindoos 52-0° Gaboon, 1880 50-3°

Nubians 51-3° English 49-3°

Sumatra 51-3° Philippines 49-0°

English 50-8°

Aiiios 47 '6°

Moluccas 47-0°

Celebes 46-9° Gaboon, 1864 48-5°

Javanese 46-0°

Gaboon, 1864 45-7° Hindoos 48-4°

Gaboon, 1880 45-2° Nubians 48-2°

Malays 44-7°

Philippines 44-6° Javanese 44-8°

Borneo 44-4° Congo 42-5°

Congo 44-1° [Symphalang us 42-3°]

42-0°[Symphalangus
( c? + ? )

42-3°] Borneo
Gorillas 35-1° Gorillas 39-1°

Chimpanzees 34-8° Chimpanzees 37-8°

Mean 47-1° Mean 47-7°

The smaller (p, the flatter the maxillary part of nasal bridge.

If we now turn to Table XXII we find a number of additional correlations,

which are sufficiently interesting to make one appreciate how much more valuable

they would have been had we had longer series and more variety of races avail-

able. We have first correlated the mesodacryal and simotic portions, DS — SS
and SS, of the whole subtense of the nasal bridge. In every case dealt with, male

and female, these subtenses are negatively correlated. On the other hand the

correlation of the mesodacryal subtense with the simotic subtense is always posi-

tive and often substantial*. This positive correlation is therefore due to the

appearance of SS in both variates, i.e. it is a spurious correlation. Actually when

the maxillary part of the nasal bridge is larger, then the simotic part is smaller.

Intraracially—that is among individuals of the same race—there is a compen-

satory growth of the nasal bridge and those who develop large nasal bones have a

smaller maxillary nasal development. This point seems to us of very great im-

portance ; the tendency now-a-days is to insist on the importance of anatomical

unities. This has largely arisen from two sources. In the first place craniology

* For the mesodacryal subtense with the simotic subtense, all the correlations except that for the

male Chimpanzee are positive and often substantial, the intraracial correlation amounting to + -34 to

+ •38. Further the interracial correlation is high indeed, being +'81 to +-87. But as we see these

results are in part spurious.

Biometrika is 54
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has been chiefly in the hands of the pure anatomist rather than in those of the

student of philosophical evolution. The former has insisted on the importance of

growth centres and anatomical unity of measurement ; he has usually no appre-

ciation of the relatively high correlations of the parts of the bony structure. He
is thus liable to overlook the fact that from the standpoint of evolution a complex

anatomical organ may be of far more importance to the race and to the individual

than one factor of it which may be an anatomical unity. In the second place

Mendelism has become the mode, and to surmount difficulties about characters

which do not " mendelise," it has been customary to assert that they consist of a

complex of simple Mendelian units*. On the original Mendelian theory such
'•' units" were asserted to be independent, although as such a theory was found to

be unworkable, a crude theory of "coupling," as a measurable association of

anatomically or physiologically simple unities, was evolved to cover the real facts of

correlation. In this manner there has arisen a conscious or unconscious association

of anatomical and Mendelian units, and it has been supposed that an anatomical

unity would be more likely to "mendelise" than a combination of such unities

—

a single bone like the femur than a measurement like the leg length or the stature.

The present result seems an illustration of the futility of neglecting the correlation

of characters or treating them as compounded of independent Mendelian or even

anatomical unities. The bridge of the nose consists of parts which are distinct

anatomical unities, but the evolutionary factor is probably far better represented

by the physiognomic factor—the whole bridge of the nose—than by any anatomical

unit. When one part exceeds there is a correlated defect in the other part, and

this rule extends practically through all the races examined. It is thus quite

conceivable that a single measurement like the sagittal arc is from the evolu-

tionary standpoint far more important than any of the simple arcs—opisthion to

lambda, lambda to bregma, and bregma to nasion—into which we may reduce it by

aiming at the measurement of anatomical unities. There is such a thing as an

evolutionary factor, a determinant which controls the development of a whole

series of anatomical unities, and the heredity brought into evidence by such

a factor may be far more important from the standpoint of evolution than the

heredity of any simple anatomical character. What group of anatomical units

go to form any such determinant can only be appreciated by a thorough study of

the correlations of simple anatomical parts.

Especially in the nasal bridge is this matter of very great importance, for

while within the race an individual with small maxillary height (D8 — 88) has a

large simotic height (88), interracially this is no longer true, the race with a

small maxillary height will have a small simotic height and the positive correla-

tion interracially is very substantial (+
-581)—this must be compared with the

mean intraracial correlation which is — "333. Both these results are for males, for

females the numbers are +"501 and —'226 respectively. This reversal of sign

* Of course when it is convenient a vast congeries of factors, such as " Albinism " or " Jewishness,
-

'

are illogically treated as a simple Mendelian "unit" !
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when we pass from intraracial to interracial correlations is a thing previously not

unknown. Thus in 1903 in a paper* on interracial and intraracial correlations,

Jacob, Lee and Pearson showed that while with individuals a long cranium is likely

to be a broad cranium, yet interracially a compensating factor comes in, a long-

headed race is likely to be a narrow-headed race. Thus it is quite conceivable that

capacity of the cranium—depending on many anatomical units—may be of far

more evolutionary importance than the measure of any single " anatomical unit

"

of the skull. We have referred at length to these matters here, because there is

a growing idea—fostered probably by the idea of Mendelian " units," that the

measurement of "anatomical units"—or the measurement between "anatomical

points"— is of primary importance in craniology. Whether craniologists measure

the same thing or not is immensely important, the correlation between anatomical

units is also of great value as determining what combinations of simple units form

evolutionary factors. But very little service is done by insisting too largely on

anatomical unity in and for itself. Evolution depends largely on physiological

fitness, and organs of physiological importance are rarely compounded of either

single anatomical or of single Mendelian units.

If we now turn to the index correlations of (DS—SS)/DG—i.e. height of

maxillary portion of nose by its breadth—with SS/SC—i.e. height of nasal bones

portion by its breadth—our results are less uniform. Putting the male Gorillas on

one side for a moment there are only two of the correlations which can be said to

be significant, namely, possibky the male Chimpanzee and the female English, and

these are of opposite signs. The means for male races and for female races are

— 0(35 and + "Oil, and these would be of no service for prediction. With regard

to the Gorilla result, this arises principally from three males with the very high

simotic indices of 88, 106 and 103. It is conceivable that the material is not really

homogeneous ; the arithmetic has been carefully repeated without change in

values. If we take these indices to measure the cuneal or wedge-shaped properties

of the two portions of the nose, we should sa}^ that individually there is very little

relation between the ratio of height to breadth in the simotic and maxillary

portions of the nasal bridge ; the only exception to this rule being the male

Gorilla. On the other, hand the cuneal characters are positively and sensibly cor-

related (+"370 to + '393) interracially, an obtuso-cuneal nasal part being also

associated with an obtuso-cuneal maxillary part and an acuto-cuneal nasal part

with an acuto-cuneal maxillary part.

We have already discussed the maxillary nasal angle <j>, the complement of

which roughly measures the angle between the maxillary wall of the nose at the

bridge and the sagittal plane of the skull. We can introduce a similar angle

to measure roughly the angle between the nasal bone- and the simotic chord. We
may take (see Fig. (i), p. 420)

:

tan<£' = SS/QSG)
= 2 Simotic Index.

* Biometrika, Vol. n. p. 355. For the first introduction of the ideas of intraracial and interracial

correlation, see Biometrika, Vol. i. p. 460.
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It will be of interest to investigate whether the correlations of c/> and qS are

higher than those of the cuneal indices. The following table* (XXIII) gives the

TABLE XXIII. Simotic Nasal Angle
<f>'.

6 ?

(a onHas 4o o (jOTlltCtS /IT

English 45-5° English 43-0°

Hindoos 41 o 1 J nuloos qq n°oo w

Egyptians 41-6° Egyptians 36-5°

Veddahs 41-1° Veddahs 36-4°

Aiuos 40-9°

Nubians 34-3° Borneo 34°8°

Javanese 34-1° Javanese 33-2°

Malays 34-0°

Gaboon, 1864 31 -7° Philippines 30-1°

Philippines 31-3° Gaboon, 1H64 29-0°

Borneo 31-1° Congo 27-2°

Celebes 30-7°

Sumatra 30-3°

Gaboon, 1880 30-1° Nubians 25-2°

Moluccas 28-0°

Congo 27-1° Gaboon, 1*80 24-6°

Chimpanzees 23-2° Chimpanzees 20-3°

fSymp/ialangus 11-5° fSymphalangia 11-5°

t Hylobates 9-8° tHylobates 9-8°

Mean 32-3° Mean 29-8°

Tlte smaller
<fi'

the flatter the simotic portion of the nasal bridge, i.e. the greater the simosis.

TABLE XXIV A. Maxillary Nasal Angle
(f>.

Mean and Variability.

Male Female

Mean
Standard
Deviation

Coefficient of

Variation
Mean

Standard
Deviation

Coefficient of

Variation

Egyptians

\
Hylobates (J + $ )

English
Javanese ...

Gaboon, 1864
Congo
Gorillas ...

Chimpanzees

54-33 ± -57

53-06±l-50
50-63+ -55

46-06+ -91

45-94+ -53

44-13+ 53
36-12+ -96

35-96 + 1-80

5-97+ -40

8-90+1-06
5-74+ -39

8-43+ -64

5-34+ -37

5-52+ -37

6-56+ -68

9-61+1-27

10-99+ -75

16-78 + 2-06]

11-35+ -78

18-31 + 1-44

11-63+ -82

12-50+ -86

18-15 ±1-95
26-74 + 3-78

54-29± -53

49-15+ -48

49-19+ -64

43-30+ -71

39-92 + 1-10

34-39 + 1-82

5-56 ± -37

5-00± -34

5-62+ -45

5-27+ -50

7- 11 t -78

8-12 + 1-29

10-24 ± -70

10- 17 ± -69

11-43+ -93

12- 16 + 1-18

17 -82 ±2 -01

23 -60 ±3 -96

* These values of <p' are calculated from the mean racial simotic index. In Table XXIV b the

mean value of 0' as obtained from averaging the simotic angles of the individual members of the race

is given for a few races as well as the variabilities for these selected races. The agreement of the

directly and indirectly calculated means is quite reasonable.

t Both sexes together.
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interracial values of </>'. It, will be seen of course that the order must be the same

as that of the simotic index, but if we compare this table with Table XXI some

interesting points arise as we shall show in the next section. Tables XXIV A

and XXIV B give the means and variabilities of the maxillary and simotic angles

cf> and <§>'

.

TABLE XXIV b.

Simotic Nasal Angle Mean and Variability.

Male Female

Mean Standard
Deviation

Coefficient of

Variation
Mean

Standard
Deviation

Coefficient of

Variation

Egyptians
[Hylobates{$+^)
English
Javanese ...

Gaboon, 1864
Congo
Gorillas ...

Chimpanzees

41-25+ -45

9-75+ -84

44-70+ -63

33-23+ -88

31-15+ -72

26-62+ -73

46-48 + 1-52

22-77 + 1-37

4-70+ -32

4-97+ -59

6-58+ -44

8-15+ -62

7-34+ -51

7-6S+ -52

10-30 ±1-07
7 -31 ± -97

11-40+ -78

50-99 + 7-50]

14-73 ±1-01
24-54 + 1-98

23-56 + 1-73

28-86 + 2-10

22-K. + 2-42

32-10 + 4-66

35-97 ± -57

42-58+ -47

28-46+ -85

26-48 + 1-20

45 -63 ±1-74
20-00 ±1-73

6-02 ± -41

4-96± -33

7-42+ -60

8-91+ -85

11-23+1-23
7-70 + 1-22

16-73±1-16

ll-65± -80

26-08 + 2-24

33-63 + 3-55

24-61+2-85
38-51 + 6-97

It would appear from Tables XXE and XXII [ that ft has a greater interracial range and

from Tables XXIV A and B that it has a greater intraracial variability than cf>. What we need

for a good racial character is a great interracial range and a small intraracial variability. We
cannot therefore say that <£' is a better racial character than <j).

(11) General Classification of Nasal Bridges by
<f>

and
<f>'*.

We need some new terms. We propose to term races which have high values

or low values of both (j) and </>' hornoclinic, while those which have low values of

one and high of the other are heteroclinic. Among apes the Gorilla is markedly

heteroclinic, and Hylobates is the same, but in the opposite direction. The

Chimpanzee and Symphalangia are both hornoclinic and so are the English,

Egyptians, Hindoos and Veddahs.

Without regard to the exact numerical values and as merely descriptive terms

the following types of Gephyrosis will indicate the nature of the characterisation,

where it must be remembered that the reader has to fix his attention on the

* Professor G. D. Thane has kindly made the following suggestions for a tnore complete angle

nomenclature of the nasal bridge (see Fig. (i), p. 420) :

Lateral simotic angle =our simotic nasal angle </>'.

Mesial simotic angle =our 90° - </>'= angle between simotic chord and median plane.

Simotic angle (median) =our 180° - 2c/>' = internal angle between two simotic chords.

Lateral maxillary angle= our <j>= maxillary nasal angle.

Maxilli-simotic angle =our 180° - <p + <p' = internal angle between simotic and maxillary chords.

The most important point here is the maxilli-simotic- angle, the approach of which to 180°, i.e. the
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lower parts of the "bridge" from its " springings " at the dacrya to the strokes

marking the naso-maxillary sutures.

14 23 27 34 22

Hyperplatygephyreal Platygephyreal Mesogephyreal Leptogephyreal Hypoleptogephyreal
(approaching

Orthogephyreal)

Pig. (ii). Types of Gephy rosin.

Similarly we have for the part of the "bridge" from "haunch" to "haunch,"

i.e. the nasal bones, or part between the strokes marking the naso-maxillary

sutures, the following characterisation :

15 8 10 29 13

Hypersimotic Simotic Mesotic Stenotic Hypostenotic

Fig. (iii). Types of Simosis.

Fur classificatory purposes it may he useful to divide (j> into three classes:

when
(f>

is under 46°, the group shall be called platygephyreal, when cj> lies

between 46° and 51°, the group is mesogephyreal, and when is over 51°, the

equality of <p and </>', marks the "triangularity" of the bridge, or the unbroken character of the nasal

wall.

Maxilli-simotic angle 180° - <\> + cp'.

6 ?

Gorillas 193-5° Gorillas 188-7°

English 174-7° English 173-7°

Ainos 173-3°

Hindoos 169-8° Borneo 172-8°

Malays 169-3°

Chimpanzees 168-4° Hindoos 169-6°

Javanese 168-1° Javanese 168-4°

Veddahs 167-3° Congo 164-7°

Egyptians 167-3° Chimpanzees 162-5°

Borneo 166-7° Egyptians 162 2°

Philippines 166-7° Philippines 161-1°

Gaboon (1861) 166-0° Gaboon (18641 160-5°

Gaboon (1880) 164-9° Veddahs 160-3°

Celebes 163-8°

Congo 163-0° Nubians 157-0°

Nubians 163-0° Gaboon (1880) 154-3°

Moluccas 1610°
Sumatra 159-0°

Symphalangus 149-2° Sympha langus 149-2°

Hylobatcs 137 3° Hyloba tes 137-3°

Only the Gorillas have a re-entrant racial rrjaxilli-simotic angle, although such angles occur in individual

cases of other races. Of the races considered the English appear to have most nearly an unbroken

nasal wall. The racial order is not clearly marked as Negroes and Asiatics are much intermixed.
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TYPES OF THE NASAL BRIDGE.

12 1 bis 2 bis

Dog. Nasal Bridge. Dog. Muzzle Section.

1—2 bu= Hypersimotic Platygephyrosis.

3 4 5

Chimpanzee. Chimpanzee. Symphalangy.

6 7 8 9
Congo Negroes. Gaboon Negroes.

3—9 = Simotie Platygephyrosis.

13 14

Gorilla. Goiilla.

13—14 = Stenotic Platygephyrosis.

It has not always been possible to select a nasal bridge with the mean values of both 0 and <p', and the

typical form will hardly be realised even from two or three cases.
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TYPES OF THE NASAL BRIDGE.

15 16 17

Hylobates. Hylobates. Hylobates.

15 = Hypersimotic Mesogephyrosis. 16—17=Simotic Leptogephyrosis.

18

Orang-utan.

18 = Simotic Leptogephyrosis.

19 20

Natives of Moluccas.

19—20 = Simotic Mesogephyrosis.

21 22

Natives of Sumatra.

21—22 = Simotic Leptogephyrosis.

23 24

Aino. Aino (Variant).

23—24 = Mesotic Mesogephyrosis.

25 26

Nubian. Nubian (Variant).

25—26 = Mesotic Leptogephyrosis.

27

English.

29

Veddah.

31

Egyptian.

33

Hindoo.

28

English.

30

Veddah.

27—28 = Stenotic Mesogephyrosis.

32 34

Egyptian. Hindoo.

29—34 = Stenotic Leptogephyrosis.

It has not always been possible to select a nasal bridge with the mean values of both <j> and 0', and the

typical form will hardly be realised even from two or three cases.

Biometrika ix 55
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group is leptogephyreal. In the same way the simotic nasal angle (/>' may be

classed as simotic when under 32°, mesotic between 32° and 41°, and stenotic

when over 41°. These limits should all be reduced by about 2° in classifying

the female simotic nasal angle, which differs sexually by at least this amount

from the male. We have accordingly the following table, of which we give illus-

trations to indicate the type. The diagonal from simotic platygephyrosis to

TABLE XXV.

Value of Maxillary Nasal Angle (/>.

Over 51°

Simotic
Leptogephyrosis
e.g. Hylobates and
natives of Sumatra

Mesotic
Leptogephyrosis

e.g. Nubians

Stenotic

Leptogephyrosis
e.g. Egyptians and

Hindoos

stenotic plagygephyrosis marks the homoclinic groups. The simotic leptogephy-

rosis of the smaller gibbon and the stenotic platygephyrosis of the gorilla mark
the heteroclinic extremes, which weaken the interracial correlation of

<f>
and

Table XXVI qives the values of

With the exception of the Gorilla, which is as in the case of the cuneal indices

(p. 424) again anomalous, we see that there is intraracially a small negative corre-

lation between flatness of the maxillary and flatness of the nasal bones. But
interracially it is otherwise ; there is quite a moderate degree of positive correla-

tion and a flat nasal part of the bridge is found in the same races as a flat

maxillary part. This is another instance of the reversal of intraracial by inter-

racial correlation.

(12) Discussion of Projections of Nasal and Maxillary Portions of Nose on

the Base of the Nasal Bridge.

Having studied the relation of the subtenses, the indices and the angles, we now
rn to the chords. The niesodacryal chord is positively correlated with the simotic

chord for all races except male Chimpanzees and the mixed data for Hylobates, but

in both these cases the correlations are insignificant having regard to their probable

errors; see Table XXII, p. 422. Both interracially and intraracially a broad maxillary

-e-

•V

Ha
S3

<

CO

O
a
CO

CD

>

Under 46° 46° to 51°

Under
32°

Simotic
Platygephyrosis
e.g. Chimpanzees
and Negroes

Simotic
Mesogephyrosis
e.g. Natives of

Moluccas

32" to 41°
Mesotic

Platygephyrosis
e.g. Malays

Mesotic
Mesogephyrosis

e.g. Ainos

Over 41°
Stenotic

Platygephyrosis
e.g. Gorillas

Stenotic

Mesogephyrosis
e.g. English
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TABLE XXVI.

Correlation of Maxillary and Simotic Nasal Angles

cf) and
cfi'.

$ ?

Congo ...

Gaboon, 1864
Javanese
English
Egyptians

- -037 + -095

- -338 + -087

- -054 ± -108

- -169+ -093

+ '053 ± -095

-•127+ 133
- -095 ± -113

- -005 + -095

- -183 ± -092

Gorillas

Chimpa nzees

['ffylobates (<$ + ?) ...

+ -447+ -118

- -329+ -167

- -058 ± -168

- -217+ -117

- -247+ -211

- -058 ±168]

Intraracial Mean - -061 -•146

Interracial Value* + •353 ±-139 + -220 ± -178

portion of the nose would thus signify a broad simotic portion. But the whole

result is, as that for the subtenses, spurious and arises from the simotic portion

recurring in the mesodacryal chord. If we subtract the simotic chord from the

mesodacryal then the difference (DC — SG) is negatively correlated with the simotic

chord SC, and the correlation is fairly substantial both interracially and intraraci-

ally. In other words, whenever a race or an individual is found for which the

nasal bones have a big projection on the base of the nasal bridge, then the

maxillary bones have a small projection, and vice versa. Thus individually and

racially a principle of compensation appears at work. Now we have seen that

intraracially
<f>

is negatively correlated with cf)', or a steep maxillary portion is

associated in the individual with a flat nasal bone portion of the bridge. Thus
intraracially it is conceivable that even if the breadth of the nasal bone and the

breadth of tlie maxillary wall of the nose were positively correlated, the projections

might well be of opposite signs. But we cannot use this explanation to account

for the negative interracial correlation of the projections, for here the maxillary

and simotic nasal angles are positively correlated. In the case of intraracial

correlations not only are the projections ^SG and ^(DC — SG) negatively correlated

but also the subtenses SS and (DS — SS). Thus it is not improbable that in the

individual a small nasal bone is associated with a large maxillary wall of the

nose—a feature we may speak of as the Orang-utan character. But this does

not hold interracially, for the subtenses SS and (DS — SS) are positively correlated

(Table XXII) and substantially so for both sexes. It is of some interest to con-

sider whether interracially the nasal bone and the maxillary wall of the nose are

* Hylobutes excluded.

55—2
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positively correlated. In order to test this point a little more definitely, let us

suppose SB to be the breadth of a nasal bone and DB the breadth of the maxillary

wall at the bridge. Approximately :

SB = »J±(SCy- + (SSy- = (SS)fsin
<f>',

DB = Vi(2)C - SCf + (DS - SS)' = (DS- &S)/sin </>.

Table XXVII gives the values of SB and DB found for each race from the

means of that race for SC, SS, DC and DS. Of course the nasal bone and the

TABLE XXVII.

Calculated* Values of SB, the breadth of either nasal bone at the bridge

and DB, the breadth of the maxillary portion of the nasal wall at the

bridge.

llace

?

SB DB SB DB

Congo 5-44 9-83 5-37 9-21

Gaboon, 1864 5-48 9-82 5-53 9-53

Gaboon, 1880 4-59 10-54 5-12 9-71

Philippines 4-91 8-36 5-14 8-06

Moluccas ... 5-28 9-12

Borneo 4-51 9-33 4-54 8-09

Malays 4-69 9-40

Celebes 5-05 9-34

Sumatra 5-71 8-94

Javanese 5-33 9-23 511 7-64

Nubians 6-64 10-22 6-60 8-60

Ainos 5-80 8-96

Hindoos 5-67 8-73 4-91 8-32

English 6-56 9-56 6-10 8-77

Egyptians ... 6-97 9-49 6-67 8-39

Veddahs 5-98 9-29 5-19 9-17

Chimpanzees 4-52 6-41 4-24 5-91

Gorillas 4-41 9-97 3-81 9-61

Orang-utans [13-57] [11-02]

HyIabates
( ^ + $ )

2-70 4-27 2-70 4-27

Symphalangy^ (c? + ? ) ... 3-11 4-86 3-11 4-86

maxillary wall are often, as our contours (pp. 428—9) show, considerably curved,

but the chord of these arcs will indicate, at any rate approximately, what is the

nature of the interracial correlations. Omitting Hylobates and Symphalangia as

unsexed and the Orangs we find

:

Interracial correlation of nasal bone and maxillary wall

Males +-238, Females + -215.

* These values are really the hypotenuses or chords corresponding to the nasal and maxillary

portions of the bridge of the nose, and these portions are often curved.
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It appears therefore reasonable to assume that racially, where the nasal portion

is large, so also is the maxillary portion of the nose. Notwithstanding this and the

positive correlation of the simotic and maxillary nasal angles, as well as of the

subtenses, the projections of the nasal and maxillary portions on the base of the

nasal bridge are negatively correlated. The algebraic explanation of this paradox

is given below *, but it seems probable that its physiological explanation lies in the

relative constancy of the mesodacryal chord. If the reader will examine Table XIV
he will see that the variability of the simotic chord relative to its size is almost

twice that of the mesodacryal chord, and although some of this may be due to the

relatively greater difficulty of accurate measurement the bulk of it is not. The

following results will indicate the relative stability of the mesodacryal chord.

They are deduced from Tables VIII and XIII, males.

Mesodacryal
Chord'

Simotic

Chord

Interracial Mean 21-6 8-47

Mean racial s. d. 2-44 1-97

Interracial s. D. 1-37 1-20

Mean racial s. d.
100 x =—-

Interracial Mean
11-3 233

Interracial s. D.
100 x^—

Interracial Mean
6-34 14-13

Racial Rans;e
100 X . . -° —

Interracial Mean
235 58-9

Whichever method we take to measure the variation we see that the meso-

dacryal chord is far less variable than the simotic chord. The breadth of the base

of the nasal bridge is relatively constant. The nasal bridge has to span the nasal

base, and whether we deal with the problem from the interracial or intraracial

standpoint we realise that the nasal structure has to be considered as a whole, and

that its anatomical units are very far from being necessarily evolutionary units, or in

* The problem is algebraically of the following kind: given two right angled triangles ABC and

A'B'C with C and C" for right angles, then with the usual notation c2= a2 + b 2
, c'2 = a'2 + b"2 , is it

possible for c and c', a and a' and A and A' to be positively correlated together and yet b and b' to be

negatively correlated ? Clearly if the means be denoted in the usual manner, we have approximately :

bSb = c5e-a8a, b' 8b' = c' Sc' - a' 8a'

.

Hence multiplying together, summing for all possible pairs and dividing by their number, we have

bb' <rbH' r
bh' = CC' <r

c <V 'V + 55' aa<Ta' raa' ~ ck ' °caa' rca' ~ °V aa rc'a-

Hence if ?'
cc

< and raa , are positive as the hypothesis supposes, and at least one or both rca , and r
c

ia are

positive also, the negative term or terms on the right may exceed the positive and rbb > be negative. In

the case of the simotic and maxillary nasal triangles both rca - and r
c

,

a are positive, and the last pair of

terms on the right is wholly negative and in excess of the first pair. The above result depends of course

on c2 = a'2 + b'2 and c"2 = a'2 + b'2 being nearly true. These give c2= 84-83 against actual 84-64 and c"2 = 29-68

against 29-16. These are close enough to justify the use of the above formula, which on putting in the

actual numbers gave rw the correlation of the projections negative, as the direct investigation gave it.

Thus the origin of the negative value for the projections' correlation lies in the negative terms

involving the cross-correlations of nasal bone with maxillary height and simotic subtense with maxillary

wall, which are themselves positive.
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themselves primarily significant for interracial comparison or evolutionary history.

The intimate correlations of anatomical units renders them also very frequently

of small importance as hereditary characters, and a complex of anatomical units

may be much closer to an evolutionary unit,—that entity which as a whole is the

subject of selective action. For respiratory efficiency the mesodacryal arc may be

of far more importance than either of its components, the maxillary or nasal bone

portions. Thus we think it probable that the value of anatomical units in cranio-

metric measurements is liable to be overrated," and in view of their complex and

subtle intercorrelations their identification with independent " Mendelian units"

—

whatever the latter may signify—is unjustifiable.

In the series of cuts on pp. 428—9, we have endeavoured to give " type " contours

of the nasal bridge for various races on the basis of the classification adopted in

Table XXV. The reader is warned that in any race individuals may be found

with many of these types. Our "types" are those of individuals whose simotic and

maxillary nasal angles, and 0, are as near as we could get to the mean values of

those angles in the race. Not too much weight must of course be placed on the

classification of races thus reached, but the diagrams are not without suggestive-

ness. We have added the Dog with its negative simotic subtense, a condition

which is just readied in one or two Gibbons. In the case of the dog, however, the

dacryon to dacryon section seems to miss the physiognomic nasal bridge, and we

have given also a lower section termed on p. 428 the muzzle section. The short

strokes mark for each contour the limits of the nasal bone; the contours are in

each case from dacryon to dacryon, and were traced after orientating the skull so

that the two dacrya and the summit of the bridge were in one horizontal plane.

Obviously larger numbers of many more races would provide a more adequate

classification, especially if extended into the animal kingdom generally*.

* The Gibraltar skull is the only " ancient type " of man for which we have been able to obtain the

nasal bridge constants. They are :

Mesodacryal Subtense 8-6, Simotic Subtense 2-8

Chord 22-0? „ Chord 10-8

Arc 31-0?
These give

a =39-1, a' = U-4, /3= 40-9, S = 259, 0= 46°-O, 0' = 27°-5,

the nasal bridge is thus on the border of the simotic platygephyreal and simotic raesogephyreal groups.

The difficulty, however, of determining the dacrya in the absence of the sutures in the cast used is very

Gibraltar Skull.

considerable. The contour of the nasal bridge is shown above. It will be seen to be in no way
markedly differentiated. If we accept it as approximating to that of the original, that original would

have stood somewhere between the Negroes and the natives of the Moluccas for both the maxillary

and simotic nasal angles, i.e. at the Chimpanzee and Symphalangia end of the scales. But the

evidence is too fragile to lay any stress on tbis point.
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(13) Concluding Remarks. We arc aware how much of the present paper is

open to criticism on account of the limited number of the racial series dealt with

and the sparseness of the individual crania in those series. Notwithstanding we

hope that the reader may find suggestive paths leading off from these preliminary

researches. Wc believe that the time must come when in the larger Universities

there will exist established schools of craniometry with adequate anatomical,

physical and statistical training, and that such schools will carry on secular work

in collecting and measuring. We have indicated in this paper that the study of

the personal equation of craniometricians has hardly begun, but we look forward

to the day when it will be as customary for one of the workers in an established

craniometry laboratory to be adopted as a standard and his personal equation

relative to other workers at home and abroad discussed, as it is for one astro-

nomical observer to be tested against a second. The intercomparability of

measurements is largely taken on blind trust by craniologists to-day. Only when

relative personal equation has been studied will it be possible safely to pool the

measurements of small series made by different laboratories.

Again, anatomical and zoological museums and collections are singularly

defective at the present time. If it were desirable to make a thorough study of

the cranium of any animal other than man—say dog or horse—is there any collec-

tion which could place at the disposal of the inquirer a hundred crania of definite

sex, fairly uniform age and reasonable limits of race ? We sadly fear not, and yet

how much could be learnt of evolutionary descent by an exact study of a variety

of species based on even a hundred crania from each ! Take the plane of the

foramen magnum, determined say by a plane through basion and opisthion perpen-

dicular to the sagittal plane, and consider the angle this makes with the horizontal

plane of the skull, as determined, say, by the Frankfurt Concordat. This angle

—closely allied to Dauberton's angle—is of very great evolutionary importance, but

who can say—on the basis of really numerically adequate measurements* and other

than from mere impression gained on a few specimens—what its value is in the chief

mammals, in the anthropoid apes, in negroes and in the various other races of man?
Comparative craniometry is almost at its origins if we refer, not to descriptions of

" typical "f crania, but to the measurement of numerically adequate series. Not until

investigations, only roughly foreshadowed in such a paper as the present, have been

made on a far greater variety of species and on a wide range of cranial characters

—

and this will have to wait until adequate material accumulates in our museums

—

would any suggestion of evolutionary descent pass into comparative certainty.

When the reader realises that some 25 gorilla skulls of one sex, but of all ages

* We do not wish for a moment to underrate Broca's work in this field ; but besides his views as to

the horizontal planes, his series are often unsexed, and, especially for the chief mammals, wholly

inadequate numerically. Thus he uses two or three apes, dogs, cats, and so forth, where we need 50 to

100 of each breed and sex.

t How few anatomists realise that nobody knows what a " typical" cranium is until a long series of

the particular race has been measured ! We remember seeing in one museum a skull, labelled "typical

English," and this at a date when not 50 English crania from one district and period had been

measured.
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and all districts, are about all that the English worker has to rely upon at

present, and that it may be doubted whether he could find the same number of

dog skulls of known sex, of one breed and of fairly certain age, anywhere in

the country, he will, we hope, pardon one source of the inadequacy of the present

study.

In choosing the nasal bridge we had in view the importance of the nasal

organs as a factor of survival, and we believe we have at least indicated that with

caution the parts of the bridge can be measured and comparative results obtained.

The measurements lead directly, we think, to the suggestion of a racial scale and

throw light on the importance of dealing with groups of correlated characters

and not with isolated anatomical units. The classification we have suggested,

both in the limits of its categories and its terminology, is of course not put

forward as final, but we believe it will be helpful as a step to a good ultimate

classification and as enabling meanwhile the characters of the nasal bridge of any

other race to be associated with those treated in this paper. The needful measure-

ments are simotic chord and simotic subtense, and again mesodacryal chord and

subtense ; from the first two the simotic nasal angle can be readily found and

from all four the maxillary nasal angle. The two taken in conjunction will enable

the recorder to classify the nose by aid of Table XXV.

On the whole we consider that Merejkowsky broke fruitful ground, especially,

if the discussion of the nasal bridge be extended to the mesodacryal chord and

subtense, which appear of more evolutionary importance than his simotic chord

and subtense ; but there will undoubtedly have to be standardisation of individual

craniometricians in a far higher degree than even for the macrometric measure-

ments of the skull, if these micrometric measurements arc to be dealt with con-

fidently.

Addendum. Since this paper was written, it occurred to us that the Moriori

crania from Chatham Island in the Royal College of Surgeons might be worth

investigating from the standpoint of the nasal bridge—as they are undoubtedly

worth investigating from their general craniometric importance.

The nasal bridges, however, turned out to be of no markedly primitive type,

as the accompanying contours will indicate.

Moriori Nasal Contours.

They are mesotic mesogephyreal, and stand between Malay and Aino with :

$ ?

cf>
40-0° 490°

<j>' 40-6° 34-3°

48 crania were taken as male, 15 as female.
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There is a somewhat noteworthy difference between male and female, but a

still more remarkable feature of the results is that for the whole eleven characters

discussed the male is more variable and in some cases no less than twice as

variable as the female. Such exaggerated differences in variation in the sexesoo
are so unusual, especially in primitive races, that we believe that the noteworthy

cranial characters of this race, in which " maleness " seems almost a racial character,

may have led to a far too stringent selection of female crania. Thus on the

present sexing the female coefficient of variation of the mesodacryal subtense is

8'0, of the mesodacryal index ct, 8'0, and of the simotic index 14'4,—all values

much below any reached for females of the human races given in Table XIV.

We consider it better to postpone publication of the Moriori results, until a

fuller study has been made of all the craniological characters of the Royal College

series, which we hope may soon be undertaken.

Tables A—D give the measurements made for the apes only. The tape

measurements of the mesodacryal arc scarcely ever permitted of the determination

to tenths of a millimetre, and this makes the tenths in the mesodacryal chord of

small value, when we are determining the arcual index j3. In the tables doubt

as to a value is only expressed in the columns of the absolute measurements and

not repeated in the index columns deduced from these absolute measurements.

Of course the index values have no more weight than the data from which they

are deduced.

Note. The Editor is responsible for the terminology used in this paper. He
fully admits its barbarism. But no English form for the Greek adjective exists,

and when a distinguished classical scholar fails to find one, science must take the

matter into its own hands, and adjectives in -otic seem the only possibility.

Simotic has practically Greek sanction ; the pathologists have already adopted

stenotic ; thus the step to mesotic was not a very great one, and it is shorter

than mesomorphic or mesorhinal,—were indeed compounds in rhinal not already

allocated.

Biometrika ix 50
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TABLE A. Characters of the

Museum
Sex

Meso
dacryal

Chord

Meso-
dacryal

Arc

Meso-
dacryal

Subtense

Mesodacryal Indices

Simolic
onora

Simotic

SubtenseNumber
a a' a -- a P

1011. S 6 19-5 29 9-1 46-7
j

49-4 - 2-7 48-7 6-0 3-3

7. 1. 8. 2 6 21-6 30 9-9 45-8 43-1 + 2-7 38-9 5-8 43
7. 1. 8. 1 6 29-3 34 7-6 25-9 25-9 0 16-1 8-1 1-8

— 6 33-5 ? 41 ? 7 6 I 227 31-2 - 8-5 22-4 — —
1011. u 6 2P1 32 11-4 54-0 51-3 + 2-7 51-7 5-7 2-7

1011. c 6 16-2 23 7-5 46 '3 40 JL + 1 z 42'0 — —
Okwa ? 25-4 31-5 8-6 33-9 32-4 + 1-5 24-0 — —

7. 1. 8. 4 ? 19-1 29-2 9-2 48'2 OZ 1 o y 52 y 36 2-2

7. 1. 8. 5 O 22 '2 31 "7 43-2 45-6 2-4 42-8 3*3

7. 1. 8. 3 ? 25'6? 33? 9-0 35-2 36-1 9 28-9 4-7 3-8

7. 1. 8. 7 O 25 -o 32 9 -2 36-8 35-4 t 1-4 28-0 2"6

7. 1. 8. 6 ? 21-8 ? 30-6? 103 47-2 44-1 + 3d 40-4 4-0 ? 1-8?

64. 12.1.1 ? 17 -8 ! 28? 10-0 56-2 54-8 + 1-4 57 3 — —
ion. d ? 21-3 32-5 10-2 47-9 51-9 - 4-0 52-6 4-2 2-6—

% 21-5 ? 34 ? 10-1 ? 47-0 55-3 - 8-3 58-1 7-5? 5-7 ?

1011. b ? 16-2 23 7-5 46-3 45-1 + 1-2 42-0 3 0 2-0

22 6 16-8 27 1 11-0 65-5 56-9 + 8-6 60-7 4-1 36
20 6 18-7 23 5-3 28-3 31-6 - 3 3 23-0 — —

21 6 25-9 37 11-4 44-0 45-7 - 1-7 42-9 8-8 3 7

28 6
'

22-6 30 8-7 38-5 38-8 - 3 32-7 5-0 2-4

25 6 22-0 33 8-6 39-1 50-3 - 11-2 50-0 3-8 2-7

21. a 6 25-0 30 7-2 28-8 29-2 — •4 20-0 8-2 3-6

23 ? 23-8 ? 34? 10-5? 44-1 45-7 — 1-6 42 9 6-4 2-0

26 ? 24-2 31 8-3 34-2 35-5 - 1-3 28-1 6-0 2-6

27 ? 12-5? 19? 6-2? 49 '6 40 / + 3 y 52 '0 — —
24 ? 22-0 28 8-4 38-2 34-9 + 3 3 27-3 9-1 2-2

93 6 20-3 29 8-4 41-4 45-7 4-3 42-9 8-7 39
6 26 "5 32 33-6 29-9 37 20-8 O X

T 6 23-2 30 9-2 39-7 36-4 + 3-3 29-3 8-2 37
T ? 21 '7 32 10 -i 49-3 48-7 + 6 47-5 7-0 1-5?—

? 21-2 34 11-2 52-8 567 3-9 60-4 5-4 2-7

3 2 19-0 23 5-4 28-4 30-1 — 1-7 21-1 4-2 1-1

6. 124 ? 11-8 17 G-4 54-2 46-5 + 7 '7 44-1 5-6 3 3

h ? 19-5 31 11-6 59-5 55-8 + 3-7 59-0 5-6 35
43. 5 9 24-8 ? 30? 8-1 32 7 30-0 + 2-7 21-0 — —

" Gerrard" ? 21-7 26 7-6 35 "0 zy l + 5 9 19"8 — —
5 xii. 05 ? 28-0 ? 29 ? 10-2 36-4 3-6 — —

16 o
+ 16'2 ? 28 ? 9'9 61-1 64-1 _ 3 0 72-8 o.g 3 "2

2 5 17-6 ? 25? 7-6 43-2 45-2 _ 2-0 42-1

o 6 25-4 34 9-4 37-0 39-6 2-6 33-9 9-2 3-8

2 a
6 22-0 ? 30? 9-8 44-6 41-4 + 3-2 36-4 — —

1161. F ? 18-2 28 9-6 52-8 52-7 + •1 53-9 4-2 3-1

1161. A 6 24-7 36-5 12-9 52-2 48-9 + 3-3 47-8 3-2 3-4

423. 5 S 17-0 23 7-2 42-4 40-6 + 1-8 35-3 3-0 2-2

7 6 23-8 1 33? 10-0 42-0 42-9 _ •9 38-7 6-0 2-9
T
I > 8 oU U OO 0 8 o 28-3 3J-6 2-3 21-7 8"8 2 -9
8 6 20-9 32-5 11 '6 55-5 53-7 + 1-8 55-5 4-0 4-1

10 6 19-7 28 9-0 45-7 45-2 + "5 42-1 6-5 5-0
1 6 21-0 30 8-9 42-4 45-7 33 42-9 8-0 35
1 6 25-0 i 32-5 ? 8-9 35-6 36-9 1-3 30-0

2052 6 21-8 ? 28? 6'5 29-8 35-8 6-0 28-5 8-8 3-0
982 6 21-0 ? 27? 9-7 46-2 35-9 + 10-3 28-6

2051 ¥ 15-4 23 6-9 44-8 49-9 5-1 49-4 6-2 43
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Nasal Bridge in the Gorilla.

Simotic Locus Remarks
Index

55-0 Natural History Museum Sutures very vague
From Okuni district. Sutures clear74-1 ,, ... ...

22-2 From Okuni district. Sutures vague [specimen mounted in case

— Measurements uncertain owing to bad light and position of

Very large and heavy skull. Sutures not clear47-4
— Permanent teeth not quite erupted. Nasal bones too narrow to

— Nasal bones too narrow to measure [measure

47-4 From Okuni district. Sutures vague
From Okuni district. Sutures clear61-1

80-9 From Okuni district. Sutures vague
46-4 5? 55 From Okuni district. Sutures very vague
45-0 55 55

From Okuni district. Sutures vague
—

55 51 In the Du Chaillu collection. Sutures obliterated

61-9 55 55 ,, ... ... Sutures clear [specimen mounted in case

76-0 55 55 ,, ... ... Measurements uncertain owing to bad light and position of

66-7 J> » • • . • •

.

Young. Permanent teeth not quite erupted. Nasal bones

87-8 Royal College of Surgeons Sutures clear [very narrow
—

>> ,, Sutures clear. Split skull and therefore measurements un-

certain. Nasal bone abnormal on one side

42-1 j> 55 j>
Heavily made skull. Sutures clear. Nasal and maxillary

bones large, lacrymal bones very small

48-0 )> 35 ,, Young. Permanent teeth erupting
Split skull71-1 55 55 ,, ... ...

43-9 55 55 Sutures clear [sutures are vague
Difficult to measure as skull is attached to skeleton in case and31 3 55 ,,

43-3 )» 5? Sutures vague
—

55 55 » Adolescent. Split skull with badly fitting halves. Sutures
24-2 55 55 Perfect sutures [complex

44-8 University College, Zoology Department Young adult. Sutures clear

51-7 55 55 )> )) 55
Sutures rather vague

45-1 Professor Thane Sutures vague
21-4 )> >5 Sutures very vague
50-0 Professor Pearson, Biometric Laboratory Sutures vague
26-2 Cambridge Anthropological Laboratory Sutures clear

58-9 55 5? 55 55 55 Young adult. Sutures clear

62-5 55 55 55 55 55 Sutures clear
—

55 55 55 55 55 Sutures obliterated. Skull varnished
—

55 55 55 55 55 Sutures obliterated

—
55 ;» 55 55 55 Young. Third molar and canines not yet erupted. Nose

apparently damaged and deformed. Omitted from statistical

100-0 55 55 55 55 55 Sutures obliterated. A high, narrow nose [reductions

—
55 55 55 55 55 Sutures obliterated. Fourth molar appearing on right side

Sutures clear. Bicuspids out of place on right side41-3 35 5J 5 5 5 5 55—
55 55 Sutures very vague

73-8 Cambridge Zoological Laboratory Sutures clear [bones

106-3
5 5 5 5 5 5

Sutures clear. Very narrow nasal bones and large maxillary

73-3 DrV L. H. Duckworth Young. Third molars and canines erupting

48-3 55 55 55 Sutures obliterated

33 -0 55 55 55 Sutures clear but complex. Heavily developed skull

102-5
5J 5) 55 Sutures clear, but measurements rather uncertain on account

of ossicles in uaso-maxillary suture

76-9 55 55 Sutures obliterated. Much developed crest

43-8
55 55 Sutures clear. Heavily developed skull

Oxford Museum ... ... ... ... 1 Sutures obliterated. Cleft in sagittal ores

341 55 >>
Sutures obliterated

5? 55
Aged. Sutures obliterated

69-4
1) 55

Nearly adult. Sutures clear. Third molar nearly erupted

5G-2
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TABLE A. Characters of the

Museum
Number

Sex

Mi

ilnn viil

Chord

Meso-
1

°
1

Mcsodiicryftl Indices

^ll'iti'll'^L-

Mlllt'TlT''
tt a -a' 8

1011. S 19-5 29 9-1 46'7 49-4
1

- 2-7 48-7 60 3-3

7. 1. 8. 2 21-6 30 9-9 43-1 + 2-7 38'9 5-8 4*3

7. 1. S.*l 293 34 7-6 25-9 25-9 0 16-1 6-1 1-8

— 33-5 ? 41 '! 7-0 i
92-7 31-2 - 8-5 22-4 — —

1011. u 21-1
1

32 11-4 04-0 51-3 + 2-7 51-7 5-7 2-7

1011. c 13-2 23 7-5 46-3 451 + 1-2 42-0 — —
Okwa 25'4

1
315 8-6 33 9 32-4

1 + 1-5 24 '0 — —
7. 1. 8. 4 19-1 29-2 9-2 48-2 52-1

1

- 3-9 52-9 3-6 2-2

7. /. 8. 5
7. 1. 8. 8

9 22-2 317 9-6 432 45-6
1

- 2-4 42-8 5-4 3-3

9 2.V6 ? 33 !
36*1 - -9 28-9 3-8

7. 1. 8. 7 25-0 32 9-2 30 "8 35-4 + 1-4 28'0 56 2-6

9 21 "6 ?
44-1 4- 3-1 40-4 4'0 ? 1-8 ?

04. 12. 1. 1 9 17'8 1 28 i 100 56--> 54'8 t 1-4 57-3

1011. d § 213 32-5 10-2 4~-0 51-9 - 4-0 52-6 4-2 2-6

9 21-5! 34 1 101 ? 47 n 55*3 - 8-3 58-1 7-5? 5-7?

1011. b 9 16'2 23 7-5
4' 45-1 + 1-2 42-0 30 2-0

16-8 27! 110 6' ' 56-9 + 8-6 60-7 41 3-6

10 18-7 23 5-3 28 "3 31-6 - 3-3 23 "0 — —

;i
'

25? 37 11-4 44-0 45 "7 - 1'7 42-9 8-8 3-7

!S 22-6 30 6-7 38

-

r 38-8 •3 32-7 5-0 2-4

IS 22-0 33 8-6 391 50'3 - 11-2 50-0 3 8 2-7

SI. a
(5

250 30 7-2 •'8-8 29-2 — -4 20-0 8-2 3-6

IS 9 23-8 'I 34! 10-5! 44-1 45-7 - 1-6 42 9 6-4 2-0

:<; 9 24-2 31 8-3 34-2 35-5 — 1'3 28-1 60 2-6

j; 9 12-5? 19 1 6-2? 49-0 45-7 + 3-9 52-0 — —
u 9 22-0 2S 8-4 38-2 34-9 + 3-3 27-3 91 22
OS s 203 29 8-4 45'7 — 4-3 42 '9 8-7 3-9

— 6 26-5 32 8-9 Ti-r 29-9 + 3"7
?9 ?

6-0 31

£
fa-a

36'4
i

3
.pT 9 21-7 32 10-7 47-fi 7 0 1-5?

9 21-2 31 11-2 56 '7 3-9 ro-4 5-4 2-7

S 9 190 23 5-4 98-4

~l-t
30'1 1 -7 91 -1 4-2 1-1

6. 121, 9 11-8 17 6-4 4- 5-6 3-3

,{ 9 19-5 31 11-8 rT,.- 55 "8 + rtv-n 5-6 3-5

43. 5 9 24-8 ? 30! 8-1 32 -7 30-0 + 27 21 '0 — —
" Qemrtl" 9 21-7 26 7-6 35-0 29-1 + 5-9 19-8 —
5 sii. 05 9 28 0? 29! 10-2 311-4 — — 3-6 _ —

16 9 16-2 ! 28? 9-9 ' 64-1 3-n
„ _

3-2 3-2

9 7"6 ..7 o.n

ajl-Qs a 25-4 34 9'4 aq-fl
~

9-r 9-2 3-8

1" i 22 0? 30! 9-8 44-6 '41-4 + 3-2 36'4 —
mi. f 9 18-2 28 9-6 52-8 52-7

. + -1 539 4-2 3-1

1101. A a 24-7 30-5 12-9 52-2 48-9 + 3-3 47-8 32 3-4

42s. 5 17-0 23 7-2 42-4 40-6 + 1-8 35-3 3-0 2-2

23-8 1 33! 100 42-0 42'9 - -9 38-7 60 2-9

L s 300 36-5 8-5 28-3 3J6 - 2-3 21-7 8-8 2-9

S
<S

20-9 32-5 1] -6 55-5 53-7 + 1-8 55-5 4-0 4-1

10 i 19-7 28 9-0 45-7 45-2 + '5 42-1 6-5 5-0

<*
21-0 30 K-'.l 42-4 45-7 - 3-3 42-9 80 35

i 25-0 1 32-5 ? 89 35-6 36-9 - 1-3 30 0
2052 £ 21-8? 28! 6-5 29-8 35-8 - 6-0 28-5 8-8 30
981

2051
S 21 -0

!

27! 9-7 46-2 35-9 + 10-3 28-6

9 15'4 23 6-9 44-8 49-9 - 5-1 49-4 6-2
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Natural History ttuseum

Royal College of Surgeons

University College, Zoology Department

Professor Thuue

Professor Pearson, Biometrie Laboratory
Cambridge Anthropological Laboratory

Cambridge Zoulogicul Laboratory

Dr V. I. &. Duckworth "
.

Oxford Museum ...

amountedini
t anil positioi

Sutures vague
Sutures clear

Sutures vague
Sutures very vague
Sutures vague

too narrow to

D

Sutures very vague
From Okuni district. Sutur
From Okuni district. Sutures
Measurements uncertain owi

Very large and heavy skull.

Permanent teeth not quite eru

Nasal hones too narrow to mc
From < tkuni district.

From Okuni district.

From Okuni district.

From Okuni district.

From Okuni district.

In the Du Chaillu collection. Sutures obliterated

Sutures clear [specimen mounted in cjlsc

Measurements uncertain owing to bad light and position of

Young. Permanent teeth not quite erupted. Nasal bones
Sutures clear [very narrow
Sutures clear. Split skull and therefore measurements un-

certain. Nasal hone abnormal 011 one side

Heavily made skull. Sutures clear. Nasal and maxillary

bones large, lacryinal hones very small

Young. Permanent teeth erupting

Split skull

Sutures clear [sutures are vague

Difficult to measure as skull is attached to skeleton in case and

Sutures vague
Adolescent. Split skull with badly fitting halves. Sutures

Perfect sutures
Young adult. Sutures clear

Suturas rather vague
Sutures vague
Sutures very vague
Sutures vague
Sutures clear

Vouug adult. Sutures clear

Sutures clear

Sutures obliterated. Skull 1

Sutures obliterated

Young. Third molar and
apparently

[complex

niisheil

Sut

Sut
Suti

Su tiii-

not yet erupted. Nose

jed and deformed. Omitted from statistical

ted. A high, narrow nose [reductions

ted. Fourth molar appearing on right side

Bicuspids out of place on right side

[bones

Sutures clear. Very narrow nasal bones and largo maxillary

Young. Third molars and canines erupting

Sutures obliterated

.Sutures clear but complex. Heavily developed skull

Sutures clear, but measurements rather uncertain on account

of ossicles in naso-maxillai-y suture

Sutures obliterated. Much developed crest

Sutures clear. Heavily developed skull

Sutures obliterated. Cleft in sagittal cres

Sutures obliterated

Aged. Sutures obliterated

Nearly adult. Sutures clear. Third molar nearly erupted

60—2
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TABLE B. Characters of the

Meso- Meso- TITMeso-
Mesodacryal Indices

Museum
Sex

Simotie Simotie

Number Chord Subtense
Chord Arc Subtense

.

a a' a - a'

7 6 •20-0 27 7-1 35-5 40 -4 - 4-9 35-0 6-0 •8

10 6 14-8 16-8 3-8 25-7 23-5 + 2-2 13-5 8-6 2-5

11. A 6 15 -2 19 4 -8 31 -6 33-2 - 1-6 25 "0 5 -0 1 "3

11. 2 3 15-1 18-5 2-7 17-9 31-2 - 13-3 22-5 9-8 1-8

10. A 3 17-2 21 4-6 26-7 30-9 - 4-2 22-1

8 3 16-0 19 39 24-4 28-3 - 39 18-8 8-2 2-1

9 3 19-9 23 5-5 27-6 25-5 + 2-1 15-6 7
-

7 •6

IS 3 21-1 27 5-5 26-1 35-4 - 93 28-0 10-0 1-0

s 3 19-0 24 5-5 29-0 34-2 - 5-2 26-3 8-0 1-8

1 3 19-2 ? 22? 4-9? 25-5 24-6 + -9 14-6

2 9 19-0 ? 20-2 ? 4-0 21-1 15-7 -+- 5
-4 63

11 9 23-0 25 5-4 23-5 18-6 + 4-9 8-7 8-7 2-4

11. 1 9 19-0 22 ? 5-0 26-3 25-6 + "7 15-8 9-0 1-6

11. B 9 12-0 15 3-8 31-7 33-2 - 1-5 25-0 7-0 1-0

4 9 17-0 19-5 2-7 15-9 24-7 - 8-8 14-7 8-7 •6

94 13 22-3 26 5-2 23 3 26-4 - 3-1 16-6 —
7. 7. 8. 19 3 25-0 ? 31 6-8 27-2 32-4 - 5-2 24-0 —
94. 7. 25. 2 3 21-0 23-7 6-4 30-5 23-0 + 7-5 12-9 8-0 3 0

64. 12. 1. 7 ?$ 19-0 22 5-4 28-4 25-6 + 2-8 15-8 9-0 9
87. 12. 1. 1 3 14-1 17 4-8 34-0 29-7 + 4-3 20-6 7-4 1-5

2. fe 20-0 27 7-6 38-0 40-4 - 2-4 35-0 8-2 1-7

82. 9. 18. 1 13 22-0 25 ? 3-7 ? 16-8 23-6 - 6-8 13-6

64. 12. 1. 6 ''6 18-2 22 6-3? 34-6 30-0 + 4-6 20-9 8-4 2-0

Koo Loo 2.

1

20-5 26-5 1 7-8 38-1 36-4 + 1-7 29-3

Talbot 33 18-2 24 ? 6-1 33-5 38 2 - 4-7 31-9

90. 6. 8. 1 3 19-2 ? 24-2 ? 6-5 33-9 33 9 0 26-0

65/11 (b) ?<J 16-0 18 37 23-1 22-6 + '5 12-5

05/11 (a) ?? 22-0 28-5 6-2 28-2 36-5 - 83 29-5

1. 8. 9. 84 9 15-2 21 6-0 39-5 42-6 - 31 38-2

7. 1. 8. 8 ? 9 18-0 21-5 5-4 30-0 28-7 + 13 19-4

1. 8. 9. 10 3 21-0 25 5-9 28-1 28-5 — '4 19-1

94. 7. 25. 3 ?? 20-0 25-5 7 3 36-5 35-1 + 1-4 27-5 7-0 2-0

95. 4- 11 ? 21-0 26 7 3 34-8 32-3 + 2-5 23 -8

2. a 3 19-8 24 6-2 31 -3 30-2 + l'l 21-2

83 9 11-0 13 2-4 21-8 27-7 - 5-9 18-2 8-2 1-8

90. 6. 8. 2 9 14-3 18 4-5 ? 31-5 33-9 - 2-4 25-9 7-0 1-9

01. 7. 29. 12 3 23-2 28 4-9 21-1 29-8 - 8-7 20-7

83. 7. 28. 18 9 18-8 25-5 ? 5-8 30-9 40 8 - 9-9 35-6

87. 12.1.2 3 19-0 24-5 7-3 38-4 36-1 + 2-3 28-9

A 9 19-0 23 5-3 27-9 30-1 — 2 -2 21-1 8-0 1-0

B ?<? 16-2 20 5-3 32-7 32 '0 + -7 23-5 12-8 3-0

0 ?? 21-0 ? 24? 5-3 25-2 24-3 + "9 14-3 — —
D c?

8-8 13 3-5 39-8 48-8 - 9-0 47-7

K 20-0 '). 25 ? 6-0 30-0 33-2 - 3-2 25-0

5 9 13-2 19 5-1 38-6 46-4 - 7-8 43-9

E tJ
19-6 ? 23-5 ? 6-3? 32-1 29 '2 + 2-9 19-9

1163 ?<? 22-8 ? 28-5 ? 7-0? 30-7 33 2 - 2-5 25-0

1 19-5 21 3-9 20-0 17-4 + 2-6 7-7

13-0 18 4-6 35-4 42-8 - 7-4 38-5

1 15-0 18 3-6 24-0 29-2 - 5-2 20-0

2049h
9 14-8 17-4 4-7 31-8 27-2 + 4-6 17-6

979 19-1 ? 21-5 ? 5-2 ? 27-2 22-7 + 4-5 12-6
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13 3
29-1

26-0

18-4

25-6

7-8

10-0

22-5

2V6
17-8

143
69

37-5

10-0

20-3

20-7

23-8

28-6

22-0

27-1

12-5

23-4

Royal College of Surgeons

Un
Nat

'ersity College, Zoology
iral History Museum

Dep irtme

bridge Anthropological Laboratory

X'ambridge Zoological Laboratory
Dr Duckworth ...

Oxford Museum ...

Adolescent. Sutures clear

Sutures clear. A wide nose with abnormal nasal bones
Nearly adult. Sutures clear. Nasal bones narrow
Two sutures clear but the third suture quite obliterated

Sutures obliterated

Sutures very vague
Sutures very vague. Split skull

Sutures fairly clear

Sutures very vague
Sutures quite obliterated. Measurements uncertain owing to

the position of the skull, which is attached to the skeleton

in an exhibition case

Sutures obliterated. Measurements uncertain owing to the

position of the skull, which is attached to the skeleton

Aged [in an exhibition case

Sutures very vague
Young adult. Sutures clear

Two of the sutures clear

Sutures clear

Sutures obliterated. A large skull with very broad nose

Sutures clear

Sutures clear

Young. Three molars erupting. Sutures clear

Sutures fairly clear

Sutures obliterated

Sutures obliterated

Sutures obliterated

Sutures rather vague
Sutures obliterated

Young. Third molar erupted
Sutures obliterated

Aged. Sutures obliterated

Aged. Sutures obliterated

Aged. Sutures obliterated

Aged. Sutures rather vague
Sutures obliterated

Sutures vague
Sutures clear

Sutures vague
Sutures obliterated

Sutures obliterated

Sutures obliterated

Young. Third molar erupting.

Young. Third molar erupting.

Sutures obliterated

Young. Third molar erupting.

from statistical reductions owing to incomplete develop-
Aged. Sutures obliterated [merit

Young adult. Sutures clear

Sutures obliterated

Sutures obliterated

Sutures clear

Young. Third molar and canines erupting
Fronto-maxillary suture obliterated

Sutures clear

Sutures obliterated

Sutures clear

Very broad nasal bones and
[narrow maxillary

Sutures obliterated. Omitted
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TABLE B. Characters of the

-

Museum
Number

Ses
Meso-
dacrjal

Chord

Meso-
lacrvnl

Are E

Meso-
dacrval -

ubtense

Mesodacryal Indices
Sin-otic

Chord
Simotic
-tubtense

a
1

, 6 20-0 27

-

7-1 35-5 40'4 6-0 8

in $ 14-8 16-8 3-8 25-7 23-5 + 2-2 13-5 8-6 2-5

11. A i 15-2 19 4-8 31-6 33-2 - 1-6 25 0 5-0 1-3

15*1 18-5 2-7 17-9 31-2 -13-3 22-5 9-8 1-8

10. A
O
6 17-2 21 4-6 26-7 30 9 - 4-2 22-1 —

2
s 6 100 19 3-9 24-4 28-3 _ 3-9 18-8 2*1

9 6 19-9 23 5 '5 27-6 25-5 + 2-1 15G 7-7 6

IS i 21 'l 27 5"5 26-1 35-4 - 9-3 28-0 10-0 10

i 19-0 24 5 -5 29-0 34-2 - 5-2 2G-3 8-0 1-8

1 s 19-2 ) 22 ? 4'9 1 24-6 + -9 140

2 9 190 ? 20-2? 4 0 211 15-7 + 5-4 6-3

11 ? 23 '0 25 5'4 23-5 18-6 + 4-9 8-7 8-7 2-4

11. 1 9 190 22 } .vo 20-3 25-6 + -7 15-8 9 0 1'6

11. B 9 120 15 3*8 31-7 33-2 - 1-5 25-0 7'0 10

i 9 17-0 19-5 2-7 15-9 24-7 - 8-8 14-7 8-7

91l It 22-3 26 5-2 23-3 2G-4 - 31 1GG _
7. 1. S. 10 6 25-0? 31 6-8 27-2 32-4 - 5-2 24-0

01 7. 25. 2 £ 21 0 23*7 6-4 30-5 23-0 12!) 8*0 3-0

64. 12. 1. 7 ?s 19-0 22 5-4 28-4 25-6 + 2-8 15-8 9-0 •9

87. 12. 1. 1 S 14-1 17 4-8 34-0 29-7 + 4-3 20 'G

2. e 16 20-0 27 7-6 38-0 40-4 - 2-4 35 0 1*7

82. 0. IS. 1 13 22'0 25? 3'7 1 16-8 23-6 - 6-8 13 0

til 12. 1. 0 IS 18-2 22 6-3? 34-6 300 + 4-6 20-9 2"0

Koo Loo 2.

1

211-5 26-5 1 7-8 38 1 36-4 + 1-7 29-3

Talbot SS li'3 18-2 24 ? 6-1 33-5 38-2 - 4-7 31-9

90. G. S. 1 19-2 ? 24-2 ? 6-5 33-9 33-9 0 26-0

05/11 (b) 16 160 18 3-7 23-1 22-6 + "5 12-5

05/11 (a) »9 22-0 28-5 6-2 28-2 36-5 - 8-3 29-5

1. S. 0. SI, 9 IS -2 21 6-0 39-6 42 6 - 31 38-2

7. 1. 8. 8 '<9 18-0 215 0-4 30-0 28-7 + 13 19-4

1. 8. 9. 10 6 21-0 25 5-9 281 28-5 - -4 19-1

9J,. 7. 25. S ?9 200 25-5 7-3 36-5 35-1 + 1-4 27-5 '

95. 4. 11 9 21-0 2G 7-3 34-8 32-3 + 2-5 23-8

£ 19-8 24 6-2 31 -3 30-2 + 1-1 21-2 _
~8S 9 11-0 13 2-4' 21-8 27-7 - 5-9 18-2 8-2 1-8

00. 0. S. 2 9 14-3 18 4-5? 31-5 33-9 - 2-4 25-9 '
'0 1 9

01. 7. 29. 12 6 23-2 28 4-9 21-1 29-8 - 8-7 20-7

83. 7. 28. 18 9 18-8 25-5 ? 5-8 408 - 9-9 35-6

87. 12. 1. 2 S 19-0 24-5 7*3 38-4 36 "1 + 2-3 28-9

A 9 19'0 23 5-3 27-9 30-1 - 2-2 211 jTn DO

B '(? 162 20 5-3 32-7 32-0 + -7 23-5 11 Q n

C!

1)

•I? 21-0 ? 241 5-3 14'3 —
6 8'8 13 3'5 39-8 48-8 - 9-0 47-7

K 6 20-0 ( 251 60 30-0 33-2 - 3-2 25-0

5 9 13-2 19 5-1 38 G 46-4 - 7-8 43-9

E
1103

S 19-G 1 23-5 ! 6-3? 32-1 29-2 -1- 2-9 19-9

16 22-8 ? 28-0 1. 7-0! 30-7 33-2 - 2-5 25-0

1 S 19-5 21 3-9 20-0 17-4 4- 2-6 7-7

16 13-0 18 4-6 35-4 42-8 - 7-4 38-S

1

t04&>
16 ISO 18 3-6 24-0 29-2 - 5-2 20 0

9 14-8 17-4 4-7 31-8 27-2 + 4-G 17 G
'.17:1 £ 19-1 i 21-5 1 5-2? 27-2 22-7 4- 4-5 12-6
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S 1 1 1

1

1 • 1
1 c

Index
Locus Remarks

13-3 Ro^al College of Surgeons

„ „ ,,

Adolescent. Sutures clear

291 Sutures clear. A wide nose with abnormal nasal hones
26*0 Nearly adult. Sutures clear. Nasal boDes narrow
184 1. 11 H Two sutures clear but the third suture quite obliterated

— » 1. 11 Sutures obliterated

25 G 11 » 11 Sutures very vague
7'8

11 " " Sutures very vague. Split skull

10*0

22*5
,, ,,

11 1' !»

Sutures fairly clear

Sutures very vague
— Sutures quite obliterated. Measurements uncertain owing to

the position of the skull, which is attached to the skeleton

in an exhibition case— X 11 " Sutures obliterated. Measurements uncertain owing to the

position of the skull, which is attached to the skeleton

27 "6
,, ,, „ Aged [in an exhibition case

IT'S 1. 11 11 Sutures very vague
14 '3 11 11 11 Young adult. Sutures clear

8*9
11 11 11 ---- Two of the sutures clear

— University College, Zoology Department Sutures clear
— Natural History Museum

11 11 »

Sutures obliterated. A large skull with very broad nose

37*5 Sutures clear

lO'O 11 11 11 Sutures clear
20-3

it .1 11 Young. Three molars erupting. Sutures clear

20-7
tt 11 11 Sutures fairly clear—
it 11 11 Sutures obliterated

23*8
1. 11 11 Sutures obliterated—
» n ti Sutures obliterated—
,, ,, ,, Sutures rather vague—
•1 i> Sutures obliterated—
n n ti ...... Young. Third molar erupted—
11 it 11 Sutures obliterated—
it „ „ Aged. Sutures obliterated—
" " " Aged. Sutures obliterated

Aged. Sutures obliterated
28*6 Aged. Sutures rather vague—

ti 11 i, Sutures obliterated—
11 11 1, Sutures vague

22 "0
i> »> 11 Sutures clear

27 '1
11 » 11 Sutures vague

»! 1. 1) Sutures obliterated— Sutures obliterated

Sutures obliterated
I2-.-J Cambridge Anthropological Laboratory

11 11 11 ji 11

Young. Third molar erupting. Sutures clear
23*4 Young. Third molar erupting. Very broad nasal bones and—

11 >i ti •• 11 Sutures obliterated [narrow maxillary

Young. Third molar erupting. Sutures obliterated. Omitted

from statistical reductions owing to incomplete develop-

Aged. Sutures obliterated [ment

Young adult. Sutures clear

Cambridge Zoological Laboratory
Sutures obliterated

Dr Duckworth
Young. Third molar and canines erupting

Oxford Museum ... Fronto-maxillary suture obliterated

Sutures clear

Sutures obliterated

1
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TABLE C. Characters of the

1VJ. HOC U1II

N umber Sex
Meso-
dacryal

Chord

Meso-
dacryal

Arc

Meso-
dacryal

Subtense

Mesodacryal Indices

a a' a - a' P

39
<J

18-0 ? 36 11-8? 65-6 79-6 -14-0 100-0

jl
<J

16'8 59 ? 12-6 75-0 160-1 -85-1 251-2

o'i
<J

15-2 34-2 10-7 70-4 93-4 -23-0 125-0

38 6 13 -8 37 ? 12-9? 93-5 116-6 -23-1 168-1

38. A 6 17-5 35 8'6 49-1 79-6 -30-5 100-0

45 6 11 '8 33? 11-4 96-6 122-7 -26-1 179-7

42 6 16 -8 38 ? 11 -o 65-5 94-1 -28-6 126-2

4<J. A ? 10-0 25-3 7
-

7 77-0 108-5 -31-5 153 0
40. B ? 13-4 35 -5 9-1

.
67 -9 114-9 — 47 -0 164-9

40. E ? 11 '6 23 6-8 58-6 78-7 -20-1 98-3

44 ? 13-8 27'3 9-2 66-7 78-4 -11-7 97-8

44. A 9 12-7 27 9-7 76-4 86-6 - 10-2 112-6

46 ? 12-0 28-2 93 77-5 98-9 -21-4 135-0

6 16 -6 29 8-5 51-2 65-2 - 14-0 74-7

59. 8. 10. 2 6 iro 33 12-7 115-5 133-4 -17-9 200-0

1101 6 ]2'0 38 14-7 122-5 142-2 - 19-7 216-7

92. 11. 5. 14 6 18-8 31 9-7 51-6 59-4 - 7-8 64-9

55 6 17 -

1 26 7*7 45-0 51-6 - 6-6 52-1

1087 ? 1 ] -4 31 10-9 95-6 118-6 -23-0 171-9

1179. a 6 10 -2 29 10-5 102-9 125-2 -22-3 184-3

3. b 6 13-8 31 ? 10-0 72-5 93-2 -20-7 124-6
—

?<? 14'0 35 ? 14-5 103-6 106-9 - 33 150-0

3. i 15*2 30 -

5 11-2 73 7 80-0 - 6-3 100-7

92. 11. 5. 4 17-0 35 11-6 68-2 82-9 - 14-7 105-9

3. b2
?(?

14-0 33 12-4 88-6 99-3 - 10-7 135-7

3. m ? 13 4 24 10-5 78-4 67-8 + 10-6 79-1

32
c?

17-7 40 13-1 74-0 94-0 -20-0 126-0

79. 11. 21. 24 ? 130 ? 33'5? in 85-4 111-1 -25-7 157-7

52. 12. 26 6 16 -0 ? 35 ? 9-6 60-0 90-0 -30-0 118-8

8. 7. 17. 1 6 14-8 26 9 5 64-2 65-8 - 16 75-7

98. 2. 28. 11 6 15 -0 32 10-7 71-3 87-0 -15-7 113-3

3- j S 19-7 34 10-6 53-8 64-0 - 10-2 72-6

3. a 6 18-0 37 13-4 74-4 82-8 - 8-4 105-6

3. d 6 15-6 \ 39 119 76-3 106-9 - 30-6 150-0

3. q
2

6 12-4 25 9-4 75-8 80-5 - 4-7 101-6

3. c'
2

6 13 -8 32? 10-9 79-0 97-2 - 18-2 131-9

9£. 11. 5. 5 6 20-8 37 iro 52-9 67-1 - 14-2 77-9

68. 16. 42 6 160 28-5 ? 10-2 63-8 67-2 - 3-4 78-1 .

92. 11. 5. 3 6 20-8 32 8-4 40-4 52-7 -12-3 53-9

85. 20. 7. 1 6 16-0 29? 9-0 56-3 69-0 -12-7 81 -3

85. 2. a 7. 2 ? 10-8 25 9-5 88-0 97-0 - 9-0 131-5

4 6 14-7 34? 11-8 80-3 96-9 - 16-6 131-3

3 ?<? 16'0 34 12-4 77-5 86-6 - 9-1 112-5

2 M 13 0 32'5 ? 11-4 87-7 106'9 -19-2 150-0

1
c?

15-7 ? 33 ? 12-2 77-7 85-3 - 7-6 110-2

5 ?2 10 '5 ? 26 ? 97 92-4 105-6 - 13-2 147-6

1160. A <3
15-0? 26? 7-1 47-3 64-4 -17-1 73-3

1160. G (J
13-0 32 11-7 90-0 104-9 - 14-9 146-2

1160. D 6 12-5 33 11 -7 93-6 114-4 -20-8 164-0

1163. G ? 12-0 26 8-4 70-0 88-9 -18-9 116-7

1136 ?? 9-8 34 12-0 122-4 157-9 -35-5 246-9

D. 1
«J

15-0 28 9 3 62-0 72-1 -10-1 86-7

D. 2 15-0 32 ? 10-0 66-7 87-0 -20-3 113 3
*
0 OA 70-1 89-4 - 19-3 117-7

A 6 17-5 43 157 89-7 104-6 -14-9 145-7

i a
? 11-0 27 8-4 76-4 104-5 -28-1 145-5

? 9-0 28? 10-1 112-2 1392 -27-0 211-1

6 14-7 41? 15-3 104-1 122-3 - 18-2 178-9

1 6 15-7 35-5 11 '9 75-8 94-0 - 18-2 126-1
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Royal College of Surgeons

University College, Zoology Department
Natural History Museum ...

Cambridge Anthropological Laboratory

Cambridge Zoological Laboratory

Dr Duckworth

Oxford Museum

Remarks

Split skull with ill-fitting halves

Sutures very vague
Sutures clear

Sutures clear

Sutures clear

Sutures clear

Sutures clear

Sutures vague. Teeth misplaced
Sutures clear

Young. Sutures clear. Third molars erupting
Adult, but one third molar never erupted. Sutures clear

Sutures clear

Sutures clear

Lacrymo-maxillary suture not very clear

Sutures clear [side

No nasal bones. Maxillary bones meeting with ossicle on right

Sutures fairly clear. Unusually broad nose for an orang
Very aged. A large skull with broad nose and much deve-

loped crests. Sutures vague
Fragment only. Sutures clear

In the Whale Room

In the Whale Room
Sutures clear

Sutures clear

Aged. Sutures rather vague
Lacrymo-maxillary suture obliterated

Lacrymo-maxillary suture obliterated

Sutures clear. No nasal bones
Aged. Sutures clear [much developed crest

Aged. Sutures clear. Very long "spindle" nasal bone and
A large skull with rather vague sutures

Lacrymo-maxillary suture obliterated

Sutures clear

Sutures clear

Sutures clear. Nasal bones very narrow
Lacrymo-maxillary suture obliterated

Sutures clear. Very wide nose [bones extremely narrow
Broken orbits and therefore measurements uncertain. Nasal
Sutures clear. Very large skull

Sutures clear

Young adult. Sutures clear

Young adult. Sutures clear

Sutures clear

Young adult. Sutures clear

Lacrymo-maxillary suture absent, other sutures clear

Young. Third molar and canine erupting. Split skull and
therefore uncertain measurements. Believed to be hirge

species. Omitted from statistical reductions

Right lacrymo-maxillary suture obliterated, left placed high on
Sutures clear [side of nose
Young adult. Four upper molars on both sides and four lower

Sutures clear [molars on left side

Young. Third molar and canines erupting. Believed to lie

large species. Omitted from statistical reductions

Sutures clear

Sutures clear

Sutures clear

No nasal bones. Maxillary bones much developed
Sutures clear [incisors and canines
Young adult. Bicuspids on each side misplaced behind lateral

Young adult. Sutures clear

Sutures clear. 'Ossicle at dacryon on left side
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TABLE C. diameters of the

Museum
Nulu ber

1

Sex

1

Meso-
j

d nerval

Ciiord

I

Meso-
ducryal 1

Arc

Meso-
d&cryal

SobteoBe

MesoJacryal Indices

a - a' 8

S9
11 -R? 65-6 79'6

or !,

rnn-n

3
3 16 -8 1 59 1 75 0 160 -

l "
no -11jl

3 15"2 34 2 1

70-4 93-4

88 3 13 -8 37 f
93-5 1166 ~"«

-

ifirt-l

88. A 3 17 '5
[

491 79 "6

~*5tt-l

100 '0

¥' S 11 '8 33 f
ii.i 96 "C 122 -

7 ~
oH-r

17Q-7

-}•' & 16*8 38 f
1 1 n 65-5 94 '1

_
31

19ft-9

40. A ? or.?
77-0 108 '5 1530

40. B 9 67 9 1149 -47-0 164-9

40. E
44

9
i <ll'o

**

r-ft 58 6 787 -201 98 3

? l 3 "8 o" 3 y.9 66*7 78"4 _
IfW

44. A s 12-7 27 9-7 764 86 "6 "
-J

1 -A

46 ? 12-0 28-2 93 77-5 98-9 ~
T 1

.?>

.„.,..

.-

— 3 51 *2 65-2 ~
1--Q

59. S. 10. X 3
1

1" n « 19-7 115-5 133'4 _
1U--

9nn-n

1101 3 12 0
rtJi

122-j 142*9 "
7-8

QTfi-7
"

pj-q
92. 11. 5. 14 3

01 51*6 59 '4 ~
n.^

55 3
1-117"1 OA 7-7 45-0 51 '6 - 6'b UZ*1

1087 9
ln-ci 95-6 118-6 -2.10 [

1179. a 3
1 ' T10-2 DO 10*5 102 9 125-2

8. b 5 13 -8 01

J;
72-5 93-2 ~

<! L 1 tii -n— IS 14"0 r 7 103-6 106-9

8. 1 3 15*2 on.- ii"o 73'7 80 '0
_

1J-7

inn -7

92. 11. 5. 4 1 / "0 OK 68-2 82*9 inR-Q

J-i'r.-
3. b- A ii.i 88'6 99 -3 ~

1

8. m ?
01 in-r 78-4 67 "8 4-10'H "U-l

82 3
1-^7 jn 1*1*1 74 0 94 0 - 20 '0 M -n

!

79. 11. 21. 24 9
00. K 7 11-1 85-4 111*1 - 25 -

7
liH a

52. 12. 20 3
liti(> 0. or 1 •r 60-0 90-0 - 30 '0

8. 7. 17. 1 3
at; n V 64-2 65'8 _

1
r 7 ii?*a

98. 2. 28. 11 3
irn in-7 713 87 -0 - 15*7

-*! ^

3-i 3
J**

'

53-8 64-0 - 10*2

S. a 3
in"n

~**[* 74-4 82-8 - 8'4

3. d 3
1-lu 0 (

*0
' 1 J 76 3 106-9 - 30 '6 150 '0

S. q* 3
n- 75-8 80-5 - 4'7

* c- 3 13 0 W7 in-u 79-0 97 2 131 9

92. U.S. 5 3 20 8
0-

11 "0 52-9 671 -14 2 77-9

08. 10. 42 3
OO r V 03-8 67 2 - 3 '4 78'1

92. 11. 5. 8 3 iO 6 3} 8*4 40 4 52-7 - 12-3 53-9

85. 20. 7. 1 3 16 0 29? 9 0 56-3 69'0 ' -12-7 81 -3

85. 2. a 7. 2 9
88-0 97'0 — 9-0 1 3 1 "5

* 3 14-7 34? 11-8 80-3 96 9 - 16*6 131 -3

13 lJi'O ^* 124 77-5 86-6 - 9 -

l 112'5

°
><? 13 0 32 "5 / 11 '4 1O0-9 -19-2 150 0

1 3 1 15 -

7 f 33 (

111
77-7 85-3 - 7-6 110-2

1

5 '? .10-5? 26 92-4 105-6 - 13-2 147*6

1160. A t
r 47-3 64-4 — 171

3
11-7 90-0 104-9 -149 146'2

liou. D 3 11 '7 93-6 114-4 - 20-8 164-0

9 70-0 88-9 -18-9 116-7

1130 19 9'8 34 12-0 122-4 157-9 -35-5 246-9

D. 1 3 28 9 3 62-0 72-1 -10-1 86-7

D. S 3 15-0 32? 10-0 66-7 87 0 -20-3 1133

3 14-7 f 32 10 3 70-1 89-4 -19-3 1177

A 3 17*3 43 15-7 89-7 104 6 -14-9 145-7

i» 9 n-o 27 8-4 76-4 104-5 -28-1 145-5

2048* * 9-0 28? 10-1 112-2 139-2 -27*0 211-1

204s 14-7 41? 15*3 104-1 122-3 -18-2 178-9

1 3 15*7 35-5 11-9 75-8 94 0 - 18-2 J261
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Nasal Bridge in the Orang-utan.

Royal College of Surgeons Split skiUl with ill-fitting halves
Sutures very vague
Sutures clear

Sutures clear

Suture
Suture
Suture
Suture

Y..inm!

At lull
,

Teeth misplaced

Sutures clear. Thin! molars erupting
ait one third molar never erupted. Sutures clear

University College, Zoology Department
Natural History Museum

Cambridge Authropological Laboratory

Cambridge Zoological Laboratory

L)r Duckworth

Sutures clear

Laerynio-maxillary suture not very clear
Sutures clear

[
sjde

No nasal bones. Maxillary bones meeting with ossicle on right
Sutures fairly clear. Unusually broad nose for an oraug
Very aged. A largo skull with broad nose and much deve-

loped crests. Sutures vague
Fragment only. Sutures clear
In the Whale Room

In the Whale Room
Sutures clear

Sutures clear

Aged. Sutures rather vague
Lacrymo-maxillary suture obliterated

,
Lacrymo-maxillary suture obliterated
Sutures clear. No nasal bones
Aged. Sutures clear [much developed crest

I
Aged. Sutures clear. Very long "spindle" nasal bone and
A largo skull with rather vague sutures
Lacrymo-maxillary suture obliterated
Sutures clear

Sutures clear

Sutures clear. Nasal bones very narrow
Lacrymo-maxillary suture obliterated
Sutures clear. Very wide nose [bones extremely narrow
Broken orbits and therefore measurements uncertain. Nasal
Sutures clear. Very large skull
Sutures clear

Young adult.

Young adult.

Sutures clear

Young adult. Sutures clear

Lacrymo-maxillary suture absent, other sutures clear
Young. Third molar and canine erupting. Split skull and

therefore uncertain measurements. Believed to be large
species. Omitted from statistical reductions

Right lacrymo-maxillary suture obliterated, left placed high on
Sutures clear [side of nose
Young adult. Four upper molars on both sides and four lower
Sutures clear [molars on left side
Young. Third molar and canines erupting. Believed to be

large species. Omitted from statistical reductions
Sutures clear

Sutures clear

Sutures clear

No nasal boues. Maxillary bones much doveloped
Sutures clear [incisors and canines
Young adult. Bicuspids on each side misplaced behind lateral
Young adult. Sutures clear

Sutures clear. ?Ossicle at dacryou on left side

Sutures clear

Sutures clear
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TABLE D. Characters of the Nasal Bridge

Museum
Number

Sex
Meso-

daci'3'al

Chord

Meso-

Arc

Meso-
d&cryal

Subtense

j

Mesodacryal Indices

Simotic
Chord

Simotic
Subtense

a a a — a'

6 in /. 1
6 LO Z 4 0 32 -6 51-2 - 18-6 51-5

-
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•J

6 11 u 1 ^ 0 0 31-8 47-4 - 15'6 45-5 y
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O l . O. 1 0 , 1 t
0 110 1 i 0 y 33 1 46-5 - 13-4 44-1 b to 0

6 i *a10 u 4 0 28-7 39 -
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6"" 11. 12. 5 6
1 r..olO O 22 0 y 24-7 43 3 - 18-6 39-2

8. 7. 201 6 12-5 17'5 3-5 28-0 43-8 - 15-8 40-0

oo 6 i ft •a 9ID U f
no.Q 9 0 y f 36'9 49'5 - 12-6 48 -8 O U i

•7 ?
i E

6 14 2a zU 0 4 0 31-7 46 -

7 - 15-0 44'4 to z •kO
0 1U u l ^10 0 .0

f5 O 33 0 50-3 - 17-3 50-0 0 0 "0

\jo 6 y 0 1 0 4 1 41-8 52-2 - 10-4 53-1 •Q0

6 y y 10 4 O 43-4 51 "2 - 7-8 51-5 4 0
70 6 11-0 16-5 ? 3 6 32-7 50-3 - 17-6 50-0 5-8? •3

71 6 9-8 135 2-8 28-6 42-3 -13-7 37-8 6-0 4
79
i rC 0 Q -Ay u 14 23

•? -fl
t> D 40-0 55-1 - 15-1 57-8 4 U *0

(K ix\ /. q -to) >y r
\y* ft

) JfQ* J.-». / . u 6 114 ID 0 4 Z 36-8 46'9 - 10-1 44-8 A >n 94 U i 0

11. 4. 44. 4
j-

0 y y OA
Z\J 0 / 57-6 80-8 -23-2 102-0 O U 1 KJ

^ 1 1 1 10. 11. 1 . J 6
i •} -a 0Jo U : 99 ? O 4 41-5 (52 -0 - 20-5 69-2

on 1 ®8 1.'If. J. Zo. 1 6
1 Cl .A 10 0 1 / 14-2 36 -3 -224 29-2 .AO U — 1

1097 a '2

0 1 1 -R110 1 7 O £7 33-1 48-1 - 15-0 46-6 <J 0 <l

1{)Q7 n
6

in* 11U 4 1 / 4 E 4 D :
44-2 60-8 - 16-6 67-3

0 7 % 1ty. ±. UJL 6 iu 0 ; 1 / 0 ; 4 0 41-7 61-3 -19-6 68-0 4 0 ;

1 t il Hi •!

6 y 0 4 U 4o U oy y — -so y WO -Q & .7 90 / f 1

'0. 10. 1. 8 ? 11-0 ? 18? 4-4 40-0 58-6 -18-6 63-6

10. 10. 1. 6 jO 10-7 18 3-1 29-0 61-4 -32-4 68-2 5'0 ? •2
|

79. 8. 30. 1 & 11-3 16 3-5 31-0 44-8 -13-8 41-6 6-0 •8

10. 10. 1. 7 ? 11-4 16-6 3-0 26-3 47-5 -21-2 45-6 5-2 •5

51f. 10. 5. 1 & 12-8 20 3 7 28-9 54-2 -25-3 56-3

(1006 d 6 11-0 1 19 4-5 40-9 64-0 - 234 72-7

\48. 1. 27. 46
60. 5. 4. 48 a 9-0 ? 16 3-7 41-1 67-0 -25-9 77-8

60. 5. 4. 49 8 9-8 17 4-2 42-9 64-5 -22-6 73-5

1095 a & 9-0 12 2-4 26-7 39-2 -12-5 333 5-9 •9

& 11-0 17'5 3 7 33-6 55-9 -22-3 59-1

1095 c & 9-0 15*3 4-5 50-0 62-4 -12-4 70-0 6-6 •7

The symbol 3 denotes sex unknown.
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Simotic
Index

16-4

7-0

12-1

37

-1-7
1-9

4-7

1-8

4-0

13 3
9-6

15-3

106

Locus

Natural History Museum

Royal College of Surgeons

Natural History Museum

Remarks

Hylobates syndactylies. From Pahang. Sutures obliterated

From Sumatra. Very young
Symphalangus. From Sumatra. Young adult

Symphalangus. From Sumatra. Asymmetric lacrymal bones
Symphalangus syndactylus. From Sumatra. Old. Sutures

vague
Symphalangus syndactylus. Sutures vague. Nasals absent

at the bridge

Symphalangus syndactylus. From Pahang. Very old. Sutures
quite obliterated

Old. Sutures obliterated

Old. Sutures rather vague
Symphalangus.
Symphalangus.
Hylobates sp.

Hylobates sp.

Hylobates lar.

Hylobates sp.

Hylobates sp.

Hylobates sp.

Young
Adult
Old. Sutures vague, nasal sutures obliterated

Young
Very young [rated

Hylobates leuciscus from Malacca. Very old. Sutures oblite-

Hylobates hainauus from Hainan. Young. Peculiar lacry-

mal bones [rated

Sutures quite oblite-

i\ sutures vague
Hylobates gabriella from Annam. Old
Hylobates mulleri from N. Borneo. Ni

Hylobates agilis

Hylobates agilis from Sumatra. Sutures obliterated

Hylobates leuciscus from Java. Sutures obliterated

Hylobates hoolock. Young. Apparently no nasals, but pro-

cess of frontal

Hylobates lar. From Malay Peninsula. Sutures obliterated

Hylobates lar. From Malay Peninsula. Sutures obliterated

Hylobates leuciscus from Borneo
Hylobates lar. From Malay Peninsula
Hylobates lar. From Malacca. Sutures obliterated

Hylobates sp. Ridge on maxilla. Nasal sutures obliterated

Hylobates lar.

Hylobates lar.

Hylobates lar.

Hylobates lar.

Hylobates sp.

From Malacca.

From Malacca.
Young-
Sutures obliterated

Very young

Sutures obliterated

Nasals broken

bisected skull

Biometrika is 57
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TABLE D. Characters of the Nasal Bridge

S. 10. -j. /

ss. 3. 13. r
as. .1. 13. 5
si. a. is. 1

j b

117. 11. lk 5

. Hi.

,

s. 11. 1.

1

no. l. ss. i

1007 a
1007 c

0. I. 51

WOO a

o. 10. 1. s
10. 10. 1. 0
70. S. 30. 1

10. 10. 1. 7

j lOOS d

U«. 1. J7- t'i

00. 5. i. J>S

Mi'bo- Meso-
daorya] i

dnoryal

Chord Arc

158

12-5

Mcso-
ducryal
SlllllCllSe

15
15
16-5 1

135
14'2

18-5

20

17-4 ?

17 '3
I

17

u-o i.

107
11-3

114
12-n

11 0 I

91'

Bfesodaoryal Indie

51-2

47 4

21-2

46'5

39<S

31 7

33 0
41-8

43-4

32-7
28 -6

40-0
30'8

40-0

23-0

31 0
20-3

46-7

50'3
52-2

51-2
50-3

423
554
46-9

8U'8

58 6
61 '4

44-8

47-5

54-2
64-0

-173
- 10-4

- 7-8

-176
-13-7
- 15-1

-101
-23-2

-20-5
-22-1
-15-0
- 16-6

-19-6
-26-9

-18-6

-111
-25 3
- 23-1

51 -5

45-5

111
441
33 3

48 '8

444
50-0
531
51-5

501)
37-8

57-8
44-8

102 0

735
33-3

591
70-0

The symbol $ denotes sex unknown.
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in the Gibbons, Hylobates and Symphulangus.

Natural History Museum

Royal College of Surge.

Natural History Museum

Hylobates syndactylies. Fr
From Sumatra. Very your.

Symphalangia. From Sun
Symphalangia. From Sum
Symphalangia syndactylies.

lhang. Sutures obliterated

Young adult
Asymmetric lacrymal h ue s

in Sumatra. Old. Sutures

Sutures ' Nasals absentSymphalangia synil.ietyl

at the bridge

Sympliulatigussyudaotylll

quite obliterated

Symphalangia. Old. Sutures obliterated

Symphalangus. Old. Sutures rather vagi

I lyhihutes sp.

Ilvhibatcs sp. Young
Hylobates lar. Adult
Hylobates sp. Old. Sutures va
I lylobates sp. Young
Hylobates sp. Very young
Hylobates leueiscus from Malacca
Hylobates hainanus from Haiin

mat bones
I lylobates gabriclhi from Aiitiam

Hylobates oiullcri from N. Borne
Hylobates agilis

Hylobates agilis from Sumatra. Sutures obliterated

Hylobates leueiscus from Java. Sutures obliterated

Hylobates hoolock. Young. Apparently no nasals, but pro
cess of frontal

Hylobates lar. From Malay Peninsula. Sutures obliterated

I I vlobates lar. From Malay Peninsula. Sutures obliterated

Hylobates leueiscus from Borneo
Hylobates lar. From Malay Peninsula
Hylobates lar. From Malacca. Sutures obliterated

Hylobates sp. Ridge on maxilla. Nasal sutures obliterated

Hylobates lar. From Malacca. Sutures obliterated

Hylobates lar. From .Malacca. Nasals broken
Hylobates lar. Young
Hylobates lar. Sutures obliterated, bisected skull

Hylobates sp. Very young

1 Paliang. Very old. Sutures

le, nasal sutures obliterated

[rated

Very old. Sutures oblite-

Young. Peculiar lacry-

[rated

Old. Sutures quite oblite-

Nasal sutures vague
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ON THE CALCULATION OF INTRA-CLASS AND INTER-

CLASS COEFFICIENTS OF CORRELATION FROM CLASS

MOMENTS WHEN THE NUMBER OF POSSIBLE COM-

BINATIONS IS LARGE.

By J. ARTHUR HARRIS, Ph.D., Carnegie Institution of Washington, U.S.A.

I. Introductory Remarks.

If one designates as classes the groups of measurements or evaluations

segregated out of the whole series under consideration, then those correlations

which measure the similarity in character of the individuals of the same class

may be designated as intra-class coefficients of correlation, while those which

measure the resemblance between the individuals of different but (in some

manner) related classes may be designated as inter-class coefficients of corre-

lation.

Intra-class and inter-class should not be confused with intra-racial and

inter-racial. These latter terms seem to have been first used in a memoir on

Naquada Crania by C. D. Fawcett* and discussed for the local races of the

lesser celandinef and in greater detail with anthropometric illustrations by

Jacob, Lee, and Pearson \. Examples of the practical use of inter-racial

correlation coefficients are also given by Tschepourkowsky §. By intra-racial

correlation as the term is used in these discussions, one understands those

coefficients expressing the interdependence between the measures on a series

of individuals of the same race. Under inter-racial are included the correlations

between the types (means, modes) of a series of races.

In intra-class and inter-class correlation, on the other hand, the unit is always

the individual (in the statistical sense), not the type of a series of individuals.

The purpose of the correlation is to determine the resemblance for any series of

characters of the individuals of sub-classes, or of an associated pair of sub-classes,

* Biomeirika, Vol. i. pp. 460—461, 1902.

t Biometrika, Vol. n. pp. 152—153, 1903.

X Biometrika, Vol. n. pp. 347—356, 1903.

§ Biometrika, Vol. iv. pp. 161—168, 286—312, 1905.
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as compared with random pairs from the population (or universe) which they

constitute. Thus fraternal correlations are intra-class and also intra-racial, as

are also homotypic coefficients. In one case, the " class " is fixed by ancestry

and family environment, in the other, by ancestry and individual environment.

Avuncular correlations—in which all nephews (nieces) of the descendant genera-

tion are compared with all the uncles (aunts) of the ascendant generation—are

illustrations of inter-class, but also intra-racial, correlation.

The most familiar illustration of intra-class con'elations are the fraternal and

homotypic
;
practically the only inter-class relationships hitherto considered are

the avuncular and the cousinship in heredity. But these correlations might be

powerful research tools in morphology and physiology as well as in heredity

and sociology.

The reason for their limited use in the past is in part technical. When the

number of observations is as large as is desirable, the formation and verification

of the ordinary correlation table (where each individual of the N used is entered

only once) is an irksome task, but when each measurement is compared with

a number of others, the purely clerical labour involved in tabulation becomes

onerous in the extreme. If n be the number of individuals in any class, the

number of combinations within the class is a« (h — 1), while if the tables be

rendered symmetrical* as is generally desirable~f-, the number of combinations

for each class is n(n — l), which gives for the m classes constituting the popu-

lation S[n(n — 1)] or, where n is constant, m [n (n — 1 )] entries in the intra-class

correlation surface. With n as low as 20 and in only 250, this gives 95,000

combinations. In inter-class correlation if p be the number in the first and

q the number of observations in the second (associated) class, the permutations

for a class are pq, and the entries for the population S (pq), or iiipq if both

p and q are invariable. Obviously, neither m, p, nor q need be large to give

very heavy tables.

The labour involved in constructing such tables and making sure that they

are free from errors is very great indeed. To meet this difficulty in extreme

cases, Pearsonj has shown how formulae may be deduced for obtaining the

coefficient of correlation between any grades of kindred from the means of

arrays into which the kindred may be grouped. The method suggested here

reduces the work to still simpler terms, obviating entirely the necessity for the

* For discussions of the advantages of the symmetrical table sec K. Pearson and others, Phil.

Trans. Roy. Soc. Lond. A, Vol. cxcvn. pp. 285—379, 1901 ; K. Pearl, Biometrika, Vol. v. pp. 219—251,

1907; K. Pearson and A. Barrington, Euyenics Laboratory Memoirs, No. V., 1909; J. Arthur Harris,

Biometrika, Vol. vn. pp. 214—218, 1909.

f Jennings [American Naturalist, Vol. xlv. pp. 123—128, 1911) has suggested a method of calculating

the symmetrical table constant without actually rendering the table symmetrical. I believe his method

is not serviceable where more than a single pair of characters are involved.

J Pearson, K., Pliil. Trans. Roy. Soc. Lond. A, Vol. cxcn. pp. 271—274, 1899. For other methods

of dealing with problems involving many measurements see Biometrika, Vol. n. pp. 09—71, 77—78,

1902.
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formation of tables, for the calculation of the means of classes, the standard

deviation of classes, or the correlations between them, thus reducing the labour

involved in the determination of intra-class or inter-class correlations to a small

fraction of that hitherto required. While these short methods when properly

applied give coefficients agreeing exactly with those deduced from tables, they

cannot be recommended without two special warnings, (a) In the hands of

inexperienced calculators abstract formulae are likely to result in blunders

which would not occur, or at least could be easily detected, if the computations

were made from tabled data. (b) The tables are, in some of the cases at

least, desirable for other purposes, e.g., the testing of linearity of regression.

The underlying principle is very simple. The familiar product moment
formula for rxy requires merely the first two moments of x and y around the

means and the product moment 2 (oa'y'). Of course, the rough moments may
be taken around any origin whatever and referred to the mean by a proper

formula. In many cases, there are material advantages* in taking 0 as the

arbitrary origin. 2 (x')
} 2(3/') are then merely summations of the values of

the individual variates ; 2 (#' 2
), 2 (y'-) are summations of their squares; %{x')jN

is the mean, m and ax = V2 (%'-) N — mx~. Then

_ Z(x'y')/N-mxmy

Now the calculation of the rough moments and the product moments about

0 as origin for individual classes is a very easy task. Indeed, with the aid of

a proper machine they may be rapidly obtained without seriating the measure-

ments at all f. Since these rough moments for classes are taken about 0, they

can be summed, weighted and summed, or subtracted in any way we please to

obtain the rough moments for a correlation surface for the whole population.

All of this is rapid machine work requiring but a moiety of time needed in

the formation of tables of thousands of entries. Formula (i) is so well known

that I shall do nothing further in the way of proof of the validity of the

formulae suggested here than to show that the data from the first two moments

and the numbers of individuals in the classes can be thrown into an equivalent

form.

A word may be said concerning the illustrations given. All are, I believe,

of intrinsic biological interest, but they have been chosen primarily for their

convenient shortness, which facilitates not only the publication of the raw data,

but the checking through of the arithmetical work by the reader. Thus they

do not always represent the biologically best series which might have been

selected.

* Harris, J. Arthur, " The Arithmetic of the Product Moment of Calculating the Coefficient of

Correlation,'' American Naturalist, Vol. xliv. pp. 693—099, 1910.

t After a little practice with the machine, one can sum the squares almost as readily as the first

powers entered on the record sheets, providing the grades are not too high.
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II. Statement and Illustration of Problems.

Problem I. To form Direct or Cross Intra-class or Inter-class Correlation or

Contingency Tables when the Number of Possible Combinations is Large.

A method for the rapid formation of the complete direct intra-class table

has been described and illustrated elsewhere*. The method of dealing with

both direct and cross intra-class correlations by means of condensed tables has

also been indicated^. Both direct and cross inter-class correlation tables (full

or condensed) are formed by the same method, but more simply since the

entries are 8 (pq), not S [n.(n — 1)], and the tables as first formed can be used

without reduction. The method of dealing with fractional inter-class correlation

tables will be illustrated as a check under Problem V.

Problem II. To Determine the Correlation between a Character and an

Array of Associated Characters.

This serves chiefly as a simple introduction to the more complex cases to be

described presently. One wishes often to correlate between a first measure and

an arra}' of associated measures}. Tables may be difficult to form or cumber-

some, while moments of the arrays of measurements around 0 as origin, 2 (y)
and 2 (y'-), may be wanted for other purposes, or, if not, are at least quickly

calculated. Then, by the use of a machine for simultaneous multiplication and

addition, we get for the rough moment coefficients

8 (nx')IS (») = vx = m x , S (nx'*)/S (») = pm
" (ii),

8 (y')/8 (to) =V - my , S$ (y'*)/8 (») = vy
" (iii),

and for the rough product moment coefficients

S{x'[t(y')]}/S(n) (iv),

where n is the number of y measurements associated with any x, N= S(n) is

the number of measurements in all arrays or classes, S denotes a summation

within the class, and S a summation of classes for the whole population. From
this point the work is straightforward by (i), i.e.

r
j[4S(/)PHM)>

[

The particular advantages of this method of calculating correlation are seen in

cases where : («) the class moments have already been calculated for other

* Harris, J. Arthur, " On the Formation of Correlation and Contingency Tables when the Number
of Combinations is large," American Naturalist, Vol. xlv. pp. 566—571, 1911.

t Harris, J. Arthur, "The Formation of Condensed Correlation Tables when the Number of

Combinations is large," American Naturalist, Vol. xlvi. pp. 477—486, 19T2.

J A single parent may produce a score or a hundred offspring. Or, one may desire to know the

relationship between the weight of the seed planted and the weight of the seeds produced, or between

the number of pods per plant aud the number of ovules and seeds produced per pod.
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purposes, (b) it is desirable to calculate several constants from the same

material with modified grouping or weighting of some of the classes, (c) it is

desired to obtain the correlation without seriating the measures for the classes

at all*.

Problem III. To Determine Direct and Cross Intra-class Coefficients of

Correlation from the First Two Moments of the Individual Classes.

Let x be the measure of a first and y the measure of a second character of

an individual of one of the several classes forming the population N. Then if

correlations for the population be determined, rX!/ , where x and y are measures

upon the same individual, may be called an organic correlation, while rXlXl ,
rVxVi

may be designated as direct and rXlVi as a cross intra-class correlation, where

the subscripts 1 and 2 indicate that the measures are taken on a "first" and

a "second" individual of the class respectively.

A. Direct Intra-class Relationships.

Let n be the number of individual measurements, e.g. of siblings or homo-

types, in one of m classes. Let 2 indicate a summation within any class and

S a summation of classes. For an individual class the rough moment coefficients

around 0 as origin are S(cc')/n and %{x'-)jn, while the possible combinations

of individuals are n(n — 1). Since the table is symmetrical m1
=m2 ,

a^^a.,, and

the mean product moment for any class is

{[%(x')Y-2(^)}/n(n-l) (v),

or for the whole population of m classes

S{[2(x')Y-Z(x*)}/S[n(n-l)] (vi),

or when n is constant from class to class

8 {[S (*')? - S [n(n - 1)] (vii).

To complete the calculation of r only the first and second moments for the

population are necessaiy. Two cases are possible : (a) the n's are identical for all

classes, and (b) n differs from class to class. In case (a) the moment coefficients

for the whole weighted population of 8 [n(n— 1)] — m\n(n — 1)] individuals are

unchanged by weighting, and are given by

S[$(x')]/N, 8[X(^)]/N (viii).

For case (b) the arithmetical routine is a little longer, the classes being weighted

differently, but always in a (n — l)-fold manner. Thus the moment coefficients are

S [(« -1)2 (x')]/S [n (n -1)1 8 [(* - 1) 2 W}/S [n (n - 1)] (ix).

From this point the calculation of r is straightforward by (i). For clearness

both case (a) and (b) will be illustrated.

* In this case the data for the means and standard deviations are obtained by summing first and

second powers of the numbers from the record sheets without classification.
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Illustration {III—.4 a) 1. Symmetry in the Ovary of Hibiscus.

The morphologist interested in the degree of perfection of morphogenetic

processes may desire to measure the degree of precision with which the different

" Anlagen" which go to make up a composite organ, say for example a quinque-

locular fruit, are differentiated off from the common primordium and carried

through embryogenesis. One convenient measure is furnished by the intra-

ovarial coefficient of correlation.

Take as an illustration a series of 1000 five-celled fruits of Hibiscus Syriacus

from the Missouri Botanical Garden in the fall of 1905. Table I gives the sym-

metrical intra-ovarial correlation surface for number of ovules per locule.

Since all fruits have the same number of locules, the constants are not

changed by weighting, hence, from Biometrika (Vol. Vlir., pp. 61—62; M.B.G.,

1905) we take 6= 6-4648, <r0
= -892166. From Table I,.

S (o.'o/yN = 841990/20000 = 42 0995,

r = [S (o.'o^/N - o2
}/<r0

'= {42-0995 - (6-4648)2}/(-892166) 2 = -3843.

TABLE I. Symmetry in the Ovary of Hibiscus.

Ovules of Second Locule.

3
o
o

fa
tin

o
cn
<x>

>
O

2 3 k 5 6 7 8 Totals

2 1 2 6 2 1 12

3 1 7 4 8 20

4 1 12 28 132 56 23 252
5 2 1 28 220 899 255 55 1460
6 6 7 132 899 6384 1871 605 9904
7 2 4 56 255 1871 2014 1134 5336
8 1 8 23 55 605 1134 1190 3016

Totals 12 20 252 1460 9904 5336 3016 20000

But in Biometrika (loc. cit. Table VI) we have seriations of total ovules per

fruit, = 2 (o') for locules. From this and the distribution for individual locules

we have for the product moments, by (vii),

£ [2 (o')]
2 = 1054938, S{o'--)= 212948, m [n (n - 1)] = 20000,

whence

r =
{S\X (gOT - S (o'*Mmn (u -l)]-o^

{
^Qm _ (6

.4648), /(
.8921G6) , = .3843>

avoiding all the labour of forming a correlation surface of 20000 entries, but giving

no information at all as to the nature of the regression curve.

Illustration (III—A a) 2. Intra-ovarial Correlation for Seed Production.

Next consider a physiological problem from the same data. Table II gives

the intra-ovarial (or inter-locular) correlation surface for seeds per locule.

5 = 3-9056, a s = 1-756442, 8 (s1V)= 339360,

whence r = [S (s
1V)/20000 - (3-9056)2}/(l-756442)-= "5557.
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TABLE II.

Intra-Ovarial Correlation for Seeds per Locule.

Seeds of Second Locule.

o
CO

0)
CD

-Jl

0 1 2 3 4 5 6 7 8 Totals

0 70 123 126 54 31 12 4 420
I 123 334 414 311 150 72 47 8 1 1460
2 126 414 714 642 447 204 102 23 4 2676
3 54 311 642 1002 854 523 237 47 14 3684

k 31 150 447 854 1036 868 522 102 26 4036
5 12 72 204 523 868 1010 752 179 52 3672
6 4 47 102 237 522 752 916 252 84 2916
7 8 23 47 102 179 252 150 79 840
8 1 4 14 26 52 84 79 36 296

Totals 420 1460 2676 3684 4036 3672 2916 840 296 20000

But the same result can be obtained from the constants for seeds per locule and

the seriation of total seeds per fruit (Biometrika, Vol. VIII., pp. 60—62) in

precisely the same way as in the preceding illustration without the excessive

labour of tabling 20000 combinations.

Suppose, now, we had been given the physical constants only— not the

distributions—for seeds (or ovules) per locule and total seeds (or ovules) per

fruit. The correlation is still easily deduced, for the sum of the squares of

total seeds, = S [S (s')]
a for locules, is given by substituting from Biometrika,

Vol. vni., Table XII,

S [X {s')Y/N = 2 (.s'/
2 )/iV = aH - + st

* = (7-0506)2 + (5 x 3-9056)3 = 431-05374436,

where the subscript t indicates total seeds per fruit. Since N = 1000 for fruits,

aS'[S(s')] 2 = 431053-74.

In the same manner we get for the individual locules

% (s'2)/N = af + s
2 = 18-338652,

or since N for locules =5000, 2 (s'
2
) = 91693'26. Hence, by (vii),

r = {(431053-74 - 91693"26)/20000 - (3 9056)2}/(l-7564) 2

= 1-71431264/3084941 = -5557.

The extent of agreement with other methods depends merely upon the number

of decimal places retained in the constants.

The importance of intra-class correlation coefficients in physiological work is

emphasized by a comparison of this with the preceding, III (Aa) 1, result:

For ovules per locule, r = '3843 + '0081.

For seeds per locule, r = "5557 + "0066.

Excess for seeds, = -1714 + -0104.
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The probable errors were calculated on the basis of the actual number of

locules, n = 5000.

Apparently differences (a) in the vigour of the ovules, or (b) in the chances

of fertilization, or (c) in the supply of seed forming substances, from fruit to fruit

tend to render the locules more alike in the number of seeds they produce than

they are initially in number of ovules*. The discussion of these points must, of

course, be reserved until all the data can be set forth.

Illustration {III—A a) 3. Intra-ovarial Correlation for Seed Weight.

Case (Aa) may be further illustrated by a series of seed weights to be

discussed in a forthcoming paper on Crinum. Ten seeds from each of 200 fruits

taken from a fine row of plants in the Missouri Botanical Garden in the spring

of 1906 were weighed. From Illustration 2 it appeared that in Hibiscus the

locules of the same fruit have a tendency to produce similar numbers of seeds.

Here the problem is to determine to what extent the seeds from the same

fruit are alike in weight. The seeds range from 1—18 half-gram unitsf. This

would give asymmetrical intra-fruit correlation table of 182 = 324 compartments

and 200 x 10 x 9 = 18,000 entries. The work is very rapidly carried out by my
formulae. The total weight in units for each of the 200 fruits is obtained by

simple addition. These, shown in Table III, are of course the class 2 (V)'s around

TABLE III.

Total weight of seeds (in half-gram units) in Individual Fruits of Crinum.

10 14 19 21 24 27 29 31 33 36 39 41 43 45 49 54 61 70 85 96

10 14 20 21 24 27 29 31 34 36 39 41 43 46 49 55 62 71 86 97

10 15 20 21 24 27 29 .32 34 36 39 42 43 46 50 55 62 72 87 100

11 15 20 21 24 28 29 32 34 36 40 42 44 46 50 57 62 73 89 103

12 16 20 22 24 28 30 32 34 37 40 42 44 47 50 58 63 75 89 107

12 17 20 22 25 28 30 32 34 37 40 42 44 47 51 58 64 76 90 115

12 17 20 22 25 28 30 32 35 38 41 42 44 47 52 59 64 78 91 122

13 17 21 23 25 28 30 32 35 38 41 42 45 47 52 59 64 80 93 124

13 18 21 23 25 28 30 32 35 39 41 42 45 48 53 60 66 81 94 125

14 19 21 23 26 29 31 33 35 39 41 43 45 48 53 61 69 84 95 126

0 as origin. The 2000 seeds weighed are distributed as follows

:

1 2 o 4 5 6 8 9 10 11 12 IS u 15 16 17 18

219 396 352 290 212 147 106 76 55 39 27 26 29 13 5 6 1 1

* This is also the conclusion reached for Sanguinaria. See Harris, Biometrika, Vol. vn.

pp. 327—328, 1910.

t Class 1 = 0-0—0-5 gr., class 2 = 0-6—1-0 gr., etc. For details see final paper, Annual Report

Missouri Botanical Garden, Vol, xxiii, 1912,

Biometrika ix 58
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With Sheppard's correction this gives* in units of weighing

20/) = 8778t, t O'
2
) = 56350,

2 (x')/N = 4 -389, o» = 8-828346.

From Table III S [2 (*')?= 510496,

(5104-96 -56350)/18000- (4-389)=
and we have r= — --.- ',„— - ='5759,

agreeing exactly with the result from the conventional symmetrical table which

will be published and discussed elsewhere.

Illustration (III—Ab) 4. Fraternal Correlation when the Number of Com-

binations is large.

As material for an illustration of the calculation of fraternal (or rather

sororal) correlation when the numbers are large, Dr Lutz kindly gave me the

measurements of wing lengths in units of ^rd mm. for the females in fifteen

families of the Pomace Fly, Drosophila ampelophila\. Table IV shows the

distributions of wing length, the class centres only being indicated. Using

the method of a former note§, I formed the symmetrical intra-family corre-

lation surface shown in Table V. From this I deduced for the weighted

population

I = 66-200653, <rt = 7-107332,

and for the first rough moments about 0 as origin of the individual arrays the

numbers given in the last column of the table. Multiplying up by the grade

of the array and summing simultaneously on the machine [|, I got

2 (l
l
L) = 123391132,

whence r = [2 (k'k')/N - b]/af = -15883.

But, entirely without the labour of forming a heavy table, I find, from the

first and second class (family) moments of Table IV,

Sn (n-l)= 28148,

8[(n- 1)2(0] = 1863416,

8 [(n -1) % (Z'
2
)] = 123559412,

£[2(0? = 126124937,

8 2 Q'2)= 2733805.

* Of course, where all the classes comprise the same number of individuals the weighting is

uniform and the weighted population constants the same as are those calculated from the unweighted
distributions.

t Table III may be conveniently verified by the agreement of its summation with this number,

t See Publications Carner/ie Institution of Washington, 143, pp. 38—40, for some details.

§ American Naturalist, Vol. xlv. pp. 566—571, 1911.

||
American Naturalist, Vol. xliv. pp, 693—699, 1910.
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TABLE IV.

Wing Length in Families of Drosophila.

Family 57 59 61 63 65 67 69 71 73 Totals 2(0 2 (l
1

*)

31 1 — 1 2 8 12 6 1 — 31 2053 136183
32 1 9 12 830 57420
37 1 1 3 5 15 9 4 4 42 2832 191426
39 1 2 5 10 12 12 7 1 50 3348 224634
57 4 6 18 9 37 2469 104877
58 1 16 16 11 4 48 3218 215928
523 1 3 7 15 19 8 1 54 ' 3662 248654
575 3 5 4 3 3 18 1166 75658
570 6 12 16 7 8 5 54 3538 232270
582 2 10 12 21 6 2 53 3495 230749
587 o 12 4 18 1246 86274
588 4 17 20 12 53 3525 234613

1177 2 1 5 7 14 14 3 46 2974 192646
1193 2 12 18 16 5 513 3465 226749
1226 4 18 21 8 1 52 3348 215724

Totals 4 3 26 86 154 180 125 37 6 621 41169 2733805

TABLE V.

Sororal Correlation for Wing Length, in the Vinegar Fly.

Wing of Second Sister.

bo
a

57 59 61 63 65 67 69 71 73 Totals 2 (V)

57 3 11 19 41 55 21 5 1 161 10605
59 3 7 15 29 41 24 11 5 135 8977
61 11 7 74 253 357 278 147 57 •> 1187 77733
63 19 15 253 780 1234 1085 521 157 20 4084 268002
65 41 29 357 1234 2042 2128 1145 322 \>- 7335 483441
67 55 41 278 1085 2128 2558 1568 427 87 8227 545433
69 21 24 147 521 1145 1568 1212 440 67 5145 343643
71 5 11 57 157 322 427 440 158 31 1608 107682

4 5 3 20 37 87 67 31 12 266 17900

Totals 161 135 1187 4084 7335 8227 5145 1608 266 28148 1803110

Whence, writing the formula for r without reduction,

= N -1)1 V » -U]
hh 8 [(n - 1) S (T2

)] fS.j{n - 1) S.(Q]y
S[n(n-1)] \ S[n(n-l)] )

agreeing exactly with the value deduced from the table.

58—2
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While the case is given as an illustration of method only, chosen primarily

because of the small number of families, it is of rather unusual biological interest.

These families were from inbred stock (sister by brother) derived originally

from a single pair, thus representing as nearly as possible among unisexual

organisms a "pure line." Yet we find a sensible sororal correlation*. I hope

Dr Lutz will find time to collect really adequate data on this interesting

problem.

I illustrate on this data one of the most convenient features of the methods

here described. If, for any reason, one wishes to compare the values of corre-

lations determined with and without the inclusion of certain classes, the various

determinations can be quickly made by the simple addition or subtraction of the

summations of weighted products. For example, suppose one wishes to test the

effect of omitting families 32, 575 and 587. S[n(n -1)] will be reduced by

12 x 11 + 2 x 18 x 17 = 744;

the first weighted population summation by

11 x 830 + 17 x 1166 + 17 x 1246 = 50134;

the second by

11 x 57420 + 17 x 75658 + 17 x 86274 = 3384464,

and the product summation by

(830 2 - 57420) + (1166 2 - 75658) + (1246 2 - 86274) - 3381620.

Deducting these from the comparable values given above for the population and

calculating physical constants on the basis of the new weighted population N~,

we find r = 1419.

Illustration {III—Ab) 5. Direct Homotypic Correlation.

The records of the number of ovules per pod in twelve individual trees of

black locust, Robinia Pseud-acacia\, may illustrate the calculation of homo-

typic correlations. The series is selected because of the wide variation in n.

Naturally the smallness of the number of classes which renders the material

convenient as an illustration of method, makes it of little value biologically.

The seriations of numbers of ovules per pod and of numbers of seeds per pod

appear in Tables VI and VII. The essentials for the calculation of r appear

in Table VIII.

* This may not of course be due to heredity. The environment of the unlaid eggs or differences in

the experimental conditions during the larval period may be its source. But Dr Lutz considers sensible

environmental heterogeneity out of the question.

t The correlation between the number of ovules and number of seeds developing per pod has been

discussed for the combined pods of this series in Biometrika, Vol. vi. pp. 441—442, 1909.
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TABLE VI.

Ovules per Pod in Robinia.

457

Tree u g g 10 11
1

12 13 1 /, 15 10 17 18 19 Totals

I 1 3 12 24 21 28 20 (5 122

2 3 4 6 10 11 11 6 6 4 1 2 64

3 1 2 3 13 35 25 20 11 1 111

It 3 5 16 31 25 14 6 2 102

5 3 13 25 26 31 15 5 1 2 1 122

6 2 3 14 32 31 25 10 1 2 120

7 6 10 15 35 25 16 9 1 3 120

8 2 5 22 28 35 31 25 6 4 1 159

9 2 11 29 28 32 14 9 2 1 128

10 1 3 5 22 15 20 5 4 2 1 78

11 1 8 19 17 20
'

26 7 3 2 2 105

12 2 12 17 25 36 34 33 20 11 6 196

Totals 2 11 i 103 199 245 258 215 135 99 71 32 20 7 1427

TABLE VII.

Seeds per Pod in Robinia.

Tree 2 1 3
1

h 5 0 7 8 9 10 11 12 13 H 15 16 17 18 19 Totals

1 5 16 23 27 17 16 8 3 3 4 122

2 1 4 4. 7 6 8 6 5 6 3 2 4 4 2 1 1 64

3 2 13 28 23 11 20 9 3 2 111

4 13 19 20 11 11 12 3 5 2 1 1 102

5 5 18 10 20 21 21 7 7 4 6 2 1 122

6 13 33 19 21 15 6 8 1 1 2 1 120

7 3 11 20 24 21 11 14 6 7 2 1 120

8 6 23 14 21 14 25 20 18 9 5 2 2 159
9 3 15 17 15 13 22 13 9 2 10 3 2 3 1 128

10 3 9 15 14 11 8 9
*>
•j 3 1 1 1 78

11 1 3 6 9 12 22 20 17 11 3 1 105
12 1 6 5 7 7 11 8 12 22 23 23 20 16 17 10 6 2 196

Totals 29 100 152 161 168 162 155 98 97 88 69 44 38 23 22 12 7 2 1427

Feeding the entries in Table VIII into the calculating machine and copying

off the results I find, for population constants weighted in (n — l)-fold manner :

S[n («-!)] = 181152,

S[(n - l}2 (o')] = 2259669, o = 12-4738S4,

29203787, a
{

~ = 5-613725,

13114598, S[2(>'2
)] = 101750,

28866082, S [2 (o'
2
)] = 219072,

1468970, s = 8-109047,

14364330, (j/ = 13-537706,

#[(».-l)S(o' 2

)]

S[i(s')f

S[(n-I)Z(s')]

where o and s indicate ovules per pod and seeds per pod.
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These give

:

_ {
S[Z(o')]*-S[Z(o'>)l}[S[n(n- 1)] - _

\S [2 (0? - S [2 [n (n - 1)] - ?
= -449.

The number of individuals is too small to attach much importance to the

result but the agreement with other series of Leguminosae is good*, although the

correlation for seeds maturing is frequently considerably smaller than that for

ovules formed.

TABLE VIII.

Summations for Individuals of Robinia.

Number
of

Tree
n n(h-l)-

Sum of

Ovules,

2(o')

Sum of Ovules
Squared,

2 (o'*)

Sum of

Seed,

S(s')

Sum of Seeds
Squared,
2

1 122 14762 1273 13649 912 7394
o 64 4032 796 10256 602 6522
S 111 12210 1183 12839 595 3543

4 102 10302 1064 11310 586 3938
5 122 14762 1378 15896 864 6918
a 120 14280 1299 14311 555 3091
7 120 14280 1490 18850 713 4819
8 159 25122 2251 32331 1495 15117
9 128 16256 1580 19816 860 6894

10 78 6006 946 11690 457 3211
11 105 10920 1245 15135 984 9642
12 196 38220 2875 42989 2347 30661

Totals 1427 181152 17380 219072 10970 101750

Illustration (III—Ab) 0. Tests of the Existence of Sub-races.

O. H. Latter in testing for differentiation in Cuckoo's eggsj- according to their

foster parents, determined the probable errors of the difference between the means

of the several " gentes " and the means of Cuculus Canorus as a species. But one

may also test for the differentiation of the foster parent "gentes" from the species

as a whole by determining the intra-class correlation for egg dimensions. I am
especially willing to do this since Latter tested the significance of his divergences

by the formula -67449 sj

^

(- , whereas Pearson's formula

•67449 N +
n

1 -
2n\ n (M - m)-

N) N(N-n)
would have been more suitable but had not then been publishedj.

* Pearson, Phil. Trans. A, Vol. cxcvu. pp. 364—379
;
Harris, American Naturalist, Vol. xlv. p. 570.

t Biometrika, Vol. i. pp. 164—176, 1901 ; Vol. iv. pp. 363- 373, 1905.

t Ibid., Vol. v. pp. 181—183, 1906.
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Table III of Latter's second memoir furnishes the data. Grouping in units of

"5 mm. we have the results given in Tables IX and X*.

TABLE IX.

Length of Cuckoo s Eggs.

Foster Parent 38 39 Jfi 41 u J,5 46 47 48 4.9 50 52 55' Totals 2(1')

Robin — 1 1 8 3 9 13 20 6 11 2 2 1 1 78 3559 162819
Garden-Warbler. .

.

o2 A4 10 10 ZD 10 1 o9oo i /4yysi

Meadow-Pipit 1 1 2 4 10 27 19 8 7 f) 2 86 3837 171489
Wren 7 5 14 8 9 6 3 2 54 2315 99433
Redstart ... 1 5 6 21 8 11 6 5 1 64 2869 128821
Sedge- Warbler . .

.

2 4 11 15 5 6 3 1 1 48 2120 93788
Barred-Warbler ... 1 4 4 4 11 7 3 1 35 1529 66899
Whitethroat 1 3 7 6 8 8 2 2 37 1613 70457
Marsh-Warbler ... 1 3 4 14 6 7 1 1 37 1641 72867
Red-backed Shrike 2 9 20 24 90 67 60 23

;
3 307 13716 613606

White-Wagtail ... 2 10 7 29 33 23 6 1 115 5145 230453
Pied-Wagtail 2 1 7 9 20 13 22 5 5 1 85 3804 170532
Reed-Warbler 2 7 9 13 7 13 9 4 2 66 2959 132939
Tree-Pi pit 6 2 11 7 6 7 9 48 2174 98648
Hedge-Sparrow ... 2 5 14 13 13 3 5

i
58 2629 119357

Yellow-Ammer ... 1 6 3 5 7 5 3 31 1377 61293

Totals 1 1 23 31 122 126 315 244 212 81 63 12 7 1 1 1240 55275 2468393

TABLE X.

Breadth of Cuckoo's Eggs.

Foster Parent 28 20 30 31 32 33 34 35 36 38 Totals 2(6') 2 (V*)

Robin 1 2 17 17 20 14 6 1 78 2621 88233
Garden-Warbler ... 8 39 20 21 3 91 2975 97355
Meadow- Pipit 1 4 18 19 36 6 2 86 2863 95425
Wren 3 11 19 7 10 4 54 1750 56810
Redstart ... 2 2 17 19 22 2 64 2111 69703
Sedge-Warbler ... 8 11 13 12 4 48 1577 51881
Barred-Warbler . .

.

2 5 10 9 8 1 35 1139 37119
Whitethroat 1 5 13 11 6 1 37 1201 39041

Marsh-Warbler ... 3 14 11 9 37 1210 39602
Red-backed Shrike 1 2 10 80 104 94 14 2 307 10149 335833
White-Wagtail ... 3 5 20 27 32 21 7 115 3851 129177
Pied-Wagtail 5 27 21 28 4 85 2804 92590
Reed-Warbler 4 19 13 20 9 1 66 2192 72898
Tree-Pipit 2 9 17 14 3 3 48 1600 53398
Hedge Sparrow ... 1 9 18 20 9 1 58 1944 65220
Yellow-Ammer . .

.

1 12 7 10 1 31 1021 33657

Totals 1 1 14 76 334 333 362 96 22 1 1240 41008 1357942

* Since in the method of computation adopted we deal with the summations of first and second

powers of actual measurements, not with their deviations from arbitrary origins chosen to lighten

computation, we can save materially in the size of the summed products by reducing to half mm, units

instead of mm. units, i.e. 15 -0 = 30, 15 - 5 = 31, etc.
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Summarizing the results from these tables as under illustration (III—Ab) 5,

we have

:

8 [n (n - 1)] = 159484,

S[(n- 1)2(0] =7120158, I =44-644967,

S[(n- 1)2 {l'
2
)] = 318370242, of = 3'078842,

8 [2 = 320370295, S [2 (l'
2
)] = 2468393,

8 [(n -1)2 {b')] = 527756S, b = 33-091520,

S[(n- 1)2 (6'2)] = 174844798, <ri = 1-266907,

8 [2 (b')f = 176007866, 8 [2 (6'2)] = 1357942.

Whence by (vi, ix) as illustrated in greater detail under (III—Ab) 4—5 above

I get:

rhh =-046 ± -019, r/#, = 2-41,

rblh} = -036 ± -019, rjEr = 1-85,

where the probable errors are calculated on the basis of the actual number of

eggs, or N— 1240.

Such a test as the above can never replace the R.L.D. (relative local difference)

or the R.R.D. (relative racial difference) as the case may be, of Tocher and Pearson.

But there are cases, as for instance the present and several unpublished series,

where, now that a (relatively) rapid method of computation is available, it may be

very useful.

Illustration {III—Ab) 7. Inheritance of Milk Yield in the Male Line.

The test of the inheritance of a character like " milk yield " through the male

must be made either by correlating between the milk yield of a cow and her

parental granddam, or by determining the correlation between the daughters of

individual bulls.

The methods here described are particularly useful for cases of this kind, for

while the number of daughters in a family may not be large, the range of variation

in yield is apt to be very great thus rendering the tables cumbersome in size,

whether or not heavy in number of entries.

As an illustration I take a series of data from a paper by James Wilson, M.A.,

B.Sc, "On inheritance of Milk Yield in Cattle*." One of his tables (pp. 103—105),

gives the milking record of the daughters of eleven Red Danish bulls. Our prob-

lem is to determine the correlation in milk production between the daughters of

the same sire, in order to ascertain whether there be an inheritance of milking

quality in the male line.

The data are of course very rough since they are apparently for the most part

recorded to the nearest fifty gallon point. The yields range from 650 to 1400

gallons. Omitting all records indicated as questionable, I sum the yields and

* Wilson, J., Scientific Proc. Roy. Dublin Society, n. s. Vol. xin, pp. 89—113, 1911.
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the squares of yields directly from Professor Wilson's table and enter the totals for

each bull in Table XI. This gives

r^
2
= -126f076.

The probable error is based on the actual number of daughters, n = 76, not the

weighted number,
fl[n(n-l)] = 538.

Whether or not this slight correlation in yield (y) is statistically significant, the

case illustrates a very convenient method of dealing with such problems. I hope

to discuss the biological sides of the question in more detail elsewhere.

TABLE XI.

Milk Yield in Daughters of Various Bulls.

Sire
Number of

Daughters
Total Yield

2(2/')
(n-l>Z(yO 2 (</'') (»- 1)2(2/

2
)

Maxi 11 8900 89000 7310000 73100000
Stamfadern 9 8000 64000 7195000 57560000
Braendekilde Max 4 3800 11400 3625000 10875000
Vigfus 6 5900 29500 6090000 30450000
Osvald Ejersminde 6 5500 27500 5120000 25600000
Gunnar 3 2650 5300 2362500 4725000
Mazeppa II 6 6400 32000 6875000 34375000
Tordensjold 5 4650 18600 4372500 17490000
Trym 1 7 6500 39000 6165000 36990000
Taurus IV 13 11350 136200 10022500 120270000
Ambrosias III ... 6 5300 26500 4765000 23825000

76 68950 479000 63902500 435260000

S[n(n- 1)] = 538, ,S [Total yield]3= 491477500.

B. Gross Intra-Glass Relationships.

If x and y be two measures on the same individual, and if correlation be

determined between the individuals of the m sub-groups or classes constituting

the general population, then as pointed out above, rXiXj ,
ry0s are direct intra-class

correlations while rXlVi is a cross intra-class relationship.

The number of combinations will in both direct and cross intra-class relation-

ships be $[«(«,— 1)], since in the direct correlations one cannot correlate between

a measure and itself and in the cross correlations one must not -include the

relationship between the % and y of the same individual—the organic correla-

tion, rxy .

The value of this direct organic correlation is given by the moment coefficients

S[t(x')]/S(n), S[t(x'->)]/S(n), 8&(y')]IS (n), S[$ (y")]/S(n), ...(x)

Biometrika ix 59
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and by the mean product moment

• (xi)

taken about 0 as origin. Most simply they can be determined by the formation

of an ordinary organic correlation table for the whole population which will then

be described by N, 8(d), 8(d), S(y'), S(y'*) and 8(x'y'), where 8 denotes a

summation for the individuals of the population. This correlation will generally

be wanted for its own sake.

Again two cases are possible (a) all the m classes are equally large, n is

variable. The first two moments are given by the same formulae as in the direct

intra-class correlation above, (viii)—(ix). The mean product moment around 0 is

{8 [2 (d) 5 (y')3 - S[% W)]}/8 [n (n - 1)], (xii)

or with a denominator of m [n(n — 1)] where the m classes are equally large.

Illustration (III—Ba) 8. Gross inter-locidar (intra-ovarial) Correlation in

Hibiscus.

For a purpose quite foreign to my present one, the correlation between total

ovules per fruit (=S(o') for locules) and total seeds per fruit (=S(s') for locules)

has been tabled for the 1905 series of H. Syriacus. The Table has 17 x 36 entries,

hence we reduce to the condensed form in Table XII. The organic correlation

between the ovules and seeds of the same locule is shown in Table XIII. Taking

the product moments of these two tables about 0, and subtracting that for locules

from that for fruits to remove the products of the ovules and seeds of the same

locule, and to reduce N from 8 (n") = 25000 to S[n (n-l)] = 20000, I find

S [2 (</) 2 («')] = 637491, S(o's') = 128377,

and, substituting physical constants from illustrations 1 and 2, I find

=
S

{
[S (o') S QQ] - 8 (o's )}/20000

-

ds = 25-4557 - 6"4648 x 3-9056 _
r
°> s*~~ a0as -892166 x 1-756442

-'RO-

TABLE XII.

Correlation for Total Ovules and Total Seeds per Fruit

in Hibiscus.

Ovules f Total Seeds Ovules f Total" Seeds

23 32 81 1512
2k 3 41 S3 80 1575
25 2 26 3k 80 1436
26 4 51 35 85 1746
27 18 285 36 54 1256
28 45 708 37 54 1129
29 107 1847 38 34 807
30 188 3727 39 27 691
31 125 2322 40 13 369



J. A. Harris 463

TABLE XIII.

Correlation for Ovules and Seeds per Locule in Hibiscus.

Seeds per Locule.

O

0 1 2
1

3 4 5 6 7 8 Totals

2 1 3

o 3 2 5

4 4 8 28 17 6 63

5 6 47 76 109 86 41 365

6 49 169 315 490 573 525 355 2476

7 30 97 167 221 237 244 235 103 1334

S 14 40 81 84 107 108 139 107 74 754

Totals 105 365 669 921 1009 918 729 210 74 5000

Comparing other constants for Hibiscus :

—

Direct Intra-class for Ovules, r = -3843 + 0081,

Direct Intra-class for Seeds, r = "5.557 ± "0066,

Cross Intra-class for Ovules and Seeds, r = "1320 + -

0093,

Organic for Ovules and Seeds, r = "2722 ± -0088.

In all cases the probable error is calculated on the basis of the actual, not the

weighted number of locules.

Illustration {III—-Bit) 9. Gross Homotypic Correlation for Number of Ovules

and Number of Seeds per Pod in Robinia.

From Tables VI, VII, and VIII supra, we deduce 8 [S (o) 2 (*')] = 1907053G

which taken in conjunction with S (oV) ='8 [X (o's
1

)] = 141476 taken from the

organic correlation table for ovules and seeds in Biometrika (Vol. VI. pp. 441—442)

and the physical constants o, s, a0 ,
a s ,

given under illustration (III—Ab) 5, gives

= {{8 [X (o') 2 (*')] - S [S (o's')]}/S [n (v - 1)] - os}/<r0<rs = "383.

This may be compared with ?•„„, = -452 and r
Sls2
= "449. The discussion of the

biological significance of the results from this and the preceding illustration must

be reserved.

Problem IV. To Determine Direct or Cross Inter-Class Correlations from the

First Two Moments of the Individual Classes.

Let x be the measure of a character in an individual of one class of p members

and y be the measure of the same or a different character in an individual of

another class of q members associated with the first for some logical (e.g.,

biological, or sociological) reason. The coefficient calculated from a table in

which every x of a first class is compared with every y in the second (associated)

class may be designated as an inter-class coefficient of correlation.

The number of entries in an inter-class correlation surface will be S(pq), where

S indicates a summation of classes. X(x')/p, X(x'-)/p, %(y')/q, %(y''2

)/q are the

59—2
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first two moment coefficients of individual classes, [2 (x) 2 (y')]/pq the product

moment coefficient for an associated pair of classes and

8[Z(a>')X(y')]/8(pq), (xiii)

the rough product moment coefficient for the whole population.

For every first class of p individuals there is an associated second class of q

individuals. Hence, the individuals of the first class are always weighted* in a

g-fold manner and those of the second class in a p-fold manner. The population

constants weighted for the calculation of r are given by the I'ough moment co-

efficients about 0 as origin,

S[qX(x')]/S(pq), Slqti^/Sipq), (xiv)

8 [pZ (y')]/S (pq), 8 [pt (y'*)]/S(pq) (xv)

Since x and y may be measures of the same or different characters it is clear

that the formula is the same for direct or cross inter-class correlation.

Illustration (IV) 10. Racial Heterogeneity anal Homogamy in Man.

It has sometimes been suggested that homogamy for physical and mental

characters in man is due to (a) the existence in the population of numerous local

races, (b) the excessive frequency of intra-racial marriages, attributable to pro-

pinquity merely, and (c) the pooling of records from many local races in the same

correlation surface.

A study of the literature of assortative mating convinces one that so simple an

explanation is inadequate. Nevertheless, it is very important to give full weight

to any factors tending to bring about a spurious correlation for assortative mating.

One way of testing the question is to make random matings within the local

races, pool the results for a series of districts, and determine the correlation f. The

influence of the local differentiation can be read off in the inter-sexual correlation

coefficient thus secured
J.

A convenient series of materials for stature is that gathered by Tocher§ for

the counties of Scotland. To be sure, his measurements are on individuals who

have become insane, but data for the normal population are lacking.

We may work from the table of constants (Bionietrika, Vol. v. Supplement,

Table XIX), taking populations of arbitrary size, say 100 males, m, and 100

* When it is possible to collect data so that either p or q, or both, are constant throughout the

m pairs or classes the work is obviously considerably simplified. Unfortunately such cases are rare in

practice.

t This was actually done for parish churchyards in the cooperative study of assortative mating for

duration of life. Cf. Biometrika, Vol. n. p. 485, 1903.

% Of course our problem has some similarity to but differs fundamentally from that considered

by Tschepourkowsky in his study of the resemblance between man and woman. Cf. Biometrika, Vol. iv.

pp. 161—168, 1905.

§ Tocher, J. F., "The Anthropometric Characteristics of the Inmates of Asylums in Scotland,"

Biometrika, Vol. v. pp. 298—350, 1907.
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females, /, from each district. Then for a district, 2(s')=100 s, the population

means are given by $[2 (s')]/iV, the population standard deviations* by

s.d.2 = S [100 (s2 + <r»)]/N - [S (100 s)/iV]'-,

where s represents stature in males or females as the case may be, the bars and o-'s

indicate county means and standard deviations and N= S(n) = mw = 22 x 100.

The population constants are :

For Males :

S(l00s) = 145080, lY = 2200,

S(l00s-) = 9567888, s = 65-945,

S (100 ay*) = 17335-08, s.d.2 = 8-116546,

For Females :

S (100 s) = 134760, N = 2200,

S (100 s
J

) = 8255232, I = 61-255,

8 (100 a-/) = 13992-05, s.d.2 = 6618921.

These will suffice for getting the correlations, since all classes comprise the

same number of individuals and no change in the s or as is introduced by

weighting.

The totals of the correlation surface are 22 x 100 x 99 = 217800 for the intra-

patrial correlation for stature of random pairs of males and random pairs of females,

and the rough product moment coefficients are given by

{100 8 (100 s
2
) - [S (100s-

2

) + #(100 ov)]}/£ [n (n - 1 )],

whence, for males, r = *019,

for females, r = "029.

But for the inter-sexual correlation between random pairs of men and women for

the several counties, pooled together, there are vm-, not m [n(n — 1)] combinations,

since each male may be compared with all the females of the district, while in

intra-sexual correlations the individual's own measure must be deducted. For

random pairs of men and women we have, therefore, for the unadjusted product

moment
S [t (s'm) 2 (s'f)] = 888716500, N = 220000,

whence

r= (4039-620454 - 65 945455 x 61-254545)/2\848955 x 2-572726 = -022.

The result just deduced taken in comparison with that secured in a similar

manner for the several parishes of the Wensleydale district-]-, seems to indicate

that the geographical differentiation in the population plays a very small part in

the production of the correlation between husband and wife.

* In getting »S [100 (s2 + <r
s
2
)] for the standard deviations we can save the labour of mental additions

of large squares by taking separately S (100s2
) and S (lOOir,2). We have then only to multiply

S (100s2
)
by 100 to get ,S'[100s]2= S[S (s')] 2

. S2 (s'2 ) is of course given by the second moment calculated

for the population s.d. Thus the squaring and summation can be quickly done simultaneously on any
of the usual types of calculators.

t Biometrika, Vol. n. p. 485.
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Problem V. To Determine Fractional Direct or Cross Inter-class Correlations

from the First Two Moments of the Individual Classes.

Under (IV) every x of the first class is compared with every y of the second

class. In actual practice, however, cases are frequent where all the possible

comparisons are not made. Such relationships may be designated as fractional

inter-class correlations. They are more difficult to determine than the simple

inter-class constants but they are of very great importance in many cases. Of
course the method is quite general, but for clearness I take the determination of

the avuncular correlations as an illustration.

If x be the measure of a character in a parental array, family or sibship of p
individuals and y the measure of the same or a different character in the offspring

array (or family or families) of q individuals, then the inter-class correlation in-

volving the comparison of every x with every y in the related classes of the

population of m classes may be designated as an ascendant (or, if one chooses,

descendant) correlation of the first order*. From such a table, actually formed

by the method described under (I) or <m\y expressed algebraically as under

(IV), one may easily derive the avuncular correlation

—

i.e., that between " uncles

(aunts) " and " nephews (nieces) "—as follows :

In such an ascendant correlation, the offspring individuals are associated with

all the members of the parental array, both their own parents and their parent's

siblings, or there are 8{pq) combinations.

Hence it is given by formulae (xiii—-xv) under (IV). To obtain the avuncular

correlation we have only to deduct from the five fundamental summations of the

ascendant correlation those for the relationships between (weighted) individual

parents and their S(q) individual offspring, and proceed to the correlation of r on

the basis of S(pq - q) instead of S (pq) individuals.

But the direct parental correlation is practically always wanted on its own

account. It is most easily obtained from an ordinary or condensed correlation

table, or by the method described under (II). Designating by the subscript i the

measures entering into the correlations for individual parents (weighted with their

offspring) and their offspring, we have for the avuncular relationship (the fractional

inter-class correlation) by simple subtraction,

S[$(X')2(y>)]-S(X{'y ;
')

S(pq)-S(q) '

V1)

for the product moment coefficient, and

SiqS&yi-SW S[qt(x'>)]-SW)
S(pq)-S(q) ' S(pq)-S(q) '

1 >

S[p$(y')]-S(y-) 8[pX(y^]-S(y^) , ....

S(pq)~S(q) ' S(pq)-S(q) ^ ;

for the moment coefficients.

* If correlation between parental and offspring arrays be designated as of the first order, that

between grandparental and grandofispring arrays is of the second order, and so on.
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These formulae lend themselves readily to practical manipulation. The rough

moments for the parental-offspring surface are generally available ; the others

are obtained by rapid machine calculation.

Illustration (V) 11. Avuncular Correlation in Garden Beans.

As an illustration I take the calculation of the "avuncular" correlation in a

series of forty families of garden beans—The Navy H series of former papers*.

Table XIV gives the necessary data. The first part shows the weight of the seeds

from the 40 parents, seriated individually with the sums and sums of squares of

their values. Only a portion of the seeds (roughly 10) from each of these mothers

were planted, and give the offspring arrays shown with their summations in the

second part of the table.

The direct parental correlation j-—that between the weight of the individual seed

planted and the weight of the seeds which it produces—is given in Table XV.

TABLE XV.

Seed Weight in Garden Beans.

Offspring Weight.

3
|
4 5 6 7 8 0 10 11 12 IS 14 15 Totals

5
6

7

s
0

10
11

12
13

1

1

1

2

1

3

1

2

1

10

15

7

6

6
t

21

29

30
18

1

8

21

62

74
71

31

2

4
4

18

103

137

102

51

7

4

21

100
134

77
66
14

2

4

4

55
72

54

47
10

3

1

3

19

23
25
22

3

2

4
4

3
5

12

2

3

2

3

4

2

1

8

28
79

379
489
375
258
42

10

Totals 3 7 41 111 270 426 416 251 98 30 12
1

2 1 1668

* American Naturalist, Vol. xlvi. pp. 313—343, 512—525, 656—674, 1912 ; Koux's Archiv f. Ent-

toicklungsmcchanik der Organismen, Bd. xxxv. S. 500—522, 1912; Biometrika, Vol. ix. pp. 11—21.

t The Editor has called my attention to the possibility of some misunderstandings which might be

introduced by this illustration and I am glad to add a word of explanation concerning it.

The chief question which is likely to be raised is : "What constitutes direct parental inheritance in

a character like seed weight? " Some rather complicated biological questions are involved. The coats

of the seed are a part of the plant individual which produces them—are in fact strict homotypes in

Pearson's sense of the term. But the embryo—the cotyledons, hypocotyl and the plumule, the elements

which constitute the major part of the weight of the seed—is strictly speaking a daughter plant. Hence

an intra-individual correlation for seed weight is not a true homotypic correlation but a fraternal

or sororal correlation. Thus from the embryological or genetic standpoint the correlation between the

weight of the individual seed planted and the weights of the seed borne by the plant into which it

develops is the true parental correlation.

There are, however, two important modifying conditions. First, the correlation is between two

individuals in an embryonic stage, not in the adult condition. It is somewhat analogous to the

correlation between the larval characteristics of two successive generations of moths, and resembles

still more closely the coefficient measuring the resemblance between a parent's weight at birth and
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Designating the parental generation seeds by x and the offspring seeds by y, I find

from Table XV,
% (x')= 15416, 2 (</') = 1^097,

S (a?'«) = 145400, 2 (v/'
2
) - 12.3273,

S OY) = 130794,

whence, with Sheppard's correction,

r = (130794/1668 -9-242206 x 8-45143!>)/r29l727 x 1/547424 = -1519.

From Table XIV I find for the ascendant-descendant correlation

8(pq) = 00750,

8 [qX (.//)] = 564066, 8 [pi (y')] = 514990,

8[qS («'2)] - 5351080, <S [p% ( v/'
2

)] = 4518074,

S[Z(a>') X (y')] =4798171.
These give

r = (4798171/60756 - 9 284120 x S470304)/l-34041 2 x 1-559539 = -1334.

But obtaining the summations about 0 for the avuncular relationship by simple

subtraction I get for the population N
# [q(p- l)] = S (pq) - S(q) = 00756 - 1608 = 59088,

and for physical constants, for " aunts
"

x = (564066 - 15416)/59088 = 9-285303,

trx = V(53510S0 - 145400)/59088 - (9-285303)- - "083333 = 1-341743,

and for " nieces
"

y= (514990 - 14097)/59088 = 8-477068,

cry = V(4518074 - 123273)/59088 - (8477068)2 - -083333 = 1-559872,

and for the relationship between them

r = [(4798171 - 130794)/59088 - ^/]/axay = -1329.

a child's weight at birth. Second, all the seeds produced by the same plant are under closely similar

environmental conditions. Thus while they are (so far as the embryo to which weight is chiefly due)

sister seeds, they are far more nearly alike than would he expected on the basis of heredity alone, for all

are borne in and nourished by the maternal tissues.

Under these circumstances one may consider either (a) the correlation between the individual seed

planted and the individual seed produced, or {b) the correlation between the average character of all (or

of a representative sample) of the seeds of a parental and filial individual to be the true correlation.

If the latter view is taken one considers the characteristics of the seeds to be determined exclusively

by the plant on which they are borne (the parent plant).

If the former alternative be adopted one neglects for the moment the important environmental factor

introduced by the fact that the whole array of parental seeds are subjected to the limited environment

of one plant while the offspring array (produced by any single plant) is subjected to the environment of

another plant.

It has seemed to me safest to follow strictly the biological homologies in terminology.

Biometrika ix 60
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I note that the parental relationship is the highest and the avuncular the

lowest. These results cannot be discussed in detail until the final memoir from

which they are abstracted is published, but it seems to me that they agree

with Hanel's data for Hydra as analyzed by Pearson* in affording no support to

Johannsen's conclusions concerning the ineffectiveness of selection within the pure

line.

If one desires a check, or if linearity of regression must be tested, one may pro-

ceed by the method already described for the formation of condensed correlation

tables f.

Either ascendant or descendant seeds may be taken as the "first" or subject

character. Since they are quickly formed, both have been drawn up for the con-

venience of the reader and appear as Tables XVI—XVII. In them, the first two

columns give the reduced tables for parents and offspring (or offspring and parents),

the second two give the frequencies for the ascendants weighted with their

descendants (or the descendants weighted with their ascendants) and the totals of

the associated arrays. The final two columns are obtained by subtracting the first

pair from the second, and give the avuncular relationship desired. Naturally, the

final summations of these columns may be subtracted if linearity tests only are

not desired. All the above constants may be checked directly from these tables.

TABLE XVI.

Parental
Correlation

Ascendant-Descendant
Correlation

Avuncular
Correlation

Weight of

Ancestral

Seed Frequency of

Actual Parents
Weighted with
their Offspring

Total
Offspring

Weight

Weighted
Frequency of

Descendant
Seeds

Total Weight
of AVeighted
Descendant

Seeds

Weighted
Frequency of

Nepntic
Seeds

Total Weight
of Weighted
Nepotic
Seeds

3

5
6

S
9

10
11

12
18

U

8
28

79
379
489
375
258
42
10

70
210
648

3188
4085
3111
2270
396
119

35
40
294
1147
3389
11510
18095
15184
8247
2406
364
45

306
340

2526
9313
27780
96824
151467
127618
7 159 J

22963
3775
487

35
40

286
1119
3310

1 1 131

17606
14809
7989
2364
354
45

306
340

2456
9103

27132
93636
147382
124507
69321
22567
3656
487

Totals 1668 14097 60756 514990 59088 500893

* Biometrika, Vol. vn. pp. 372—381, 1910.

t American Naturalist, Vol. xlvi. pp. 477—486, 1912.
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TABLE XVII.

471

Parental Ascendant-Descendant Avuncular
Correlation Correlation Correlation

Weight of

Offspring

Seed Total Weight Weighted Total Weight Weighted Total Weight
Actual of Weighted Frequency of of Weighted Frequency of of Weighted

Frequency Parental Ascendant Ascendant Avuncular Avuncular
Seeds Seeds Seeds Seeds Seeds

o 3 30 127 1213 124 1183

4 7 67 263 2514 256 2447
41 370 1473 13393 1432 13023

6 111 1012 3901 35562 3790 34550
7 270 2437 9672 88297 9402 85860
8 426 3892 15421 142308 14995 138416
9 416 3841 15190 139924 14774 136083

10 251 2366 9333 88150 9082 85784
11 98 939 3642 34725 3544 33786
12 30 293 1098 10830 1068 10537
13 12 134 511 5757 499 5623

H 2 22 82 891 80 869
15 1 13 43 502 42 489

Totals 1668 15416 60756 564066 59088 548650

III. Recapitulation.

The term intra-class is suggested for the correlation describing the degree of

resemblance of the individuals of the series of sub-groups or sub-classes into which

a general population may be divided for some logical {e.g., biological, sociological)

reason. The term inter-class is applied to those correlations which describe the

degree of interdependence of variables belonging to the logically related sub-classes

of different populations. Such coefficients have a very wide but hitherto little

realized range of usefulness.

Generally, their determination requires the comparison of each individual with

the array of individuals constituting its own or its associated class. Heretofore

the use of such coefficients has been limited, indeed almost precluded, by the

excessive labour of forming the weighted tables. Methods for the rapid formation

of the tables by the aid of mechanical calculators have been described, and

formulae are now given by which such correlations can be determined without

the formation of tables at all.

The labour of calculation may thus be reduced to a small fraction of that

formerly required. The formulae present numerous opportunities for checking

the arithmetic, but of course certain errors may be more easily detected when

tables are used. Furthermore the tables, full or condensed, should be formed in

60—2
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a certain number of cases for the purpose of testing the form of the regression

curve.

Finally, in emphasizing the use of Intra-class and Inter-class Coefficients it

may not be out of place to warn the reader that, as in the case of many other

statistical relationships, the raw or uncorrected values may give quite erroneous

impressions of the biological relationships under investigation. Some such cases

will be discussed later. In the meantime, the purpose of this paper will have

been fulfilled if the range of illustrations proves suggestive of wider application

and if the formulae prove as useful to other biologists as they have to workers

iu my laboratory, where they have been very extensively used and have become

indispensable tools.

In conclusion I take great pleasure in thanking most heartily the Editor of

this Journal for the kindly criticisms and suggestions which have materially

improved the manuscript.



A SECOND STUDY OF THE WEIGHT, VARIABILITY
AND CORRELATION OF THE HUMAN VISCERA.

By M. GREENWOOD, Junp,, and J. W. BROWN.

(From the Statistical Laboratory of the Lister Institute.)

In 1904, one of us published an account of certain applications of biometric

methods to data obtained from the pathological department of the London

Hospital*. The object of that essay was to throw light upon the mean values,

variabilities and correlations of the human visceral organs, in the hope of (a) Placing

on record results comparable with the numerous studies of anthropologists which

deal with other organs or dimensions : (b) Providing materials for the study of the

changes produced by various diseases in the absolute measures and inter-relations

of the organs observed and, therefore, p-o tanto, illustrating the work of selection

upon the human species.

In the paper cited, attention was directed to the specialised characters of a

" General Hospital Population " and it was pointed out that results obtained from

such a population could not be generalised without inquiry as applicable to the

race at large. It was also shown that groups selected upon various principles

within the " General Hospital Population " exhibited marked deviations from the

prevalent type, a selection of the more healthy organs being attended by a rise in

correlation and a fall in variation, while a group characterised by a preponderance

of specifically diseased organs exhibited changes in the opposite sense.

The difficulty which had to be faced in that investigation was the task of

ascertaining the characteristics of a healthy " General Hospital Population." By
this expression we define the class of pei'sons of the physical, racial and economic

type to which hospital patients conform but who are not suffering from any disease

likely to cause death or seriously affect health. The nature of the material avail-

able in 1904 did not permit of such a selection being made and all that could be

done was to choose from the data those organs which, so far as the records showed,

were not obviously diseased. Such cases formed the normal or " healthy " material

Biometrika, Vol. in. p. 65.
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of the earlier paper. In Table I we have grouped the results obtained from such

data; the figures relating to males have already been published, those dealing with

females are based upon the manuscript records, and are given for the sake of com-

parison. It will be noticed that in two cases the correlations for the female data

TABLE I.

A. Constants calculated from Old Data. Healthy Organs.

Organ Sex Mean Standard Deviation Correlation

Heart M. 11-04+ -07 ozs. 1-923 ozs. •2780+ -0329

Liver M. 60-44+ -32 „ 8-948 „ [H. and L.]

Heart F. 10-12 + -11 „ 3-087 „ •2163+ -0325

Liver F. 55-23+ -15 „ 4-298 „ [H. and L.]

Heart ... M. 11 -25 +-06 „ 2-073 „ 2654+ -0276

Spleen M. 5-22+ -00 „ 1-996 „ [H. and S.]

Heart F. 10-02+ -10 „ 3-422 „ •1881+ -0295

Spleen F. 6-07+ -10 „ 3-197 „ [H. and S.l

Heart ... M. 11-24 ±-06 „ 1-946 „ •4004+ -0279

Kidneys ... M. 12-01 + -07 „ 2-016 „ [H. and K.J
Heart ... F. 9-45+ -09 „ 2-445 „ •4465 + -0292

Kidneys ... F. 10-58 +-10 „ 2-620 „ [H. and K.]

B. Relative Variability of Healthy Organs.

Organs Sex Coefficient of Variation

Hearts with Livers M. 17-42 \

Hearts with Spleens 18-42 \ mean 17*71

Hearts with Kidneys ... 17-30 J

Livers 14-80

Spleens ... 38-21

Kidneys ... 16-80

Hearts with Livers F. 30-49 \

Hearts with Spleens ... 34-17 \ mean 30'17

Hearts with Kidneys ... 25-86 J

Livers 7-78

Spleens ... 52-69

Kidneys ... • ... 24-76

are slightly smaller, in one instance perhaps significantly smaller, than the male

values, while the relative variabilities are in two cases higher among the females.

It was to be anticipated, from the nature of the case, that the results just given

would be only rough approximations to the desired values descriptive of a healthy

"General Hospital Population." This anticipation has been confirmed by other

work. Thus Pearson has shown that the form of frequency distribution indicated

by the graph of " healthy" hearts would suggest arbitrary limitation at each end

of the distribution, some small and many large hearts having been unjustifiably
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classed as abnormal*. It therefore seemed desirable to re-investigate this par-

ticular problem and a special motive for doing so now is that one of us hopes

shortly to collaborate with Dr Mott in the reduction of similar but more extensive

data collected in Claybury Asylum. To make this latter inquiry complete, some

comparison of biometric constants derived from an insane population with those

yielded by sane stock is essential. The sane population as a whole not being

available, and the economic strata which provide general hospital and county

asylum patients being similar, it seemed probable that an extension of the earlier

inquiry would be of value. Under these circumstances recourse was once more

had to the pathological department of the London Hospital. We took this step

with the more confidence because we knew that since the date of the first investi-

gation the pathological records of the London Hospital had been enormously

improved, under the supervision of Dr H. M. Turnbull, Director of the Pathological

Institute.

Dr Turnbull kindly supplied us with data prepared in accordance with his

instructions and we desire to express our gratitude to him not only for placing the

material at our disposal but for much friendly advice and criticism throughout the

inquiry.

The data provided by Dr Turnbull include, with the exception of the weight of

the spleen, all the measurements recorded in the former series and in addition the

weight of the brain (in most cases), and the weight of the whole body and its

length. We must, however, remark that the last mentioned datum, although

included in one of our tables, has been shown to be unreliable, so that no sound

conclusions can be based upon it. We shall refer to this point later.

With respect to the methods by which these data were prepared, we have

somewhat exact details. Dr Turnbull permits us to quote the following passage

from a private letter addressed to one of us.

"Before the bodies are put on the P.M. tables they are weighed and measured

and the results are entered by the porters upon the tops of the sheets for the

description of the necropsy. Each organ after it has been removed, cut and de-

scribed is placed in the tray at the end of the table and left there until Dr Bartlett

or I have gone through the case dictating the diagnosis of the case as a whole and

of each organ. So soon as most of the organs have been completely separated the

porters lift them from the trays, weigh them and write down the weights on the

large slate in the P.M. room. Occasionally an assistant places an organ in the tray

before slicing into it; it may therefore be weighed before it is sliced, but this is

exceptional. The organs are almost always completely separated and therefore

weighed before Dr Bartlett and I go through the case. In special circumstances

they are placed in the trays without separation, e.g., in disease of the bile ducts

the liver, pancreas, stomach and duodenum would be placed together in the tray

without separation until Dr Bartlett or I examined them. Such organs would be

* Biometrika, Vol. iv. p. 188.
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weighed later than the others. In cases of accident it would be extremely

unlikely that such a proceeding would ever be necessary. You may take it

then that in the cases sent to }'ou the organs were weighed almost immediately

after removal and examination by the assistant."

This material although naturally less extensive than that previously used is

far more reliable. Dr Turnbull knew that we wished to study healthy organs and

consequently the data received by us formed a selection not a random sample of

the " General Hospital Population." We have, however, carried the process of

selection yet further. We chose from the data all the males at ages 25—55 and

rejected from this number (1) all that had died of a wasting disease, such as

Cancer or Tuberculosis
; (2) all cases in which a possibly pathological condition of

the heart was noted, whatever the weight of the organ might be; (3) cases in

which Syphilis might be suspected (those with record of aneurism in particular)
;

(4) all cases with no recorded body-weight.

The cases without recorded body-weight have not been considered at all, but

those rejected from the series on account of (1), (2) or (3) were subsequently added

to the remainder and the constants of the whole series ultimately calculated. Our

work therefore falls into two parts, the first being an analysis of some 78 doubly

selected cases, the second a reduction of about 100 records selected also but not so

stringently. An examination of the data which are published as an appendix to

this memoir will enable the reader to appreciate our method; it may be remarked

that certainly one and possibly two cases not admitted to the "double selection"

should have figured there (one was left out by mistake), while some of those

admitted, in particular the epileptics, ought possibly to have been omitted. On

the whole, however, we think the "double selection" conforms pretty well to

the type we had in mind. Needless to say, it falls far short of the ideal, since,

not to mention other points, we have not been able to take account of occupation

or race in view of the paucity of our material. It may also be mentioned that we

have other data relating to persons outside the limits of age here adopted ; the

analysis of these cases will be dealt with in another communication.

The non-medical reader will perhaps wonder how it is that we think it worth

while to deal with so few cases, and may object that the London Hospital is only

one of a number of great medical charities and that the material from all of these

should be pooled and treated as a whole. This would be so obviously the proper

course were it practicable that we may be allowed to point out the difficulties in

the way of its adoption. The effective absence of coordination between the medical

schools, the diverse systems in force and the contempt of statistical data which up

to recent times characterised all but a minority of the hospital staffs, would render

any individual attempt to deal with combined records a troublesome and possibly

futile undertaking. We are not speaking without knowledge of the statistical

systems in vogue at a large hospital when we say that the present state of affairs

is unsatisfactory. Every year tons of paper and gallons of ink are devoted to

recording the experiences, medical, surgical and pathological, of the great teaching
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institutions. An extremely small percentage of the results have any value at all,

while even that residuum is not readily accessible. Comparatively little trouble

and some expense would notably diminish the output of waste-paper and increase

the production of valuable records.

Hospital administrators pay little attention to the advice of private enthusiasts

—and quite properly since compliance with requests for innovation might turn

hospitals into happy hunting grounds for faddists of all kinds. There are we think

but two ways in which genuine statistical reforms are likely to be brought about.

One is through Government or Municipal action, a process which does not (if we
may judge from the report of the recent Royal Commission on the Record Office)

necessarily lead to the best results. The second is through the realisation on

the part of leading physicians and surgeons of the importance which attaches

to organised statistical data. Perhaps when consumption has been " conquered
"

and the infant death rate reduced 80°/
o , medical protagonists may be induced to

turn their attention to a humbler but still important reform. The question is

really of more importance than might be inferred from the subject of this paper.

The problem with which we are immediately concerned here is not of momentous

interest, but the difficulties under which we labour apply to all statistical investi-

gations of a " General Hospital Population." Since every youth destined to earn

his bread as a doctor acquires his first and therefore his most vivid impressions

of the phenomena of disease among a "General Hospital Population," it is of

importance to all his future patients that these impressions should be controlled,

checked and, if possible, corrected by any available method. One such method,

the statistical realisation of precisely what a " General Hospital Population " is,

and how it may be presumed to differ from the nation at large, is at present

impossible owing, in great measure, to obstacles which can be removed. This

is now the opinion of a small minority ; if it is ever adopted by a majority, those

who, having the means of reform at their command, neglect to adopt them will

find some difficulty in explaining their position.

TABLE II.

Constants calculated from New Data (Select Gases). Healthy Organs.

Males (25—55).

Variable Mean Standard Deviation
Coefficient of

Variation

Heart
Body-weight ...

Kidneys
Liver ...

Age
Brain
["Body-length"]

11-96+ -14ozs.

129-82 ±1-80 lbs.

10-67 ± -16ozs.

57-39± -86 „
41-27+ -66yrs.

49-31 + -36ozs.

[68-99 ± -20 ins.]

1- 896
23-605
2-049
11-263
8-632
4-558

[2-548]

15-86

18- 18
19-21
19-63
20-92
9-24

[3-69]
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We now pass to the results of our investigation and begin with the specially

selected series, the chief constants of which are given in Tables II and III. All

the mean values which can be compared with those set out in Table I differ

significantly therefrom ; the heart is heavier, the other organs lighter than in the

first series. It is doubtful whether the changes in relative variability of the heart

and kidneys are significant, the difference in the latter case being only 241 + 1"12.

TABLE III A.

Total Correlations.

Heart Body-weight Kidneys Liver Brain
["Body-
length"]

Age

Heart
Body-weight . .

.

Kidneys
Liver
Brain
["Body-length"]
Age

1

•65 ± -04

56+ -05

•52 +-06
•08 + -08

[•42 ±-06]
04 ± -08

65 + -04

1

•37 + -07

•57 ± -05

•25 + -07

[•52+ -06]

-•03 +-08

•56 + -05

•37 +'07
1

•43 + -06

08 + -08

[•28+ -07]

-•05 +-08

•52 +-06
57 + -05

•43 + -06

1

•13+ -08

[•41 + -06]

- -16+ "07

•08 + -08

•25 + -07

08 + -08

13+ -08

1

[•27 +-07]
- -08 + -08

•42 +-06]
'•52+ -06'

'•28+-07]
'•41 + -06'

"27+ -07
!

[1]

[- -20±-07]

•04+ -08

-•03 ±-08
- -05 + -08

- -16+ -07

- -08 +'08
[-•20+ -07]

1

TABLE IIIB.

Partial Correlations.

Variables " Constants" Correlation

Heart and Body-weight
Heart and Kidneys
Heart and Liver
Body-weight and Kidneys
Body-weight and Liver
Kidneys and Liver

Kidneys and Liver
Body-weight and Liver
Body-weight and Kidneys
Heart and Liver

Heart and Kidneys
Heart and Body-weight

49+ "06

•41 + -06

•13+ -08

- -07 + -08

•36 + -07

•21 + -07

The liver, on the other hand, seems to be definitely more variable in the present

series. Our finding, so far as the heart is concerned, confirms the remark of

Pearson already cited. With respect to the correlations, those which have

corresponding entries in Table I are larger than these, the coefficient involving

the liver being significantly increased. Some of the other constants, while not

matched in Table I, may be compared with the reductions of Blakeman* and

Pearl f, viz. brain- and body-weights. Our mean brain is heavier than that

deduced by Blakeman from the Middlesex Hospital data and near Pearl's figure

* J. Blakeman, "A Study of the Biometric Constants of English Brain Weights," Biometrika,

Vol. iv. p. 124, 1905.

t E. Pear], "Variation and Correlation in Brain Weight," ibid. p. 13.
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for Bohemian cases. The mean body-weight is greater than Pearl's figure and the

coefficient of variation between that of Pearl and Pearson*.

Since Pearl and Blakeman did not restrict their inquiry to persons between 25

and 55 years of age, any comparison of our results with theirs must be of doubtful

validity. Similarly we cannot control the constants involving age by comparisons

with the work of other biometricians. In the first study, the correlation between

age in years and " healthy " heart weight for males was given as "136 + "025 and

from the same data we find in the case of females r = "155 + "029, in good agree-

ment with the former value. Our present results cannot be said to differ signifi-

cantly from the old values and we may quote a passage from the other memoir:
" When we remember that the healthy heart is on the average much smaller than

the heart in disease, and that sickness on the average increases continuously with

age, we shall probably lay less stress on the general a priori idea that the weight

of the adult heart increases very sensibly with age alone f." We see no reason to

modify this view ; further the recorded ages are likely to be subject to a con-

siderable observational error in this class of material.

The general conclusion therefore both of the present and the first study is that

age alone is not proved to be sensibly correlated with the weights of the viscera in

an adult bealthy " General Hospital Population."

The correlations involving body-weight are the most interesting in our new
series since, with the exception of Pearl's results, they are so far as we are aware

the first reductions of this variable in its association with the visceral weights

which have been published. It may be freely admitted that the weight of a corpse

must be so appreciably affected by the circumstances immediately preceding

death that it cannot correspond at all closely to the weight during life. The force

of this objection is diminished by the large percentage of violent deaths to be

found in our series, since these cases would not be affected by the rapid wasting so

often associated with a fatal illness.

Chiefly for this reason, we are not without hope that the present calculations

throw some light upon the true correlation between heart weight and body-

weightj. One inference seems clear enough, viz. that no opinion ought to be

ventured as to whether the weight of a heart is or is not normal without taking

into account not only that of the other organs but also the body-weight. This

leads to the question as to whether a formula of the nature of a regression

equation might appropriately be employed to connect heart weight with other

variables. In selecting variables upon which to base a prediction of the heart

weight, the ideal is that each member of the set shall be highly correlated with

the heart and that the correlation of the chosen variables one with another shall

be low. For the purposes of a first trial, we decided to found the prediction

* K. Pearson, " The Chances of Death, etc.," Vol. I. pp. 293, etc.

f Greenwood, op. cit. p. 69.

% It is also to be remembered that there must be an appreciable post mortem loss of weight owing to

evaporation in the cold chamber.
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upon the weight of the whole body and that of the kidneys and liver. The

required constants having been determined* we find:

x1 = -0369tf2 + -3178^3 + -0192^
4 + 2'6715 (1),

where x
1
is the weight of the heart in ounces, x2 the body-weight in pounds, x3 the

weight of the kidneys in ounces, x4 the weight of the liver in ounces.

The standard deviation of the prediction is 1235 ozs., giving a mean error of

•96 oz.

The value of such an equation depends upon the nature of the regression
-f-

which cannot be properly determined when the data are too few or too scattered

to allow of grouping. A rough empirical test is to see how far the predicted value

agrees with the known weight in a sample of the material. Blakeman applied this

test in his series of brain weights. We took every third case in our selected series,

determined the probable weight of the heart from the above equation and com-

pared this with the recorded weight. The mean absolute error in the whole 26

was "98 oz., which is in reasonable agreement with our expectation. We then

asked ourselves whether the prediction could be improved.

In the Tables II and III we have recorded, within brackets and inverted

commas, some constants of " Body Length." Inquiry has elicited the fact that the

" body length " was not true height at all but the length from the crown of the

head to the end of the toes and had been recorded for the purposes of the under-

taker. Since this measurement will be greatly affected by the degree to which

the toes are flexed when rigor mortis sets in it does not necessarily bear a constant

proportion to the stature, as was readily seen on examination of a short series of

cases upon which both measurements had been made. Consequently the mean

and standard deviation of this measurement are of no interest
;
but, since we found

it to be substantially correlated with other measurements, it seemed just possible

that its inclusion in an equation would improve the prediction. We found

:

x
x
= -0S56x2 + -3034^ + -0166a;4 + -0418#

6 + '2518 (2),

where x
x
= heart weight in ounces, x2 = body-weight in pounds, x3 = kidneys in

ounces, oe4
= liver in ounces, x5

= " body length " in inches.

Applying this equation to the 26 test cases as before, the mean error proved to

be "97 oz., i.e. there was no sensible improvement in the fit.

Lastly we considered the effect of only taking two variables, the body-weight

and the weight of the kidneys. The equation was

:

xx
= -0413#

2 + -3449^3 + 2-9187 (3),

* In determining the various regression constants six places of decimals were retained in the

coeflicients of total correlation, i.e. we did not use simply the values tabulated in this paper. The

work was arranged on the plan introduced by Yule, but several of the constants were checked by

re-calculation, using the minors of the fundamental determinant in the ordinary way.

f An analysis of the data in Table VI of Greenwood's "First Study" shows that in the case of

" healthy " organs the regression of heart weight upon kidney weight was effectively linear. For that

'N
case, N=413, r=-4004, ,= -4174, and x j N/^r^= i.776.
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where x
1
is the weight of the heart in ounces, x.2 the weight of the body in pounds,

x3 the weight of the kidneys in ounces.

(3) applied to the 26 cases gave a mean error of 1 ounce.

We accordingly conclude that the weight of the heart may be predicted from

that of the body and kidneys with an average error of some 8 per cent, of the

mean weight of the heart, and that the introduction of the liver does not appreciably

improve the accuracy of the result. This equation may be of use occasionally in

the post mortem room
;
rough as it is, we do not think any better formula has been

found by the anatomist.

We finally come to the results yielded by the whole of the data sent us which

fell between the required limits of age.

The necessary constants are set out in Tables IV and VA and B and these

should be compared with Tables II and III. It will be seen at once that,

TABLE IV.

Constants calculated from All new Data. Males (25—55).

Variable Mean Standard Deviation
Coefiicient of

Variation

Heart ... 12-15+ -18 ozs. 2-700 22-22

Body-weight ... 128-89 ±1-64 lbs. 24-367 18-91

Kidneys 10-77+ -15 ozs. 2-267 21-05

Liver ... 57-11 ± -81 „ 1 1 -890 20-82

Age 42-60 + -60 yrs. 8-844 20-76

Brain ... 49-10+ -30 ozs. 4-464 9-09

TABLE VA.

Total Correlations. All new Data. Males (25—55).

Heart Body-weight Kidney Liver Brain Age

Heart
Body-weight...
Kidney
Liver
Brain
Age

1

•56 +-05
•53+ -05

•46 +-05
09 + -07

•06+ -07

•56 ±-05
1

•40 +-06
•57+ '05

•24+ -07

- -04 + -07

53 + -05

40+ -06

1

•32 + -06

•10 +-07
•04 + -07

•46 +-05
•57+ -05

•32+ -06

1

•14+ -07

-•11+ -07

•09 + -07

24 +-07
10+ -07

•14+ -07

1

- -08 + -07

•06+ -07

- -04 ± -07

•04 + -07

- -11 + -07

- -08 + -07

1

TABLE VB.

Partial Correlations.

Variables Constants Correlation

Heart and Body-weight Kidneys •45 + -05

Heart and Kidneys Body-weight •40+ -06

Kidneys and Body-weight Heart 15 ±-07
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excepting the variability of the heart, no appreciable alteration can be discerned.

Such changes as there are, e.g. the increased variability of the heart and its

lessened correlation with the other organs, point to the first selection as being

somewhat more healthy than the whole series, but the differences are evanescent.

The regression equation of heart upon body and kidney weight as determined from

the whole series is

:

x1
= -0462^ + -4260«3 + 1-6143 (4),

where x
x
= heart weight in ounces, x,2 = body-weight in pounds, xs

= kidney weight

in ounces.

The mean error for the 26 test cases is 1*1 ounces.

We think the inference to be drawn from this comparison is that, in order to

arrive at the values of the true post mortem constants descriptive of a healthy

" General Hospital Population," the process of selection need not be very stringent,

so far as the diagnosed cause of death is concerned.

We also think the whole tendency of the present investigation is to suggest

that the constants here published are, within the limits indicated by the errors of

sampling, representative of a healthy " General Hospital Population." None of

our results are in flagrant opposition either to the findings of observers equipped

with more accurate data or to those previously obtained from hospital series. We
hope, therefore, to have added another item of use to the student of a " General

Hospital Population." Of course, being restricted to a single type of measurement,

this study is of but limited interest. Shrubsall has published* the results of an

inquiry into certain anthropological characters of a " General Hospital Population,"

while Greenwood and Candy f have shown cause for believing that the fatality of

certain common diseases, such as lobar pneumonia, may be quite different in this

class from that obtaining in the community at large. These are other items in

a catalogue which has yet to be completed. It may well be possible for a future

synthesist to paint a fairly accurate composite picture of a section of our country-

men which is of immense importance not only in itself but also as the substratum

of medical instruction. At present, however, we must be contented with the task

of collecting material, in particular statistical records.

The general conclusions of this inquiry may be summarised as follows :

(1) The mean weight of the heart in healthy adult males of the class from

which patients in a London General Hospital are drawn is not far short of

12 ounces.

(2) The correlation between the weight of the heart and that of the whole

body is not much less than -

5.

* F. C. Shrubsall, Brit. Med. Journ. Vol. n. p. 1689, 1904 ; St Barts. Hosp. Reports, Vol. xxxix.

p. 64.

t Journ. Roy. Statist. Soc. Vol. lxxiv. p. 365, 1911.
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(3) The weight of the heart can be deduced from the weight of the body and

that of the kidneys by means of a linear equation with an average error of about

eight per cent.

(4) The weight of the body and that of the kidneys ought always to be con-

sidered before deciding whether a given heart is abnormally large or small.

(5) It is doubtful whether the weight of the heart is sensibly con-elated with

age in an adult population (of ages 25—55).

(6) The weight of the brain is less closeky associated with the body weight and

that of other viscera than is the heart weight.

APPENDIX OF MEASUREMENTS.
Data for the Study of Visceral and Organic Correlations in Healthy Male

Adidts (25—55).

Case
Number

Age
(years)

Body-
weight
(IDS.)

[" Body-
length

"

(ms.)j

Heart-
weight
(ozs.)

Brain-

weight
(ozs.

)

Kidneys
(ozs

)

Liver
(ozs.)

Cause of death

42, '12 45 140 69 1

1

-

5 51 -5 5-25 57-5 Fract. Skull
68, '12 45 155 67 14'75 52-5 14-5 70

ii ii

Abdom. Injury80, '12 38 138 69 13 '5 52 9 42-5

114, '12 41 117 67 10'5 49 9-5 50-5 Fract. Pelvis

178, '12 48 132 67 14*75 50 12-5 57-5 Tetanus
190, '12 50 136 68 13-5 46 11-5 64 Ruptured Intestine
253, 12 52 126 68-5 10-5 52-5 10-75 47 Fract Skull

20, '11 43 112 68 9-5 52-5 11-25 68-5 Bronch. Pneumonia
23, '11 34 157 71 11-5 49-5 95 74-5 Append icectomy [mothorax
37, '11 45 128 67 12 48 11-5 74 Traum. Rup. of Oesoph. Pneu-
61, '11 25 95 67 10-5 49-5 10 48 Periton. Perf. Duoden. Ulcer

133, '11 41 133 69 11-75 47-75 12-75 65-5 Strang. Hernia Perit.

144, '11 34 106 66 10 9-5 57 Perf. Gastric Ulcer
169, '11 54 138 70 14-5 13-5 90 Fract. Spine
174, '11 53 145 67 12 9 48 Appendicectomy
281, '11 30 160 73 11 54-5 9 52-5 Accident
292, '11 31 116 76 14 14-5 71-5 Glioma of Brain
374, '11 38 148 72 15 39-5 16-5 68 Anaesthetic Deatli
554, '11 54 136 67-5 12-25 47 9-75 64 Accident
629, '11 35 119 70-5 11 50 8 63 Tetanus
913, '11 46 128 72 12 54 9 59 Fract. Skull

1197, '11 54 100 66 9-75 43 8-5 34 Fract. Pelvis
1234, '11 50 115 69 11-75 39-75 9-5 49-5

ii ii

1236, '11 49 121 68-5 13 50-25 11 56-5 Injury to Head
56, '10 52 149 72 14-25 52 10-25 70 Fract. Base
96, '10 34 168 72 13-25 47 9 75-5 Fract. Ribs
99, '10 26 95 66 9 43 7 50 Corrosive Poison

221, '10 49 126 67-5 12-75 46-5 11 66-5 Fract. Base
251, '10 47 108 69 9-5 51-5 9 55-5 Fract. Ribs
284, '10 36 188 71 13-5 48-5 11-5 79-5 Fract. Base
308, '10 40 98 68 10 43 10-5 48-5 Tetanus
403, '10 35 123 69 13 53 12-5 62 Fract. Skull
501, '10 46 102 64 12 46-5 14-25 34 Fract. Pelvis
522, '10 46 121 69 10-5 53 8-5 46 Epilepsy
608, '10 33 170 70-5 13-5 45 12 60 Fract. Skull
672, '10 52 129 71 11-5 53 5 11 54-5 Fract. Base
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Data for the Study of Visceral Correlations—(continued).

Case
Number

Age
(years)

Body-
weight
(lbs.)

["Body-
length"
(ins.)]

Heart-
weight
(ozs.)

Brain-
weight
(ozs.)

Kidneys
(ozs.)

Liver
(ozs.)

Cause of Death

1047, '10 40 114 69 9-5 48 11-75 70-25 Fract. Skull

1048, '10 46 132 67-5 13 42-25 11-75 57-5 Fract. Base
1054, 10 51 156 67 15-5 49-5 12-5 70 Fract. Ribs
1159, '10 46 184 73 12-5 59 12-5 60 Shot
1160, '10 32 217 76 19-5 59 13-25 74-5

Fract. Ribs1172, '10 50 177 70 11-5 48 12-75 56 "5

1190, '10 49 112 66 9 44 9-5 46-5 Accident
226, '09 33 128 11-5 44-5 10-75 41 Fract. Base
294,

!09 52 112 71 9-25 53 11 45 Fall

297, '09 45 114 69 9-75 48-5 9-5 42 Accident
298, '09 50 133 67 9-5 49 7 47 "
299, '09 50 127 71 14-25 47 13 66
329, '09 52 105 70 11-75 53 9 40 Oxalic Acid Poison

336, '09 29 121 69 10-75 54-5 12 55-5 Epileptic Fit

356, '09 48 108 69 11-5 49 9-5 50-5 Burns
365, '09 30 115 70 11-5 49 14 60 Tetanus
383, '09 26 135 73 14-5 44 9-75 53-5 Stabbed
449, '09 33 136 74-5 14-25 47-5 11 59 Tetanus
460, '09 43 122 72 11-5 50 11-25 64 Tetanus and Bronch. Pneumonia
865, '09 49 105 69 10-25 43 8 36 Cut Throat

1079, '09 48 127 66 13-5 56 11-5 53-5 Run Over
1261, '09 40 149 69 13 48-5 11 62-5 Accident
109, '08 26 105 65 10-5 46 10-5 62-5 Epileptic Fit [Peritonitis

145, '08 37 145 70 11-5 47 12 78 Anaesthetic Death, Appendic.
151, '08 43 96 65 9-5 47 8 43 Epileptic Fits

169, '08 35 105 61 12 44 8 50 Fract. Skull

172, '08 41 126 70 14-5 48 11-5 60

186, '08 25 130 70 11-5 52-5 12 60
202, '08 34 108 66 9 48 6-5 42 Scalds

207, '08 41 107 68 11 62-5 10 52 Fract. Skull

218, '08 44 147 68 10 51-5 9-75 63 Periton. Rup. Duod. Ulcer
221, '08 49 161 68-5 14-75 45-5 13-75 60 Fract. Base
384, '08 45 144 66 13-5 46 11 69 Burns
404, '08 32 136 65 12 52 13 Caught in Machinery
472, '08 26 148 73 11 55-5 10 57-5 Accident
505, '08 35 146 70 13 58-5 10 60 Opium Poisoning

542, '08 26 107 67 10-5 45 8-5 44-5 Fract. Skull

573, '08 35 169 71 14 14 73 Pulm. Emb. after Operation

680, '08 46 118 67 11 43 8-5 44 Fract. Spine

709, '08 26 122 67 10-5 55 12 49-5 Perf. Duod. Ulcer

751, '08 50 110 65 12 53-5 10 53 Tetanus
1014, '08 50 109 70-5 11-25 46 9 51 -5 Fract. Spine
1104, '08 32 116 70 11 55 12-5 58-5 Stovain Poison

Classification of Causes of Death in above Data.

Accidents, Suicide and Homicide 49*
Intestinal Injuries and Post- Operative Effects 13

Tetanus ... ... ... ... ... ... 7

Poisoning ... ... ... ... ... ... 4
Epilepsy ... ... ... ... ... ... 4
Glioma of Brain ... ... ... ... ... 1

Bronch. Pneumonia ... ... ... ... 1

79

* Fract. Skull 19. Other Fractures 11. "Accidents" 11. Homicide 4. Injury to Head I.

Burns and Scalds 3.
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Other cases within the same limits of Age but excluded from the first Analysis.

Number
Age

( vearsi

Body-
weight
(lbs.)

["Body-
length''

(ins.)]

Heart-

weight
(ozs.)

Brain-
weight
(ozs.)

Kidneys
(ozs.)

.Li ver

(ozs.)
Cause of Death

97, '09 50 166 74 12-75 48 14-25 92 Ruptured Aneurism
1244, '09 52 123 71-5 13 55 11 62-5 Ruptd. Gast. Art., Chr. Gast. Ulcers
1276, '09 28 108 71 8-5 48 9 45 Ruptd. Cong. Aneur. of Cereb. Artery
859, '09 54 128 74 13 — 9 56 Anaemia and Scars of Gast. Ulcers
810, '10 55 154 65 15* 48 13 59-5 Fract. Base (? Hyperpiesis)
15, '11 55 107 69 10-5 48 15-5 45-5 Operation. Cirrhosis of Liver

16, '11 53 191 72 12t 51 11-75 63 Operation. Enterectomy. Peritonitis

534, '11 52 102 65 11-75$ 45 8 43 Fits. Anaemia
73, '11 53 93 66 10 — 8-5 45 Carcinoma of Oesophagus
99, '11 45 174 71-5 28 §

19-5 56-5 Heart Failure
;
Hyperpiesis

104, '11 53 105 71 10 -25 54-5 10 4T5 Rupt. of Cereb. Aneurism
136, '11 41 104 69 10 10-25 55 B. Pna. Cerebral Tumour
600, '08 52 105 68 8 39-5 7 45 Rupt. of Aneurism
345, '11 46 137 69 17-5|| 47 11-5 60 Accident
42, '11 50 80 70 9-5 9 50 Carcinoma of Stomach
19, '11 43 129 72 21-5 8-75 94 Chron. Nephritis

30, '11 50 103 70-5 9-5 48 14-5 43 Diss. Tuberculosis
1204, '11 46 128 69 14TT 45-5 11 47-5 Cerebral Haemorrhage
1245, '11 53 126 72 13 12 52 Rupt. of Aortic Aneurism
651, '11

77, '12

40 135 69-5 12-5 49 8-75 57-5 ? Hydrocyanic Poison ; ? Epilepsy
27 129 69-5 10-25 48 9-25 64 Fract. Base

* Slight Hypertrophy. t Brown Atrophy. J Fatty Degeneration. § Hyperpiesis.

|| ? Hyperpiesis. IT Hyperpiesis.

Biometrika ix 62
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(1) Introductory.

The publication by Emmons* of a number of measurements of the female pelvis,

carefully taken by himself, has afforded us an opportunity of investigating, by

modern statistical methods, the relationship of the diameters to one another and

to the bone measurements. As far as we can ascertain this has not previously

been attempted. The subject has interested us not only from the statistical and

anthropological sides but especially on account of its importance in practical

obstetrics. Some of the diameters of the female pelvis can easily be measured

on the living subject, others not at all, or only with great inconvenience to the

patient. Unfortunately the two very important diameters at the pelvic brim,

the obstetiic conjugate and the transverse diameter, fall within the latter category.

Empirical rules have been given, for example, to determine the obstetric conjugate

from the diagonal conjugate, a diameter comparatively easily measured, but these

lack both mathematical treatment and adequate statistical support. We have,

in the following paper, considered methods of calculating these two important

diameters from other pelvic measurements more readily obtainable. After making

due allowance for moisture and soft parts we have left our results in a form which

can be applied to the measurements as taken from the living subject.

* Biometnka, Vol. ix. p. 34, 1913.
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Material. Emmons measured 217 pelves of the American Indian squaw in

different museums in the United States of America. Our calculations have been

made from these measurements; 216 pelves were considered in most cases, No. 115

in Emmons's Table being omitted as the diagonal conjugate was not stated. In

calculations involving the pubic height only 212 were available, as this measure-

ment was not given in Nos. 13, 72, 79, and 132 in his Table.

For the definitions of the different diameters" and the way in which each was

measured reference must be made to Emmons's paper. The names used by him

have been retained with one exception. The term oblique diameter, as it has more

than one significance, has been replaced by diagonal conjugate. The latter name

is that usually given in this country to the diameter in question (sacro-subpubic)

and is less likely to cause confusion.

Two modern English pelves, one male and one female, and two ancient

Egyptian female pelves, kindly lent by Prof. Thane and Dr Derry respectively,

were measured in the dry and moist state to ascertain differences in the diameters

under these conditions. The measurements of these pelves and of an ancient

Egyptian male pelvis, the property of Prof. Pearson, were employed to test the

formulae calculated from the American Indian pelves.

For the numbers showing the thickness of the soft parts over the hip bone we

are indebted to Dr Derry. They were obtained from measurements taken on

20 post mortem subjects. The maximum inter-cristal diameter was measured

with callipers. As will appear later, a knowledge of the height of the hip bone

may be of service in calculating diameters. This height, however, would vary in

the living subject according to the position of the pelvis. If a woman be seated

on a table it is easy to measure the maximum height of the iliac crest above the

table. This could readily be done by the obstetrician if the measurement proved

useful to him. It was therefore decided to consider this a measure of the height

of the hip bone in the moist condition and covered with tissues. With the thigh

of the corpse flexed to the sitting posture and the callipers pressed from above on

to the iliac crest and from below on to the ischial tuberosity, this height is obtained.

Dr Derry soon found, however, that he got the same result if he took the measure-

ment with the subject supine, one limb of the callipers being pressed down from

above on to the iliac crest as before, the instrument crossing in front of the groin,

and the other limb passing between the thighs to reach the ischial tuberosity from

below. Dr Braxton Hicks has confirmed this independently on three subjects.

Accordingly most of the measurements have been taken in this manner.

The thickness of the soft parts was measured by means of an instrument with

a rounded blade about as thick as a coarse darning needle but with not so fine a

point. This was fitted into a hollow handle into- which it could be pushed against

a spring. A graduated scale showed the length of needle protruding from the

handle. When in use the blade was passed through the skin and soft parts till

its point was in contact with the bone. The handle was then pushed firmly

62—2
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against the skin so that the only part of the blade protruding from it was that

extending from the skin to the bone. The length of this was read off and gave

the thickness of the soft parts covering the bone. This was measured over the

ischial tuberosity, and over the iliac crest in vertical and horizontal directions.

The first two measurements, subtracted from the measurement already obtained

for the height of the hip bone covered with tissues, will give the height of that

bone in the moist state. By subtracting the thickness of tissues over the ilium

in a horizontal direction from the maximum inter-cristal diameter previously

measured, the length of that diameter in the moist pelvis free from tissues can

be ascertained.

The instrument was designed and made for us by Mr H. E. Soper of the

Biometric Laboratory.

(2) The relationship of the diameters and bone measurements to one another.

The relationship of the diameters to one another was studied by means of the

coefficient of correlation. As a preliminary, the average length and variability,

as measured by the standard deviation, were found for each one. Emmons has

already given the averages. Our results differ from his in some cases, probably

owing to the fact that we divided the data into a larger number of groups. The

diameters and bone measurements considered, together with the average and

standard deviation of each, are shown in the following table. For the purpose

of comparing the variabilities, the coefficients of variation are also given. All

measurements in this and subsequent tables are expressed in centimetres.

TABLE I.

Average
Standard
Deviation

Coefficient

of

Variation

Inter-cristal... 25-77 + •07 1-44 + •05 5-57 + •18

Inter-spinous 22-66 + 08 1-65 + •05 7-28 + •24

Transverse (brim) ... 12-97 + •03 •72 + •02 5-56± •18

Diagonal conjugate 12-14 + •05 1-02 + •03 8-44 + •28

Obstetric conjugate 10-32 + •05 1-10 + •04 10-62 + •35

Antero-posterior (outlet) ... 11-61 + •04 •90 + •03 7-76 + •25

Inter-tuberal 9-78 + •04 -90 + •03 9-22 + •30

Posterior sagittal ... 7-56 + •04 •82 ± •03 10-89 + •36

Pubic height 2-81 ± •02 •52 ± •02 18-30± •62

Right hip—height ... 19-26 + •05 1-02 + •03 5-27 + •17

,, ,, breadth
Left hip—height

14-52 + •04 •87 + •03 5-97 + 19
19-32 + •05 1 -03 + •03 5-32 + •17

„ ,, breadth ... 14-49 + •04 •83 + •03 5-72 + •19

Sacrum—height 10-00 + •05 1-15 + •04 11-52 + •38

,, breadth ... 11-47 + •03 •66 + •02 5-71 + •19

The pubic height is the most variable of all the measurements. Of the

diameters the transverse and inter-cristal show the least variability. The height
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and length of the hip bone and the breadth of the sacrum have coefficients not

very different from those of the transverse and inter-cristal diameters, and the

height of the sacrum has a variability just about double that of any other bone

measurement. The results are not surprising. Apart from the variation in a

measurement due to individual differences, there are other causes for variation

in the case of these measurements taken on old pelves. It is not always easy to

obtain accurate measurements, especially of the diameters, and after death parts

of the bone get worn away. The wearing away of the pubic crest, for example,

and the difficulty which may be experienced in determining the lowest point of

the symphysis, must be accountable to a great extent for the large variability

of the pubic height. The height of the sacrum, being dependent on the number
of vertebrae united to form that bone and on the integrity of the tip, which is apt

to get worn, is more variable than the breadth of that bone and than the height

and breadth of the hip bone. The extremities of these last are rounded and less

likely to be worn. The breadth is a little more variable than the height, and

experience proves that, of the two, it is the more difficult to measure accurately.

The diameters must depend on the same factors as the bones, the individual

differences, wear and tear, and difficulty of getting accurate measurements. The

last especially must be of importance here. The obstetric conjugate, for example,

depends upon the position of the sacral promontory, and therefore on the number

of vertebrae forming the sacrum and on the proper fitting together of the bones,

on the integrit}7 of the upper and posterior part of the pubic bone, and on the

ease or difficulty with which its anterior extremity can be determined. How
much of the variation is due to each of these factors it is impossible to say. In

such a diameter as the transverse there is little likelihood that the parts of the

bone forming its extremities will be much worn away, but it would be unwise to

go beyond a general statement of this kind.

The pubic height and the height of the sacrum vary more than any other

measurement of a single bone with which we are acquainted. The measurements

of the mandible come next in order. Their coefficients of variation, as given

by C. D. Fawcett*, are, for the greatest height 9'93, for the greatest width at

the condyles 7
-

46, and for the greatest width at the angles 7'62. The variations

in the lengths of the long bones in different races (found for the French and

Aino by Lee and Pearson f, for the Naqada by Warren J, and for other races by

Pearson §) have been compared with those of our measurements. The coefficients

have as their limits 41 7 and 7'00, most of them being less than 5'5
; hence the

measurements of the pelvic bones, other than the pubic height and the height

of the sacrum already considered, although in some few cases varying to about

the same extent as the lengths of the long bones, have, on the whole, a tendency

to be more variable.

* Biometrika, Vol. i. p. 408, 1902.

t Proc. Roy. Soc. lxi. p. 343, 1897.

X Phil. Trans. Roy. Soc. Series B. clxxxix. p. 135, 1897.

§ The Chances of Death, Vol. i. p. 256. London, 1897.
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The coefficients of variation of the diameters were compared with those of the

other recorded measurements which include more than one bone. The coefficients

of the greater number of the skull measurements* lie between 3 and 5. There

are a few which are more nearly equal to those in Table I. Some of the measure-

ments of the face, for example, have coefficients lying between 6 and 8, and that

of the breadth of the palate is 9"29. The diameters of the pelvis are, however,

more variable than the bulk of the cranial measurements.

The average bone measurements given in Table I are also of interest. The

asymmetry of the female pelvis has been pointed out from time to time by

anatomists and has been strongly insisted upon by Hassef. According to him

the height of the left side of the pelvis is greater than that of the right, while the

breadth is less. The numbers in the table bear out this statement, but, while

Hasse makes these differences about 1 cm. each, the table shows them to be

"06 and '03 cm. respectively. In this connection it may be noted that, in the

20 subjects measured by Dr Deny, the average height of the left hip bone in

the moist condition was '15 cm. greater than that of the right. Of the three dry

female pelves used by us for testing purposes one followed Hasse's rule but the

others varied, so that the average of the three showed the height of the right hip

bone to be "05 and its breadth -04 cm. greater than that of the left. The number

of negative results, though worthy of record, is, however, too small to place against

the positive findings.

The coefficients of correlation were next found for every diameter taken with

every other diameter in turn. The results are summarised in the table.

TABLE II.

Inter- Inter- Trans- Diagonal Obstetric Antero- Inter- Post- Pubic
crests spines verse conjugate conjugate posterior tubers sagittal height

Inter-crests ... 1 •79 •61 •24 •17 •30 •10 •11 •28

+ -02 + -03 + -04 + -04 + -04 + -05 + -05 + -04

Inter-spines ... •79 1 •52 16 •13 •18 •07 13 •22

+ -02 + -03 + -04 + -05 + •04 + -05 + -05 + -04

Transverse ... •61 •52 1 •09 •07 •35 •32 •17 •10

+ -03 + •03 ±•05 + -05 + -04 + -04 + -04 + -05

Diagonal conjugate ... •24 •16 •09 1 •91 •31 •20 •21 •14

+ -04 + -04 + 05 + •01 + -04 + •04 + •04 + -05

Obstetric conjugate ... •17 13 •07 •91 1 •30 •19 •21 •05

+ -04 + -05 + -05 + •01 + -04 + -04 + •04 + -05

Antero-posterior •30 18 •35 •31 30 1 32 •49 •07

+ -04 + •04 + -04 + -04 + -04 + •04 + •03 + 05
Inter-tubers •10 •07 •32 •20 19 •32 1 •36 - -06

+ -05 + -05 + -04 + -04 + -04 + -04 + -04 + •05

Post-sagittal ... •11 •13 •17 •21 21 •49 •36 1 004
+ •05 + •05 + -04 + 04 + -04 + •03 + •04 + •05

Pubic height •28 •22 •10 •14 05 •07 - -06 •004 1

+ -04 + -04 + •05 + -05 + -05 + -05 ±•05 ± -05

* Fawcett, C. D., loc. cit.

t ArchivfUr Anat. p. 244, 1891. Ibid. p. 1, 1910.
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As the obstetric conjugate and the transverse diameter at the brim have to be

obtained in practice not by direct measurement but by calculation, and as a know-

ledge of them is important and often necessary, special attention should be paid

to these two diameters. The highest correlation ('91) exists between the obstetric

and diagonal conjugates, and this justifies the reliance always placed by the

obstetrician on the use of the latter to determine the former. The obstetric

conjugate shows a moderate degree of correlation ("30) with the antero-posterior

diameter at the outlet, but the coefficient is small between it and each of the other

diameters, being very low for the transverse diameter ('07) and pubic height ('05).

The diameters with which the transverse diameter at the brim is most highly

correlated are the inter-cristal ('61) and inter-spinous ("52). Next in order are

the antero-posterior at the outlet ("35) and the inter-tuberal ("32). With the

other diameters the correlation is low.

In view of the fact that the pubic height forms one side of a triangle, of which

the obstetric and diagonal conjugates form the other two sides, it is sometimes

taken into consideration in calculating the obstetric conjugate from the diagonal

conjugate. Thus, according to Waldeyer*, "in order to obtain the obstetric

conjugate from the diagonal conjugate 1"75 to 2 cm., on an average, must be

subtracted, and, the more acute the angle between the diagonal conjugate and

the symphysis, and the higher the symphysis, the more must be taken away."

It will be seen, on referring to the table, that the pubic height is not highly

correlated with any diameter, and that with the obstetric and diagonal conjugates

the coefficients are '05 and '14 respectively.

In order to arrive at formulae for finding the diameters it is necessary to use

the measurements with which they are most closely correlated. The coefficients

of correlation of the obstetric conjugate and the transverse diameter at the brim

with the bone measurements were therefore found, to see whether any of them

would be high enough to be of service. These are now given :

Obstetric conjugate Transverse

Right hip—height ... -55 ±-03 -48 ±-04

„ „ breadth ... -48±-04 -45 + -04

Left hip—height ... -56±-03 -45 ±-04

„ „ breadth ... -51±-03 -48f04
Sacrum—height ... -31 ±-04 -21 ±'04

breadth ... -37f04 -56f03

All these measurements are more highly correlated with the obstetric conjugate

than is any diameter except the diagonal conjugate ('91). With the transverse

diameter the measurements of the hip bone show higher correlation than do any

diameters except the inter-cristal ('61) and inter-spinous ('52), and the coefficient

of correlation of the breadth of the sacrum with this diameter ("56) is exceeded

only by that of the inter-cristal with it. Of these measurements, however, the

only one which can easily be made with sufficient accuracy on the living subject

* Das Becken, p. 49. Bonn, 1899.
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is the height of the hip bone. This can be taken in the sitting posture as already

indicated. Since it is one of the measurements most highly correlated with both

the diameters under consideration, it will have to be taken into account in working

out the formulae from which these diameters are to be found. Its coefficients of

correlation with the diameters most closely correlated with the obstetric conjugate

(diagonal conjugate) and the transverse diameter (inter-cristal and inter-spinous)

will therefore be required. These have been calculated for both hip bones.

Eight hip— Left hip

—

height height

Diagonal conjugate -63 ±'03 -64 ±'03

Inter-crests -56 ±'03 -57 ±-03

Inter-spines -44 ±-04 -46 ±"04

Apart from the closeness of the figures on the two sides these results call for

no particular notice.

As a matter of anthropological interest the relationship of the bone measure-

ments to one another was studied, and a table of the coefficients of correlation

drawn up on a plan similar to that employed for the diameters. The correlation

is greater between corresponding measurements of the hip bones on the two sides

than between the height and length of the same bone. Thus the heights of the

two hip bones have a coefficient "98 and the breadths a coefficient "94, while that

for the height and breadth of the right hip bone is
-78 and for the same measure-

ments on the left side '81. This closer relationship between corresponding

measurements on the two sides than between measurements on the same side

has been noted by previous observers for other bones*. The crossed correlation

between the height of one bone and the breadth of the other is not very different

from the direct correlation between the height and breadth of the same bone,

e.g. height of right hip bone with breadth of left bone gives a coefficient '79,

height of right bone with breadth of right bone a coefficient "78, height of left

TABLE III.

Eight hip

—

height
Eight hip

—

breadth
Left hip—
height

Left hip

—

breadth
Sacrum

—

height
Sacrum

—

breadth

Right hip—height ... 1 •78 •98 •79 •34 •59

+ -02 + •002 + -02 + -04 + -03

Right hip—breadth . .

.

78 1 •77 •94 31 •55

+ -02 + -02 + -005 + -04 + 03
Left hip—height •98 •77 1 •81 •37 •61

+ -002 + -02 + -02 + •04 + -03

Left hip—breadth ... •79 94 •81 1 •30 58
+ -02 + -005 + '02 + -04 + -03

Sacrum—height •34 •31 37 •30 1 •32

+ -04 + -04 + -04 + -04 + -04

Sacrum—breadth •59 •55 •61 •58 •32 1

+ -03 + -03 + -03 + "03 ±•04

* Lewenz and Whiteley, Biometrika, Vol. i. p. 345, 1902.
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bone with breadth of right bone a coefficient '77, and height of left bone with

breadth of left bone a coefficient "81. Note also that there is no great difference

between the coefficients of the corresponding measurements of the right and left

hip bones with the sacrum (see first four numbers in the last row or column in the

table).

Of only one pelvic bone, the sacrum, have the coefficients of correlation of the

measurements been recorded previously. Warren*, studying the bones of the

Naqada race, found that the coefficient of correlation for the height and breadth

of this bone was '46 for 32 males examined and '31 for 45 females. The latter

number is practically identical with our finding ("32). The coefficients given by

him to show the correlation of the measurements of the long bones with one

another lie between "82 and "98 for the male, and '70 and -96 for the female, with

the exception of that for the maximum length of the clavicle with the oblique

length of the humerus, which is '68 for the male and '53 for the female. Lewenz

and Whiteleyf , for the bones of the hand, found coefficients with a range '43 to

'90 for measurements of the same finger, and '59 to "95 for other measurements on

the same hand. If we omit coefficients between corresponding measurements

on the two sides our coefficients have a range '30 to '79, and, on the whole, are

lower than those between the measurements of the long bones together and of

the bones of the hand together, being nearer to the latter than to the former.

They are, however, greater than those between the diameters of the skull which

C. D. FawcettJ found to lie between '27 and '49 for the male and '12 and '28

for the female.

It is interesting to note here that the coefficient between the length and

breadth of the skull is '34 in the male and '14 in the female, while that between

the length and breadth of the pelvis at the brim, i.e. between the transverse

diameter and the obstetric conjugate, is '07, and at the outlet, i.e. between the

antero-posterior and inter-tuberal diameters, '32.

(3) The finding of the obstetric conjugate and the transverse diameter for the

dry pelvis.

The method adopted to determine the non-measurable from the measurable

diameters was that employed by Prof. Pearson§ for obtaining the stature of an

individual from the lengths of the long bones. The equation of the regression

line was used for this purpose. In the equations which follow the lengths of the

diameters are represented by letters as shown below

:

Obstetric conjugate 0
Transverse T
Diagonal conjugate D
Antero-posterior A

Inter-tubers /

Inter-crests K
Inter-spines S
Pubic height P

Height of right hip R
„ left „ L

* loc. cit. f loc. cit. t loc. cit.

§ Phil. Trans. Boy. Soc. Series A. Vol. cxcu. p. 169, 1898.

Biometrika ix 63
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(A) Obstetric conjugate. Equations were obtained for deriving this from each

of the diameters with which it is most closely correlated, viz. the diagonal con-

jugate (-91), and the antero-posterior (-30). These equations are

G = -978Z>- 1-553 + '299 (a),

0 = -365^ + 6-081 + -705 (b),

the first of which has a much smaller probable error (-299) than the second (

-

705).

A single equation was also obtained, using both diameters

G = 9727) + -023.4 - 1-743 ± 298 (c)

with an extremely slight improvement of the probable error as compared with (a).

The diameters next in order of correlation with the obstetric conjugate are the

posterior sagittal (-21) and the inter-tuberal (-19). The posterior sagittal is not

measurable on the living subject. The inter-tuberal was measured in a special

way on the dry pelvis by Emmons and is not necessarily the same as the inter-

tuberal diameter as understood by the obstetrician. The method is not applicable

to the living subject, but this diameter was employed here to test whether it was

of sufficient importance for its measurement to be followed up further. An
equation was formed by taking it with the diagonal conjugate and the antero-

posterior diameter

C = -972Z) + -023il + -0017- 1-745 + -299 (d).

On comparing (c) with (d) it is apparent that the addition of the inter-tuberal

diameter makes little difference, and that little to the bad, as is shown by the

probable errors. This diameter will therefore not be considered further.

It has been pointed out previously that the pubic height is sometimes used

in calculating the obstetric conjugate but that its correlation with this diameter

is low ('05). The equation connecting the obstetric conjugate with the pubic

height is

G = -HOP + 10-011 + -738 (e),

having the largest probable error ("738) of the equations yet obtained. The result

of combining the pubic height with the diagonal conjugate is, however, good :

C= -9897)- -165P- 1-229 ±-293 (/)

with a probable error lower than that of (c). This is due to the fact that, although

the obstetric conjugate is more highly correlated with the antero-posterior diameter

(-30) than with the pubic height ("05), the former of these two is more highly

correlated with the diagonal conjugate ('31) than is the latter ('14), and it has

been found that when the crossed correlation between the variables is high the

resulting equation is not so good as when the crossed correlation is low. The

pubic height, whether measured externally or internally, involves exposure of or

inconvenience to the patient, so that it is desirable to avoid its use if just as good

or nearly as good results can be obtained by other means.
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Of the measurements which can be taken on the living subject, next to the

diagonal conjugate the height of the hip bone shows the closest correlation with

the obstetric conjugate (right -

55, left '56). Equations were formed using the

height of each hip bone

(7= -590^-1-037 + -619 (g),

C=-602L -1310 + -610 (h).

The equations as tested by probable errors are better than (b) and (e) but not

as good as (a), (c), (d), and (/), but if each of the measurements be taken with the

diagonal conjugate the resulting equations are exceedingly good

G = 1-008X) - -049P - 977 + "298 (i),

G = 1-005 D - -(U2L - 1-075 + -298 (j).

The probable errors to four places would be '2976 and -2978 respectively while

that of (c) is '2984, so that the probable errors are less than that of any equation

except (/). These equations have a practical advantage over (/), for the height

of the hip bone can be easily measured on the living subject whilst, as already

mentioned, there are disadvantages attached to the measurement of the pubic

height. Moreover, the measurement of the height of the hip bone is less

objectionable to the patient than that of the antero-posterior diameter, so that

equations (*) and (j) possess a practical advantage over (c).

To facilitate reference all the equations for finding the obstetric conjugate are

now collected together:

(a) G = 978I>- 1-553 + -299.

(b) C = •365^+6-081 + -705.

(o) G = 972D + -023^1 - 1-743 + -298.

(d) G = •972D + -0234 + -0017- 1-745 + -299.

(e) G = •HOP + 10011 +-738.

(/) C = •989Z>--165P- 1-229 + "293.

(9) G = •590P- 1-037 ±-619.

(h) G = •602X- 1-310 ±-610.

(?) G = 1-008P- -049P - -977 ± -298.

(j) C = 1-005P- -042X- 1-075 + -298.

Equations (/), (i) and (j) appear to indicate that, for a constant diagonal

conjugate, the obstetric conjugate is smaller the higher the pelvic wall.

These formulae have been tested for the original series and for five other

pelves. The cards of 25 of the 216 pelves were picked out at random and the

obstetric conjugate was calculated from the recorded measurements by means

of the equations, with satisfactory results. The square root of the mean square

deviation of the calculated from the recorded values of the obstetric conjugate was

multiplied by -67449 and compared with the probable errors of the equations.

The values calculated from equations (b), (g), and (h) fell within this probable

63—2
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error. The others exceeded it, but the greatest difference was only "08, i.e., since

we are working in centimetres, less than 1 millimetre.

The formulae were also tested for five pelves measured by us. Three of these

were ancient Egyptian (I and II female, III male), and had to be fitted together

to be measured, but the other two were modern English (IV female, V male), with

the ligaments attached. The inter-tuberal diameter was not measured since it

would have required the application of Emmons's method, and this we were not

prepared to carry out as it had already been found that, in the determination of

the obstetric conjugate and the transverse diameter, nothing was gained by the

use of this diameter. Equation (d) was therefore not tested. The differences of

the calculated from the recorded values for these pelves are given below for each

equation.

TABLE IV.

Pelvis Number... I 11 III IV V

Equation (a) ... 1-33 •39 - -28 •15 - -54

„ (b) ... •83 - -76 •52 2-65 •33

„ (c) ... 1-35 •40 - -26 •19 - -52

„ (e) ... •44 -1-09 •07 2-00 - -15

„ if) - 1-26 •59 -•01 •28 - 32

„ iff)
1-49 - -21 — •51 2-24 - 1 -35

„ (A) ... 1-43 - -10 - -53 2-42 -1-43

„ (i) ... 1-27 •37 - -23 •07 - -45 .

„ U) - 1-29 •37 - -23 •08 - -46

Perhaps the most interesting of these numbers are those for the modem
English female pelvis IV. Here the results for the equations formed from the

diagonal conjugate and the height of the hip bone, (i) and (j), are excellent, the

differences between recorded and calculated values being only "07 and "08 cm.

The equations formed from the diagonal conjugate singly (a), and the diagonal

conjugate and antero-posterior diameter (c), are the next best, the differences

being '15 and "19 cm. respectively, then that from the diagonal conjugate and

pubic height (/), with a difference "28 cm. All the others have differences 2 cm.

or more.

The figures bring out strongly what our previous discussion on the probable

errors has shown, namely that, excluding, for reasons considered, the equations

formed with the pubic height, the best equations are those containing the diagonal

conjugate singly or combined with the height of the hip bone or the antero-

posterior diameter.

The equations (i), (j), (a), (c) and (/) give differences less than a centimetre

in four of the five pelves. No other equation does this except (b), but the

difference for this in the remaining pelvis, which happens to be the modern
English female pelvis IV, is 2 -65 cm., so that the equations which give the best

results on the whole are those which give the best results with pelvis IV. It
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should be noted that all the equations give fairly good values for the male Egyptian

pelvis III and most of them for the male English pelvis V.

The best of the formulae obtained from the measurements of the American

Indian female pelvis for finding the obstetric conjugate are therefore applicable

to the modern European female pelvis, and will give good results even for the

male pelvis.

(B) Transverse diameter {brim). The inter-cristal ("61), inter-spinous (
-

52),

and antero-posterior ("35), are the diameters most closely correlated with the

transverse diameter. By taking them singly and combined, equations for finding

this diameter were formed. Equations were also formed from the height of the

hip bone taken singly or combined with the diameters. This bone measurement

has proved serviceable in finding the obstetric conjugate and was used here, as its

correlation with the transverse diameter also is fairly high (right -48, left
-

45).

equations 1vere obtained

:

(A;) T = •305 A" + 5 096 ± -386.

(0 T = 2288 + 7-791 + -415.

(m) T = •284^ + 9-673 + -455.

(n) T = •261K + -0495 + 4 864 ± -385.

(o) T = •221K + -061 £ + 4604 + 4-044 ± -374.

(P) T = 341R + 6-398 ± -427.

(q) T = •320Z + 6794 + -433.

(r) T = •248 A" + •] 44A + 3-799 ± -378.

(s) T = •259A + 115A + 4-078 ± -381.

(t) T = •169S + -221A + 4-S83 ±-392.

(«) T = •174S + -192Z + 5-323 + '398.

(V) T = 202 AT + -050 # + -145.R + 3-835 + -376.

(w) T = •217A'+-047S + -113Z + 4-155 ± -380.

Of the equations formed by taking the measurements singly, namely (k) from

inter-cristal, (I) inter-spinous, (m) antero-posterior diameter, (p) height of right

hip bone, (q) height of left hip bone, (k) has the lowest probable error, "386. This

is slightly improved (-385) by combining the inter-spinous with the inter-cristal

diameter as at (n). The inter-cristal diameter combined with the height of the

hip bone gives a still lower probable error (right "378, left '381), as is seen in

equations (r) and (s), while (t) and («) show that the inter-spinous diameter and
the height of the hip bone together give a higher probable error even than the

inter-cristal diameter alone (k). By combining three measurements, however,

there is noticeable improvement. Equation (v) formed from the inter-cristal and
inter-spinous diameters and the height of the right hip bone has a probable error

•376 which is slightly lower than that of (r), from the inter-cristal diameter and
height of right hip bone (-378); and (w), from the inter-cristal and inter-spinous
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diameters and the height of the left hip bone, shows similar improvement as

compared with (s), from the inter-cristal diameter and height of left hip bone

("381 and '380 respectively); while (o), from the inter-cristal, inter-spinous, and

anteroposterior diameters, has the lowest probable error, '374.

The best formula then for finding the transverse diameter from a single

diameter is (k), from the inter-cristal diameter. For two measurements, (r)

and (s), from the inter-cristal diameter with the height of the right and left

hip bones respectively, are slightly better than (n), from the inter-cristal and

inter-spinous diameters, and any of these can conveniently be used as all the

measurements are easily taken. In the combination of the inter-cristal and

inter-spinous diameters with a third measurement, the antero-posterior diameter

gives a better equation (o) than the height of the hip bone, (v) and (w), but the

measurement of the latter is less objectionable to the patient.

These formulae were tested in the same way as those for the obstetric con-

jugate. The transverse diameter was calculated from the recorded measurements

of 25 of the 216 pelves, picked out at random. The square root of the mean

square deviation of the calculated from the recorded values of the transverse

diameter was multiplied by "67449 and compared with the probable errors of

the equations. In every case they fell within this probable error.

The formulae were also tested for the five pelves measured by us (I and II

Egyptian female, III Egyptian male, IV English female, V English male). The

differences of the calculated from the recorded values for these are given below

for each equation.

TABLE V.

Pelvis Number... I II III IV V

Equation (*) ... - -58 - 1 -04 -1-18 -•27 -1-57

11 (1) ... - -99 - -87 -1-58 + •17 -1-48

)!
(m) ...

(») ...

-1-30 -113 - "21 + •31 -1-08

))

1)

- -33 - -74 -1-06 + •08 -1-30
(o) ... - -51 - -93 -1-16 + •09 -1-40

11 (P) - -1-00 - -86 - -86 - -04 -2-12

11 (?) - -1-09 - -83 - "83 + -05 -2-10

11
(r) ... - -51 - "90 - 1 "22 -•20 -1-86

11 0 .» - "54 - "91 -1-22 - -18 -1-81

11 (0 ... - -74 - "77 - 1"56 + •15 -1-95

11 (u) ... - -81 - -77 -1-45 + •20 - 1-90

11 («) - - -52 - -87 - 1 -37 -•12 -1-85

11 (w) ... - -59 - -91 -1-38 - -13 - 1 -83

Two things are at once obvious, (1) that the best result for every equation is

given by the modern English female pelvis IV, (2) that the results for the two

male pelves III and V are not very good. In the case of the equations (o), (v),

(w), (?), (s), (n) and (Jc), shown to have the least probable errors, the differences

for the three female pelves, I, II, and IV, are all less than a centimetre except

that of (k) for pelvis II, which is a little more. The best results for the English
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female pelvis IV are given by (p) and (q), but their results are amongst the worst

for pelvis I. The table shows that the equations selected from a consideration of

probable errors may be expected to give good results, that these formulae may be

applied to the modern European female pelvis, and that they cannot be satis-

factorily applied to the male pelvis.

(4) The effects of moisture on the pelvic measurements.

The formulae which we have obtained will give the obstetric conjugate and

the transverse diameter for the dry pelvis. These will not necessarily be the same

in the living subject for there the bones contain moisture and are covered by the

soft tissues. For practical purposes it is required to know what effect these

differences will have on the measurements.

The effect of moisture was studied by soaking a dry pelvis in water and

comparing its measurements in the dry state with those taken after it had been

in water for some time. This was done with two ancient Egyptian female pelves

lent by Dr Deny. The bones of the pelves were measured, then fitted together

and kept in position by strong elastic bands, and the diameters measured with

callipers. The pelvis was then taken to pieces and the bones immersed in water.

After an interval they were taken out, held up to drip, and excess of water removed

from them with a cloth. They were measured, fitted together again, and the

diameters measured. This was repeated at several intervals. Finally they were

taken out of the water and left in the air to dry for some days, and the bones and

diameters were again measured. The results were unsatisfactory, as the following

example, giving the measurements at different intervals, will show.

TABLE VI.

Pelvis I Dry In water In water In water In water In water
After drying

for

14 days
2 hours 4 hours 7 hours 70 hours 97 hours

Inter-crests 22-30 22-52 22-45 22-39 22-82 23 '02* 22-79

Inter-spines 19-81 19-95 19-99 19-91 20-23 20-52 20-23
Transverse 11-33 11-30 1 1 -23 11-25 11-24 11-34 11-14

Diagonal conjugate 11-18 1 1 -30 11-30 11-23 11-13 11-28 10-96

Obstetric conjugate ... 10-71 10-70 10-70 10-69 l ? ?

Anteroposterior 10-42 10-25 10-52 10-28 10-51 10-35 10-31

Pubic height ... 2-32 2-30 2-45 2-47 ? 1 1

Right hip—height 17-40 17-50 17-47 17-50 17-50 17-53* 17-42

„ „ breadth ... 14-29 14-20 14-15 14-17 14-16 14-15 14-03

Left hip—height

„ „ breadth
Sacrum—height

17-60 17-75 17-60 17-60 17-60 17-63* 17-50
14-02 13-85 13-85 13-88 13-83 13-85 13-60
8-72 8-88 8-80 8-86 8-87 8-87 8-70

., breadth 10-30 10-16 10-17 10-13 10-13 10-14 10-07

Obviously the changes in the measurements are small and therefore not easy

to detect where there are opportunities for error as in this case. The initial

* Both hip bones were cracked at the crest.
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difficulty of putting the bones together on different occasions so as to get constant

measurements is increased under the conditions of the experiment. After the

bones have taken up water the shape of their articular surfaces is altered ; hence

the bones do not fit together in quite the same way as they did before, and the

measurements are not fully comparable. A difference in the tilt of the sacrum,

for example, may affect the two conjugates and the antero-posterior diameter.

But there is another difficulty. These old bones are very fragile and are apt

to crack, as both hip bones did in this experiment. Flakes of bone come away

from the surface. This happened at the upper part of the pubes in this pelvis,

and is the reason why the record for the obstetric conjugate and pubic height

is incomplete. Fortunately we were able to surmount these difficulties.

Prof. Thane lent us two modern English pelves, one female and one male

(previously referred to as IV and V respectively), with the bones still attached

to each other by the ligaments. Both were measured in the dry state. Pelvis IV
was measured after immersion in water for 22 and 68 hours, and subsequent drying

for 39 days. Pelvis V was measured after 98 hours in water, and subsequent

drying for 35 days. The final measurements were very nearly the same as the

initial, so that the mean of the two was taken as a good measure of the diameters

in the dry pelvis. In the case of the first pelvis (IV) the numbers after 22 and

68 hours in water were also very close, and the mean of these was taken as the

measurement in the moist state. The measurements in the dry state with their

increase in the moist state are tabulated below.

The negative sign in the fourth column indicates that moisture caused some
diminution of the measurement in question.

TABLE VII.

Pelvis IV S Pelvis V rf

Mean
of

Differences
Dry Difference Dry Difference

Inter-crests 26-26 •10 26-54 •18 14
Inter-spines 21-40 •02 23-29 •04 •03

Transverse 15-85 •06 11-63 •08 •07

Diagonal conjugate ... 14-14 •15 12-70 •10 •13

Obstetric conjugate ... 12-42 •00 10-32 02 •01

Antero-posterior 10-11 13 1071 03 •08

Pubic height ... 3 72 •22 4-20 •21 •22

Right hip—height 19-03 •07 21-55 •05 •06

„ ,, breadth ... 15-78 06 15-87 - -07 - -01

Left hip—height 18-79 •11 21-70 •10 11

„ „ breadth 15-77 •05 15-87 •03 •04

The differences are small, the greatest being a little over 2 mm. for the pubic

height. Moreover they are very close for the two pelves. The means of these



Biometrika, Vol. IX, Parts III and IV Plate XXVIII

Fig. 1. Median section of the pelvis of a woman 35 years old. She was rather thin. From a drawing to scale by

Professor Symington.





Biometrika, Vol. IX, Parts III and IV Plate XXIX

Fig. 2. Median section of the pelvis of a woman 80 years old. The subject was rather fat.

scale by Professor Symington.

From a drawing to
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differences for the two pelves are given in the last column. In future calculations

the numbers in this column are used to indicate the effect of moisture on the

different measurements. It follows that, in the moist pelvis, all the diameters

and the heights of the hip bones are slightly greater than in the dry pelvis.

(5) The thickness of the soft parts.

We have been unable to find any very satisfactory record of the thickness of

the soft parts of the pelvis. The soft parts affect our calculations. An internal

diameter such as the obstetric conjugate measured on the tissue-clothed pelvis

must be less than it would be if measured on the moist bony pelvis, by the

thickness of the tissues over the sacrum and pubes. An external measurement

such as the height of the hip bone is greater on the living subject than on the

moist pelvis by the thickness of the tissues above the iliac crest and over the

ischium. The thickness of the tissues which increase the height of the hip bone

as well as that of the tissues over the ilium in the inter-cristal diameter have

been most kindly measured for us by Dr Derry on twenty adult female post-

mortem subjects in the manner already described. The details of these measure-

ments will be found in a table at the end of this paper. The averages only are

given here.

TABLE VIII.

Inter-cristal diameter

Thickness of tissues in this diameter
jleft^

Ischio-iliac diameter ... ... ...
||g|^

Thickness of tissues above crest of ilium
j

Thickness of tissues over ischium ...

28-63
•34

36
49
62

47
47

49
47

The inter-cristal diameter on the living subject is therefore greater than that

of the moist bony pelvis by "70 cm., that being the combined thickness of the

tissues on the two sides. The ischio-iliac diameter, i.e. the height of the hip,

is greater on the living subject by *47 + '49 or '96 cm. on the right side, and

•47 + '47 or -94 cm. on the left side.

The tissues over the promontory of the sacrum and the posterior surface of

the pubes were not measured. They are almost negligible. Two diagrams drawn

to scale and most generously placed at our disposal by Prof. Symington show the

differences for a thin and fat subject. In Fig. 1, Plate XXVIII, the median

section of a rather thin woman 35 years old, the tissues over the promontory

measure 2 mm. while those over the pubes cannot be measured on account of the

distended bladder. In Fig. 2, Plate XXIX, showing the left half of the median

section of the pelvis of a rather fat woman 30 years old, the tissues over the pro-

montory measure 6 mm., over the pubes 4 mm., i.e. less than over the promontory.

Biometrika ix 64
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These numbers, however, do not give a good idea of the thickness of the tissues in

practice. The tissues would be compressed by the parts of the foetus, and, being

composed of loose connective tissue, would take up much less room. If an

attempt be made to measure them in a compressed condition the measurement

is so small as to be almost negligible, and the chances of error are great. In

what follows 1 mm. has been considered a just estimation of the thickness of

Jbe tissues over the surfaces of these bones under these conditions. The tissues

will therefore diminish the diameters, as measured on the moist bony pelvis,

by 2 mm. for the obstetric conjugate, diagonal conjugate and antero-posterior

diameter, and will increase the pubic height by 1 mm., if measured internally.

With regard to the transverse diameter at the brim 2 mm. will also be a good

allowance. Just at the brim, where this diameter is measured, there is nothing

but loose tissue. The external iliac vessels and the psoas muscle are well above

the brim, and it seems hardly likely that they can be pushed over it so as to

diminish the transverse diameter.

(6) The finding of the obstetric conjugate and the transverse diameter for the

living subject.

All the necessary information has now been collected for finding formulae to

determine the obstetric conjugate and the transverse diameter in the living

subject. These formulae can be obtained from the equations previously given by

allowing for the effects of moisture and the soft parts. The same letters are used

to indicate the lengths of the diameters, but are printed in clarendon to denote

the length in the living subject. Consider the obstetric conjugate in the living

subject. It is smaller than that of the moist bony pelvis by the thickness of the

tissues over the bones, "2 cm., hence, if this thickness be added to it, we get the

obstetric conjugate of the moist bony pelvis. This again is larger than that of

the dry pelvis by "01 cm., the increase due to moisture. If "01 cm. be subtracted,

therefore, the obstetric conjugate is obtained for the dry pelvis. This is expressed

by the equation

C + -20 - -01 = C.

The same argument applies for the diagonal conjugate and antero-posterior

and transverse diameters, the equations for which are

D + -20 - -13 = D,

A + -20 --08 = ^,

T + -20 - -07 = T.

With the inter-spinous and inter-cristal diameters, the pubic height, and the

height of the hip bone, the case is different. The thickness of the soft parts

makes the last three greater in the living subject than on the moist bony pelvis

and, to obtain them for the latter, this thickness must be subtracted. It does not,

however, affect the inter-spinous diameter for which therefore no correction for

soft parts is required. The measurements of the moist bony pelvis are, as with



D. H. DE Souza 503

the other diameters, larger than those of the dry pelvis, so that, to obtain these,

the increase due to moisture must also be subtracted. The equations are

K -•70- •14 = K,

S - 0- •03 = s,

P -•10- •22 = P,

R -•96 - •06 = R,

L - -94- 11 = L.

If these values for O, D, A, T, K, S, P, R, and L be now substituted in the

original formulae (a) to (w), the new formulae produced give the measurements

on the living subject. In the following list these are also lettered (a) to (w') to

indicate the original formula from which each was derived.

Obstetric conjugate.

c = •978D- 1-675 + '299.

(V) c = •365A + 5 935 ± "705.

W) c = •972D + 023A - 1-862 + -298.

(€ c = •HOP +9 785 ± -738.

if) c = •989D- -165P - 1-297 + -293.

(9) c - •590R- 1-829 ± -619.

(h') c = •602L - 2-132 + -610.

(O c = 1-008D - -049R - 1-047 + -298.

if) c = 1-005D- -042L - 1-151 + -298.

e diameter.

T = •305 K + 4710 + -386.

(O T = •228S + 7-654 + -415.

(mO T = •284A + 9-577 ± -455.

(n') T = •261 K+ -049S + 4-513 ±-385.

(o') T = •221 K+ -061 S + -160A + 3-747 + -374.

(p') T = •341 R+ 5 920 ± -427.

W) T = •320L + 6-328 + '433.

(/) T = •248K+ -144R + 3-313 ±-378.

(0 T = •259K+ -115L + 3610 + -381.

(0 T = •169S+ -221R + 4-522 ± -392.

(«') T = •174S+ -192L + 4-986 ± -398.

T = •202K+ -050S+ -145R + 3-387 ± -376.

(«0 T - •217K+ -047S+ 113L + 3-723 + -380.
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With this large number of formulae to choose from there should be no difficulty

in getting a very close approximation to the lengths of these two non-measurable

diameters. Since the desire to attain an end with the least possible exertion is

a weakness of human nature, the majority of those who favour these formulae

with a trial will, no doubt, wish to use a single measurement, and especially one

from which both diameters can be found. Such measurements are the antero-

posterior diameter in (b') and (in'), and the height of the hip bone, right in (g
1

)

and (p), left in (h') and (q). They must not, however, expect such good results

as the man who measures the diagonal conjugate and the inter-cristal diameter

to obtain the obstetric conjugate from (a) or, more approximately,

0 = -98D-l-68,

and the transverse diameter from (k) or, more approximately,

T=31K + 4-7l,

With a little extra labour the height of the hip bone can be added to the list.

If H represent the height of either hip bone in the living subject equations (i')

and (j') may be combined to give approximately

C = D - -05H -1,

or C = (D-1)-^H.

Similarly (?•') and (s') may be thrown into the combined form

T = i(K+10) + ^(H + 10).

We thus arrive at the following simple rules :

(i) To find the obstetric conjugate subtract one-twentieth of the height of either

hip bone from the diagonal conjugate diminished by one centimetre.

(ii) To find the transverse diameter add one-quarter of the inter-cristal diameter

increased by ten centimetres to one-tenth of the height of either hip bone increased by

ten centimetres.

(7) On the application of the formulae to the pelves of dwarfs.

It is important to know what reliance can be placed on these formulae in

cases of extreme pelvic deformity. In an article on " Dwarfism " by Rischbieth

and Barrington (Treasury of Human Inheritance, Vol. I, p. 355, 1912) several

measurements of dwarfs of various types are recorded. In nine cases measurements

of the pelvis are given which include the diagonal conjugate, but in only four of

these is the obstetric conjugate also given. The obstetric conjugate has been

calculated from the diagonal conjugate for these nine pelves by means of the

equation

C = -98D + 1-68
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with the following results :

Number Type of case D C (observed) C (calculated)

1 Achondroplasia 7 5-18

2 9 7-14

3 Ateliosis 9-21 7-62 7-3o

» 8-26 7-62 6-41

5 9-95 8-07

G
>i

8-5 6-65

7 Rickety dwarf 7 6-25 5-18

8
i> >>

8-75 6-90

9 Uncertain type 8-47 7-62 6-62

In No. 3 the calculated and measured values are very close, the former being

slightly the less, but in 4, 7 and 9 the calculated value is about 1 cm. less than

the observed value. In 4 the height of the hip bone was given, so that we were

able to find the obstetric conjugate from the equation

C = (D-1)-^H.

The value obtained, 6"57, is a little nearer that of the observed value, 7'62, than

is the value obtained from the diagonal conjugate alone, 6 "41.

The last column shows that all the pelves are of such a degree of contraction

as would call for special treatment during pregnancy or labour. The deformity

would in most cases need no calculation to make it obvious. Even in extreme

contraction, however, the formulae may be useful. In considering the advisability

of Caesarian section in such cases, it is necessary to know whether the pelvis will

admit the passage of even a dead child. This -can be readily ascertained by

applying the formulae. The tendency seems to be for them to give too low

values in these extreme cases. With the present-day results of Caesarian section

this is to err on the safe side for both the mother and the child.

Summary.

1. Methods for obtaining the height of the hip bone on the living subject

and for measuring the thickness of the tissues over different parts of this bone

on the corpse, have been described.

2. The averages and variability of the pelvic measurements have been found

and the various measurements correlated. The obstetric and diagonal conju-

gates show very high correlation. The inter-cristal is the diameter most closely

correlated with the transverse diameter. Both the obstetric conjugate and the

transverse diameter show good correlation with the height and breadth of the

hip bone. Corresponding measurements on the two hip bones are more highly

correlated than two measurements on the same bone.
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3. Formulae have been obtained for finding the obstetric conjugate and the

transverse diameter on the dry pelvis. The former may be found best from the

diagonal conjugate, singly or combined with the antero-posterior diameter,

the height of the hip bone, or the pubic height. The transverse diameter is

found from the inter-cristal diameter, taken by itself or combined with one or

two of the following: inter-spinous diameter, antero-posterior diameter, height

of hip bone. The formulae were tested and found to give good results for the

modern English female pelvis.

4. Pelves were measured dry and after immersion in water to study the

effects of moisture. All the diameters and the heights of the hip bones are

slightly greater in the moist than in the dry pelvis.

5. The way in which the soft tissues affect the measurements has been

pointed out. The thickness of the tissues over the bones bounding the internal

diameters is almost negligible.

6. Finally formulae have been arrived at for finding the obstetric conjugate

and the transverse diameter in the living subject. The simplest of these, for the

obstetric conjugate, are approximately

0 = -98D-l-68,

C = (D-1)-^H,

and, for the transverse diameter,

T = -31K + 471,

T = i(K + 10) + 1
L(H + 10),

where D is the length of the diagonal conjugate, K that of the inter-cristal

diameter, and H the height of either hip bone.

In conclusion I wish to thank Prof. Karl Pearson and all those who have so

generously come to my help—Prof. Symington for placing his diagrams at my
disposal, Prof. Thane and Dr Derry for the loan of pelves, Dr Derry and Dr

Braxton Hicks for their measurements on post-mortem subjects, and Mr Soper

for the useful little instrument with which most of these measurements were

made. To Prof. Pearson is due whatever merit this work may possess. It has

been carried out under his guidance without which it could never have been

attempted.

APPENDIX I.

Measurements of five pelves used for testing formulae. I and II ancient

Egyptian female. Ill ancient Egyptian male. IV modern English female.

V modern English male. In IV and V the bones were connected together by

the ligaments.
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TABLE A.

Measurement I II III IV V

T n t.PT*- f*tp Q'fjR
f 11 l ' 1 ' I l. -o Uo • . « 22 30 24-92 28 28 26-26 26 54
Tnt.fiT,-QT\'inpsIII Ml .3 1 I 1 1 1 1 • • . • • 19 81 21 '25 27 75 2I -40 23 29

Transverse 11 33 11 -67 12 55 12-85 11 63
Diagonal conj ugate

Obstetric conjugate ...

11 18 10-75 12 (58 14-14 12 70
10 71 9-35 10 57 12-42 10 32

Anteroposterior 10 42 1 1 -03 10 88 10-11 10 71

Pubic height ... 2 32 3-88 4 47 3-72 4 20

Right hip—height 17 40 17-98 20 55 19-03 21 55

,, ,, breadth ... 14 29 14-32 15 41 15-78 15 87
Left hip—height 17 60 17-87 20 62 18-79 21 70

,, ,, breadth 14 02 14-49 15 80 15-77 15 87
Sacrum—height 8 72 9-35 10 93

,, breadth 10 30 10-85 11 83

Table of measurements taken by Dr Deny from 20 adult female post-mortem

subjects to show the thickness of the soft parts.

TABLE B.

Thickness Thick aess Thickness
of tissues Ischio-iliac of tissues of tissues

Inter- in this diameter above crest over

Age cristal diameter of ilium ischium Remarks
diameter

R L R L R L R L

61 31-15 •65 •79 19-95 20-00 •45 •55 •50 •55 not very fat but well nourished

11 » 11
35 26-35 •48 •49 19-75 19-60 •55 •60 •50 40
18 28-50 •45 •40 20-00 19-90 •39 •40 •60 46

11 11 n
56 29-00 •55 •50 23-00 23-00 •80 •80 50 •45

ii ii ii

57 28-50 •55 •60 23-20 23-55 1-00 •85 •55 •45 stout

54 25-00 •40 •40 20-30 20-35 55 •45 50 •50 slight layer of fat only
55 28-95 •35 •40 21-15 21-65 •50 •50 50 45

ii ii n
62 32-70 •30 •30 22-95 23-00 40 •45 50 •70 thin
31 26-95 •20 •10 20-50 20-40 •30 •20 40 •45 very emaciated
65 28-50 •20 •35 21-00 21-20 •30 •45 •25 30 thin
28 28-75 •20 •20 21-20 21-40 •35 35 •40 •30 emaciated
59 30-30 •35 •35 23-00 23-00 •35 35 •40 50 thin
20 28-50 •30 •30 21-70 21-90 60 50 60 •55 thin layer of fat

55 27-30 •40 •50 22-00 22-50 •50 55 60 65 fat

39 29-10 •30 •25 21 -05 21-35 •45 •40 •50 •45 thin
28 30-30 •35 35 22-35 22-40 35 40 •40 30 fairly fat

38 30-25 •20 •30 22-45 22-85* 40 45 •55 * thin

45 27-10 •10 •20 22-30 22-25 •45 •40 •60 •60
n

22 26-10 •20 •15 21-25 21-35 •25 •25 •60 •55
ii

43 29-30 •20 •20 20-75 20-75 •40 •40 •40 •40
ii

* Some swelling over ischium.
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TABLE LIX.

Sacrum—height.
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*-H
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Totals

15-75— 1 1

16-25— 0
16-75— 0"5 0-5 1 1 3
17-25— 0-5 1-5 2 1 1 6
17-75— 1 8 5 5 1 1 2 23
18-25— 1 3 3 6 11 4 4 3 2 1 1 39
18-75— 2 3 4 7 11-5 4-5 6 4 2 44
19-25— 2 2 5 4 5 7 1 26
19-75— 2 2 1 2 5 9 6 4 4 3 2 40
20-25— 1 1 6 3 4 2 1 18
20-75— 1 1 2 2-5 1-5 1 9

21 -25— 1 1 1 1 4
21-75— 1 2 3

Totals 1 0-5 4 12-5 11 23 36 44-5 23-5 30-5 16-5 8|3 2 216

TABLE LX.

Left hip—height.
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11-25— 1 1

11-75 1 1

12-25— 0
12-75— 1 4-5 2 1 I 1 10-5
13-25— 1 2-5 7 8-5 5 2 26
13-75— 6 15-5 15 10 5 51-5

14-25— 1 11 12-5 8 7 4 43-5
1^-75 1 2 8-5 7 7 7 2-5 l 36
15-25 1 2 2 7 10 3-5 3 28-5
15-75 1 3 7 2 13
16-25— 1 2 1 4
16-75— 1 1

Totals ] 0 0 2 7 19 38 44 31 29 29 8 7 0 1 216
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MISCELLANEA.

I. The Statistical Study of Dietaries.

By KARL PEARSON, F.R.S.

There is not the least doubt that a proper statistical study of diet would be of very great

value. Such a study is of first class importance when we turn to the accurate discussion of

working-class budgets. A statistical study of dietaries should consist of two parts. In the

first section an analysis should be made of the food consumed and of the physiological value

of its constituents for, say, a hundred working-class families, noting their income, occupation,

rent, size of house and other details. In the next place an anthropometric, and where possible

medical survey should be made of the families, their numbers, ages, statures, weights and

general healths should be recorded, special pathological or disease conditions noted, and some

record made of the habits of house-mother and father. Only when this has been fully,

accurately and extensively enough done will it be possible to draw conclusions of real scientific

value, and to give advice to the working-classes as to the best expenditure of income on foods.

A recent Report upon a Study of the Diet of the Labouring Classes in the City of Glasgow by

Miss Dorothy E. Lindsay, issued by the authority of the Corporation and with a preface by

Professor D. Noel Paton, M.D., has been widely reviewed, and various suggestions made therein

have been cited as demonstrated facts without any critical examination of the data upon

which they are based. Thus we have been told that a return to the national dish of porridge

and milk is an urgent need of the Scottish working-classes, and Miss Lindsay's data have been

cited as showing the inadequacy of the dietary of families with regular wages under 20s. per

week. Miss Lindsay obtained dietaries of 60 working-class Glasgow families, and these dietaries

show a very large amount of work and a considerable fulness of record. To the extent of

60 families she has certainly fulfilled the first requisite of an adequate enquiry as to the

effectiveness of diet. Her families contained 400 individuals, of whom 246 were under 16 years

of age. If we are to judge of the relative value of the various dietaries, this can only be done

by discussing their effects on the 400 persons who partook of them. In order to obtain real

knowledge from Miss Lindsay's results, this population ought to have been weighed and

measured. Without this the dietaries seem to us of exceedingly small worth. Actually Miss

Lindsay did ascertain the height and weight of a few children, put together in Appendix IV. as

Physical Condition of Children.

This contains the heights of 10 girls and 7 boys, and the weights of 20 girls and 16 boys.

These children are scattered over all ages from 5 to 13 and over the whole of the Groups A to L
into which Miss Lindsay divides her families. If we only class her groups into three there is not

even the weight of one boy and one girl for each year of age upon which to base any measure of

the value of the dietaries ! As an illustration of this let us take the important Group E of

families with regular wages under 20s. Miss Lindsay, p. 18, provides the dietaries of five such
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families containing 29 individuals, of whom 19 were children under 16. She writes of this

Group :
" In this section, which embraces those who may properly be called poor, not one diet

reaches the minimum energy value of 3000 calories "
(p. 18). Criticising individual diets she

says :
" In LI. the use of a greater proportion of the cheaper vegetable foods, e.g. potatoes and

haricot beans, gave a better energy value for the same cost In XXV. the animal protein is

considerably in excess of the vegetable protein (see Appendix III.). As the former is more

expensive, this diet could be improved and a higher protein content obtained by reversing the

proportion of animal and vegetable protein. In view of the fact that the fat is low, necessarily

so because of its cost, the carbohydrate intake should have been greater."

Dr Chalmers in his recent paper before the Royal Society of Medicine, " The House as

a Contributory Factor in the Deathrate*," notes that Miss Lindsay's observations bear so

directly on the inadequacy of the dietary of persons in the smaller houses that he quotes her

sample dietaries in families with regular wages under 20s. per week and concludes with Miss

Lindsay's remark that " the children are nearly all small and light in weight." It is not clear

whether Miss Lindsay intended her remark to apply to Family XXV. only, or as Dr Chalmers

supposes to the whole of Group E. Dr Chalmers' interpretation has been widely taken to

be the true one although which is the correct interpretation matters little : For of the in-

dividuals in this group not a single boy's weight is provided by Miss Lindsay, and of the girls in

the group only two were measured. These two are certainly below weight
;
they do not belong

to Family XXV. but one to Family XVII. who shows developed rickets, and whose father has

beeu a heavy drinker, and the other to Family LI I. where the father suffers from phthisis and

is in receipt of parish relief. It would therefore appear that Miss Lindsay's remark must

apply to the group in general. But the whole demonstration of the effect of the dietaries

is thus seen to turn on the weight of two individual girls aged 9 and 5 years respectively,

one of whom has rickets t, and both of whom have degenerate fathers!

In order to test what relation, if any, the income of family has to weight of child, the corre-

lation coefficients of weight (w) and income (i) for constant age have been found for both girls

and boys for the whole of the 20 and 16 cases respectively provided by Miss Lindsay. We
have I :

Weight of Girls and Income for constant Age

a ri!(
,= -03 ±-15,

Weight of Boys and Income for constant Age

„riro
=-22±-16.

In neither case is there any significance having regard to the probable error. Whether the

weight of the child is or is not related to the parental income cannot possibly be settled on the

data provided by Miss Lindsay, and, whether she possesses it or not, she publishes in her paper

no material on which it would be possible to tell the effect of the dietaries of families with

incomes under 20s. on the size and weight of the children.

But there are a great many other question-begging conclusions in Miss Lindsay's memoir.

She starts apparently with the opinion that the physiological construction of the food is of no

importance, and that a " calorie " whether obtained from peas or eggs, beans or beef is of equal

value. But surely this is the very sort of question that an investigation of this kind should

answer, not assume ? Miss Lindsay criticises—at times severely—the housewife who spends her

* Proceedings of the Royal Society of Medicine, Vol. vi. (Section Epidemiology and State Medicine),

pp. 155—181.

t Eickets can hardly be due to lowness of "calories" for some of the families with the highest

calories (II. with 4003, and IV. with 3882) and high wages (IV. with 50s. 8d., V. with 39s., XXXIX.
with 41s.) are rickety.

X I have most heartily to thank my colleague Miss Ethel M. Elderton for the values of most of the

correlation coefficients of this note.
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money on animal rather than on vegetable food, " Protein from vegetable sources is from one

and a half to two times as much as that from animal sources. In one or two cases it is nearly

three times as great, and in these diets the energy value received is remarkably high for

the money laid out.... In some of the studies this proportion of animal to vegetable protein

is reversed....All these diets show the disadvantages of this large use of the animal food. The

energy value is low and the cost is high. How are these diets to be improved'! Study XIX.

(Group G) seems to give the answer. In this family 'porridge was eaten twice a day.' The

energy procured per penny spent was the second highest recorded, 619 calories, while it is noted

that the children were strong, healthy and well-grown "
(p. 28). And again :

" A porridge and milk diet contains the food principles in correct proportion. The protein-

rich animal foods, flesh, fish, eggs, etc., are all too expensive for the labouring classes, and any

increase in their amount in the diet is impracticable. But cheese and the cheap protein-rich

vegetable foods, oatmeal, peas, beans, etc., should be more freely used" (p. 29). An exami-

nation of Study XIX. thus commended shows that 5'07 shillings were spent on animal, 8'75

shillings on vegetable food, or the expenditures were as 1 to 1:72, while in the population at

large 698'77 shillings were spent on animal, 487'28 shillings on vegetable food, or the ratio was

1 to 0 -

72. This abnormal ratio is obtained in the family in question by taking no eggs, hardly

any butter, and instead of milk, buttermilk, skimmilk and condensed milk; there is further

no fish ; the increased vegetable expenditure is on meal and potatoes. Now it would appear

that before a statement is made that this is the right course to recommend, it is highly desirable

to ascertain whether the money spent on vegetable or animal food is the more highly correlated

with physical fitness in the individual. This can only be done with Miss Lindsay's material for

the weights of the 20 girls and the 16 boys. Accordingly for these sparse data the correlations

between A the expenditure per individual on animal food and V the expenditure per individual

on vegetable food with weight of child for constant age were determined. These gave :

Girls Boys

a rAw ... -16 flo -07 ±-17,

a'-vw ... -07 ±-15 -30 ±-15.

If any stress could be laid on these results, we should have to conclude that money spent

on animal food would be best in the case of girls, and money spent on vegetable food in the

case of boys. But an examination of the probable errors shows that no weight whatever can be

laid on the results. In fact that Miss Lindsay's data are wholly insufficient to answer the

question of whether money spent on vegetable or animal food is the better. In fact if we

take the correlation between weight w and F pence per individual spent on food we find :

Girls Boys

a rFw ... -15± -15 -22±-16,

both of which are low correlations and neither definitely significant having regard to their

probable error.

Next the relation of weight in the children to the number of calories in animal food (CA ),

the number of calories in vegetable food (Cr) and to the total number of calories in both (Cjp)

was investigated.

The following values were found :

Girls Boys

arCA ,o - -16±"15 -51 ±-12,

a rCvW ... -25 ±-14 -30 ±"15,

a rCirl„ ... -20±-14 -41 ±-14.

If these results could be trusted at all, we should have to assert : (i) that the number of

calories in the food is twice as influential in the case of the boy as in that of the girl, and
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(ii) that the number of calories in the animal food is more influential than the number of

calories in the vegetable food for the case of the boy, and the reverse is true for the case of the

girl*. As a matter of fact the size of the probable errors shows us merely that it is very

unsafe to draw any conclusions at all. On the basis of the scanty data provided by Miss

Lindsay for the physical fitness of the individuals subjected to the various dietaries, no legiti-

mate conclusions whatever can be drawn as to how wages or diet affect the individual ; still less

can it be asserted that a return to porridge and milk, and an avoidance of the purchase of flesh,

fish and eggs would save the situation.

Indeed as far as any stress whatever can be laid on her slender material the conclusion to be

drawn is entirely the other way, i.e. the greater the consumption of animal food relative to veget-

able food the heavier will be the child. To test this the ratio of money spent on vegetable food

( V) to the money spent on animal food (A) per individual was correlated with the weight of the

child for constant age, i.e. the partial correlation arv3,rjA was found. Further as the money
spent on food might not have been spent to the best advantage the ratio of the number of

calories in the vegetable food Cv to the number in the animal food CA was also correlated with the

weight for constant age, i.e. the partial correlation coefficient a rc^jc 4 , w was found. The following

values were determined :

Girls Boys

«rr/A,» -"32 ±-14 --25 ±-16,

•rW*« - --12 ±-15 --23±-16.

Now the correlations are not very large as compared with their probable errors, but

they have all one sign, and this is negative. In other words the increase of expenditure

on vegetable food relative to the expenditure on animal food, or the increase in the number

of calories obtained from vegetable food as compared with the number obtained from animal

food is associated in every case with decreased weight of the children. Thus we see that as

far as any conclusion whatever can be drawn from Miss Lindsay's data, it is directly opposed

to her statement that it is better to spend money on oatmeal, peas or beans than on flesh, fish,

eggs, etc. She has started with the dogma that a calorie is of equal value whatever its origin,

and not stayed to investigate whether it was even justified by her own material. Meanwhile

her statement as to oatmeal has gone out as if it were a statistically demonstrated fact, whereas

the only conclusion which would be justified in any measure by her data is that the proportion

of animal to vegetable food should be kept as high as possible, if weight be taken as a test

—

although but a partial one—of the efficiency of a diet for a growing child.

The elaborate dietaries carefully worked out by Miss Lindsay are of very small service

indeed, because they have not been accompanied by any adequate anthropometric record of the

families thus dieted. The present reviewer wrote at once to Miss Lindsay and later to Professor

Noel Paton in the hope that it might still be possible to save the situation by some attempt to

weigh at least the majority of the members of the families whose diets were recorded. This

appears, however, to be no longer possible t, and the result is the not unfamiliar one—an

elaborate piece of investigation has been carried out and practically no safe conclusions can be

drawn from it. Those concerned in it have not studied beforehand what would be needful

statistically to establish an inference, and the sections of the memoir (pp. 28—32) on " The

possibility of Improving these Diets" and on "The Relationship of these Diets to Health"

—

which have been most widely quoted in the popular press—may express either correct or

incorrect views ; the data provided are wholly insufficient to justify any conclusions at all.

* A little consideration will show that this does not confute the result reached later, because

in a rCAl„ and a r0yw no attention is paid to the relative amounts of animal and vegetable food.

t A final appeal to Dr Chalmers, since this paper was in type, has resulted in his most kindly

attempting all that was possible under the circumstances. Some 04 children of from 5 to 14 years

of age have been found and measured, and I hope in the next number of this Journal to revise the

above numerical constants on this larger, but still sadly slender material.
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II. Note on the Surface of Constant Association.

By KARL PEARSON, F.R.S.

In the recent memoir by Dr Heron and myself a reference was made to the future publication

of this note on the surface of constant association, Biometrika, Vol. ix, p. 315. The integral

equation to the general surface was given, and also the particular form it took, still very com-

plicated, for the simple case of total or 'marginal' frecpiencies being normal distributions. It was

considered worth while to fully analyse one case of such a surface, namely that of $=06 for

Gaussian marginal frequencies. The numerical calculations were carried out by Miss Julia

Bell, M.A., and from her ordinates of the sections the sections were plotted by Mr H. E. Soper,

M.A. with the aid of a Coradi coordinatograph. By interpolation when needful Mr Soper

constructed the isoplethes of this surface of constant association, and also an excellent card

model, for comparison with the model of a normal surface. The chief features of this surface

were referred to in the paper just cited. Although the marginal frequencies are symmetrical,

the cross sections are skew-curves, the skewness increasing from zero for the central section

to "16 for the y-array when x=l'5<rx and to '20 for the ?/-array when x= 3'5<rx .

Diagram I gives the series of sections on one side of the mid-section x=0 up to x= 3'5crx

by intervals of 0 ,

25a-x ; the same sections are repeated in inverse order on the other side of

the central section x= 0. It will be seen at once from the indicated means how skew the

sections are.

Diagram II gives the isoplethes or contour-lines of equal frequency. They are approximately

but not accurately ellipses with common principal axial directions, but they are very far indeed

from being similar ellipses. In the contour corresponding to z= j$ of its maximum value, the

major axis is considerably more than twice the minor axis of the oval ; in the contour corre-

sponding to 2= xo> *ne maj°r ax is is very much less than twice the minor ; the ovals tend indeed

to less and less ellipticity. On this diagram are also plotted the regression lines of means and of

modes. It will be seen that they tend to become parallel to the axis of x, or the regression tends

to become zero. There is little doubt, that quite apart from normality of the marginal frequen-

cies, any symmetrical marginal frequency would lead to like results, i.e. the isoplethes would not

be similar curves, and the regression would be skew, and tend to asymptote to the horizontal.

Thus the constancy of association would depend for its application on the existence of material

in which the variatcs would be intimately related near their mean values and cease to have any

relation towards extreme values. Intervening values would exhibit every variety of relation-

ship, from the maximum in the neighbourhood of the means to zero value towards the extremes.

These properties of the surface explain why Q is not even approximately constant, for those

numerous surfaces of statistical practice in which the regression is approximately constant,

i.e. linear.

Plates XXX, I (a) and (b), XXXI, I (c) givephotographs of the actual model surface. In Fig. I (a)

we see the surface ' end on ' to one set of cross-sections and we grasp readily the skewness of the

cross-sections and its increasing value as we pass from the central section. Fig. I (6) indicates

by the verticals the regression line of means ; these verticals have their feet on the regression

line and the eye sees at once by their closer and closer approximation to each other, the deviation

from linearity. Fig. I (c) gives a diagonal view of the surface of constant association, and under-

neath it Fig. II (d) has been placed a model of the Gaussian surface* of constant regression for

comparison ; the angle of deviation was taken roughly about 60°, to give a surface of correlation

0-5. Except for the regression line and skew- sections in Fig. I, the eye does not distinguish

very readily in these photographs of Figs. I and II, the fundamental differences of the two

surfaces which appear so markedly in the isoplethes of Diagram II.

On the Brill system of interlaced sections.
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Fig. I (6). Surface of Constant Association.
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The equation to the surface of Q = 0'Q with normal marginal frequencies, for a total population

of 1000, is :

^0||(l + 3(P+?)-6^)

where

{(l+3(p+?))«-48p3-}*

p=£(l + a) for .r/o-x ,

q= $(l+a!) for 7//^,

a having the usual significance attributed to it in Tables of the Probability Integral, e.g.

Sheppard's.

Diagram II. Isoplethes of Surface of Constant Association, Q — O'G.

-i 1 r

-2-0

-1-0

0Q

1-0

2-0

Line ofMeans
(y on x).

Line of Modes

(y on x)

-2-0 -1-0 0 10 2'0

Scale of xjax .

The isoplethes are drawn for each tenth of the maximum value of z.



Miscellanea 537

The following short table will be sufficient to indicate the nature of the cross-sections to any-

one wishing to pursue the matter further.

z-ordinates of y-arrays for given, special values of x/crx .

Array at xjax =

~S

o
QQ
<D

«—

i

>

O'O 0'5 1 '0 -Z 5
1

ss u % O o U o £>

3:5 0-223 0-332 0-388 0-314 0-165 0-059 0-015 0-003

3-0 1-135 1-688 1-970 1-589 0-834 0-297 0-077 0-015

2\5 4-536 6 736 7-811 6 -223 3-230 1-145 0-297 0-059

2-0 14-881 21-381 24-195 18-497 9-269 3-230 0-834 0-165

1-5 38-080 55-053 57-904 39-890 18-497 6-223 1-589 0-314

1-0 85-096 113-670 100-499 57-904 24-195 7-811 1 -970 0-388

0:5 155-888 168-289 113-670 55-053 21-381 6-736 1-688 0-332

6-0 198-944 155-888 85-096 38-080 14-881 4-536 1-135 0-223

-0-5 155-888 97-562 49-567 22-036 8-414 2-644 0-662 0-130

-1-0 85-096 49-567 25-217 11-369 4-379 1-381 0-346 0-068

-IS 38-080 22-036 11-369 5-186 2-010 0-635 0-159 0-031

-2-0 14-881 8-414 4-379 2-010 0-781 0-247 0-062 0-012

-2-5 4-536 2-644 1 -381 0-635 0-247 0-078 0-020 0-004

-3-0 1-135 0-662 0-346 0-159 0-062 0-020 0-005 o-ooi
-3-5 0-223 0-130 0-068 0031 0-012 0-004 o-ooi o-ooo

Means o-ooo 0-268 0-494 0-646 0-723 0-757 0-766 0-769

III.

Studies in the Meaning and Relationships of Birth and Death Rates. I. The Relation-

ship between " corrected " Death-rates and Life Table Death-rates, by John
Brownlee, M.D., D.Sc. Journal of Hygiene, Vol. xm. No. 2, pp. 178— 190.

There are three " death-rates " used by those who deal with the statistics of public health

etc.; the "crude" death-rate found by dividing the total number of deaths in a district in

one year by the total number of inhabitants ; the "corrected" death-rate found by applying the

death-rates for age and sex to a standard population and calculating the rate from the figures

so found ; and the " life table " death-rate which is the rate that would be found by working out

a complete stationary population from the death-rates for each age and calculating the ratio of

the total deaths among the assumed stationary population to the total stationary population.

This result is simply the reciprocal of the "expectation of life" at birth. Dr Brownlee thinks

that this last measure is the most satisfactory death-rate and his paper is an attempt to reach

approximate values for it from the corrected death-i-ates. Although Dr Brownlee does not set

them out in that way these approximations appear to be based on the use of an imaginary

stationary population or populations and require, we think, to be tested more extensively than

has yet been done before they are used for any practical conclusions.

It appears to us that the use of the " expectation of life " at birth or of a single death-rate

for a population as a whole cannot, however it is calculated, gauge completely the mortality

of that population, and cannot therefore form an entirely satisfactory basis for comparative

purposes : two populations may show the same death-rate or expectation of life and yet the

mortality of one of them may, for instance, be heavy only in the first five years of life, while

the other is light for the first five years but heavy at later ages. There must therefore be

limitations in the use of any single figure, and if more than one figure is used we do not see why
the death-rates at various ages should net- be employed as they stand. They are easier to

interpret and no more difficult to deal with than the expectation of life at a series of ages,—an

alternative measure implied by Dr Brownlee.

In- the paper before us Dr Brownlee mentions that further work is to follow, and possibly it

will show how he intends to overcome these difficulties. W. P. E.
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IV. A Case of Familial Malformation in a Fowl's Head.

By HUBERT M. TURNBULL, M.D., Director of the Pathological Institute

of the London Hospital.

S.D. 2105, 1912. Fowl's head receivedfrom Mr Roxburgh, 10th October, 1912.

The breeder says that another chicken of the same brood has a similar deformity. Fowl

examined turned out to be the heaviest of the whole brood, in spite of its crooked beak.

External appearance. Head and neck of domestic fowl, ?cock. "Wattles are red and

symmetrical. Flat, tongue-like, red comb. Eyes are of equal size. Above the nostril on the

left side there is a semilunar cartilage 1 '5 cms. long and 0"5 cm. from above down ; nostril is

2'1 cms. from the anterior canthus. Right nostril is 1'3 from anterior canthus; semilunar

cartilage is 0 -5 by 0"3 cm. Nostrils on both sides are 2 cms. from the angle of the mouth.

Horny beak starts on the left side 2 -3 cms. from the angle of the mouth, on the right side

1 cm. from the angle. As a result the superior mandible on the left side is convex and the

upper beak is twisted over to the right so that its point lies 02 cm. to the right of the right

border of the lower beak, at a point 0 -

7 cm. from the end of the latter. The upper jaw and

the beak on the right side form a sharp concavity. The anterior border of the orbit on the

left side appears much farther back than on the right. Tongue is quite symmetrical. On the

roof of the mouth the palate is divided into three divisions, one side having been cut longi-

tudinally. The anterior part of the palate corresponding to the beak is not divided. This

portion is deflected with the beak to the right side.

The chief alteration in the soft parts is the small size of the right nostril and its

operculum. A longitudinal incision had been made, in killing the fowl, through the palate to

the left of the middle line.

I. View of skull from

above. Traced from a

photograph.

N= Nasal bones.

F= Frontal bones.

III. View of skull from right side.

Traced from a photograph.

II. View of skull from

below. Traced from a

photograph. Left pala-

tal and pterygoid bones

severed.
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The head was simmered for five hours and the flesh removed with forceps. Partially cleaned

in alcohol and chloroform—equal parts.

Skeleton. The incision in the palate has severed the left palatal and pterygoid bones close

to their articulation with the vomer and rostrum. The right nostril measures 0'7 cm. long by

1 cm. high, the left 2 by 07 cm. The right frontal anterior to the posterior limit of the orbit is

3 cms. long and from a breadth posteriorly of 1 cm. tapers gradually ; its anterior extremity

appears to be of denser structure than that of the left frontal, and is devoid of a process mesial

to the nasal bone. The left frontal is 2 cms. long and maintains a breadth of about 1 cm.

This asymmetry throws the anterior part of the skull a little to the left. The superior

surface of the right nasal bone measures 2 -

3 by 05 cms., the left 2'6 by 0'7 cms. ; the lateral

process of the right nasal does not share in the hypoplasia. The left nasal bone is thin and

translucent, the right is thick and opaque. The right jugular and quadrato-jugular measure

4 cms. as against 4-2 cms. on the left. The light superior maxilla appears to be smaller than

the left. The shortening of these bones on the right side bends the fore part of the face and

beak sharply to the right. The other bones are symmetrical.

The narrow right frontal may be the result of hypoplasia of the right olfactory bulb, in

consequence of which the soft and bony parts of the right nose may have failed to develop.

This theory, however, does not give a satisfactory explanation of the elongation of the right

frontal, the absence of its process mesial to the nasal bone, and the sclerosis of the right

nasal bone. A more satisfactory explanation of the deformity is that it is the result of a

hypoplasia of the right nasal bone, the elongation of the right frontal illustrating the inter-

dependence of growing structures. The sclerosis of the right nasal bone, and apparently also

of the external frontal process with which it articulates, suggest that the arrest in development

has been caused by inflammation or trauma. The absence of the mesial process of the frontal

may be due to involvement of the tissue in which it is formed, in such inflammation or trauma.

V. Note on a Ready Reckoner for the Obstetrician.

EDITORIAL.

On p. 503 of this volume of Biometrika two formulae are given by Dr de Souza, namely

:

(c') for determining the most probable value of the obstetric conjugate in terms of the known

values of the diagonal conjugate and of the antei'o-posterior diameter, and further ({') giving the

most probable value of the obstetric conjugate as deduced from the known values of the diagonal

conjugate and of the height of the right hip-bone. It was proposed to include in Dr de Souza's

paper two abacs or ready reckoners for the use of the obstetrician, so that after measuring on

the living subject the diagonal conjugate and either the antero-posterior diameter or the height

of the right hip-bone, he could read oft' from them the probable value of the obstetric conjugate

without any calculation. These abacs were prepared by Miss II Gertrude Jones, but owing

to certain difficulties of engraving, it was not found possible to delay the printing off of

Dr de Souza's paper till they were completed. The, two abacs have only reached us, in but

moderately successful reproduction just as we go to press, and are included in this final note.

The method of using them is extremely simple. For example, in the case of Abac I,

Plate XXXII, suppose the observed antero-posterior diameter to be 11 -7 cms. and the diagonal

conjugate to be 13"4cms. we move upwards between the vertical lines at 11-6 and 11-8 on the

antero-posterior diameter scale, until we meet the horizontal line at ] 3'4 cm. on the diagonal

conjugate scale ; we then pass oft' on the nearest sloping line to the scale of the obstetric
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conjugate: the required sloping line lies between the 11*4 and ll'S obstetric conjugate lines

or the probable value of the obstetric conjugate is 11 '45 cms. The actual value found from

Dr de Souza's formula (c) is 1T43 cms. If the vertical antero-posterior diameter line and the

horizontal diagonal conjugate line intersect in any case below £>1J, there "is possibility of difficulty

in labour.

Again, if the diagonal conjugate be 13'4 and the height of the right hip-bone 20 -

7 cms., we

enter by the vertical line at 207 on the right hip-bone scale of Abac II, Plate XXXIII, and

the horizontal line on the diagonal conjugate scale at 13'4 and find that they meet on the

sloping obstetric conjugate line of 11 '45 cms. The actual value- as found from formula (i')

is 11 '44. The line of possible difficulty in labour is indicated by 1)1). The use of a lens

may occasionally be of assistance, but most obstetricians will find themselves able to read

the value of the probable obstetric conjugate to at least a millimetre and with a probable

error of 3 mm., this is. ample. Descriptions of the methods of measuring the required lengths

on the living will be found in Dr de Souza's paper.

ADDENDUM. Deformity known as Split-Foot, Biometrika, Vol. ix. p. 385.

Annie Eliza S. (Mrs F.) IV. 9, has given birth a few days ago to a female child, quite normal

in every respect, October 22, 1913.

CAMBRIDGE : PRINTED BY JOHN CLAY, M.A. AT THE UNIVERSITY PEESS











Biometrika, Vol. IX, Parts III & IV. OBSTETRICIAN'S ABAC II. Plate XXXIII.





Eugenics Laboratory Publications
DULAU & CO., Ltd., 37 SOHO SQUARE, LONDON, W.

MEMOIR SERIES.
I. The Inheritance of Ability. By Edgar

Schuster, M.A., D.Sc, Formerly Galton
Research Fellow, and Ethel M. Elderton,
Galton Scholar. Issued. Price 4s. net.

II. A First Study of the Statistics of
Insanity and the Inheritance of the Insane
Diathesis. By David Heron, M.A., D.Sc,
Formerly Galton Research Fellow. Issued.

Price 3s. net.

III. The Promise of Youth and the
Performance of Manhood. By Edgar
Schuster, M.A., D.Sc, Formerly Galton
Research Fellow. Issued. Price 2s. Qd. net.

IV. On the Measure of the Resemblance
of First Cousins. By Ethel M. Elderton,
Galton Research Fellow, assisted by Karl
Pearson, F.R.S. Issued. Price 3s. (jd. net.

V. A First Study of the Inheritance of
Vision and of the Relative Influence of

Heredity and Environment on Sight. By
Amy Barrington and Karl Pearson,
F.R.S. Issued. Price 4s. net.

VI. Treasury of Human Inheritance
(Pedigrees of physical, psychical, and patho-

logical Characters in Man). Parts I and II

(double part). (Diabetes insipidus, Split-

Foot, Polydactylism, Brachydactylism,

Tuberculosis, Deaf - Mutism, and Legal

Ability.) Issued. Price 14s. net.

VII. The Influence ofParental Occupation
and Home Conditions on the Physique of

the Offspring. By Ethel M. Elderton,
Galton Research Fellow. Shortly.

VIII. The Influence of Unfavourable Home
Environment and Defective Physique on
the Intelligence of School Children. By
David Heron, M.A., D.Sc, Formerly Galton
Research Fellow. Issued. Price 4s. net.

IX. The Treasury of Human Inheritance
(Pedigrees of physical, psychical, and patho-

logical Characters in Man). Part III.

(Angioneurotic Oedema, Hermaphroditism,
Deaf-Mutism, Insanity, Commercial Abili-

ty.) Issued. Price 6s. net.

X. The Influence of Parental Alcoholism
on the Physique and Intelligence of the
Offspring. By Ethel M. Eldeuton, as-

sisted by Karl Pearson. Issued. Second
Edition. Price 4s. net.

XI. The Treasury of Human Inheritance
(Pedigrees of physical, psychical, and patho-
logical Characters in Man). Part IV.
(Cleft Palate, Hare-Lip, Deaf-Mutism, and
Congenital Cataract.) Issued. Price 10s.

net.

XII. The Treasury of Human Inheritance
(Pedigrees of physical, psychical, and patho-
logical Characters in Man). Parts V and
VI. (Haemophilia.) Issued. Price 15s.

net.

XIII. A Second Study of the Influence of
Parental Alcoholism on the Physique and
Intelligence of the Offspring. By Karl
Pearson, F.R.S., and Ethel M. Elderton.
Iss2ied. Price 4s. net.

XIV. A Preliminary Study of Extreme
Alcoholism in Adults. By Amy Barring-
ton and Karl Pearson, F.R.S., assisted

by David Heron, M.A., D.Sc. Issued.

Price 4s. net.

XV. The Treasury ofHuman Inheritance.
Dwarfism, with 49 Plates of Illustrations

and 8 Plates of Pedigrees. Issued. Price
15s. net.

XVI. The Treasury ofHuman Inheritance.
Prefatory matter and indices to Vol. I.

With Frontispiece Portraits of Sir Francis
Galton and Ancestry. Issued. Price 3s.

net.

XVII. A Second Study of Extreme Alco-
holism in Adults. With special reference

to the Home-Office Inebriate Reformatory
data. By David Heron, D.Sc. Issued.

Price fts. net.

XVIII. A First Report on the Condition of
the People from the Standpoint of National
Eugenics. Shortly.

LECTURE SERIES. Price Is. net each.

I. The Scope and Importance to the
State of the Science of National Eugenics.

By Karl Pearson, F.R.S. Third Edition.

II. The Groundwork of Eugenics. By Karl
Pearson, F.R.S. Second Edition.

III. The Relative Strength of Nurture and
Nature. By Ethel M. Elderton.

IV. On the Marriage of First Cousins. By
Ethel M. Elderton.

V. The Problem of Practical Eugenics.
By Karl Pearson, F.R.S. Second Edition.

VI. Nature and Nurture, the Problem of
the Future. By Karl Pearson, F.R.S.

Second Edition.

VII. The Academic Aspect of the Science
of National Eugenics. By Karl Pearson,
F.R.S.

VIII. Tuberculosis, Heredity and Environ-
ment. By Karl Pearson, F.R.S.

IX. Darwinism, Medical Progress and Eu-
genics. The Cavendish Lecture, 1912. By
Karl Pearson, F.R.S.

Prepared in the Biometric Laboratory and obtainable from
Wyman and Sons, Ltd. Price 9s.

The English Convict, A Statistical Study. By Charles Goring, M.D.



University of Chicago Press

THE MECHANISTIC CONCEPTION OF LIFE. Biological

Essays. By Jacques Loeb, Head of the Department of Experi-

mental Biology, Rockefeller Institute for Medical Research.

238 pages, 12mo, cloth; 6s. net.

The achievements of Professor Jacques Loeb in the field of experimental

biology have made him so widely known as to insure any book of his a large circle

of readers. His experimental work at the Universities of Chicago and California,

as well as in his present position, gives this volume an especial significance.

In this his latest work Professor Loeb presents many of the current problems

in biology, and discusses the question whether the phenomena of life can be

explained by physical and chemical laws. He finds it possible to control by

physical or chemical means not merely the processes of reproduction, but also the

conduct of animals with reference to environment.

The New York Medical Journal.—" The profession, as welL as everyone interested in biology,

will thank the author and the publishers for collecting these essays and placing them before the

reading public."

Johns Hopkins Hospital Bulletin.—"All eager to know more of the origin of life will find no

modern book of its size nearly so instructive or inspiring."

AMERICAN PERMIAN VERTEBRATES. By Samuel Wen-
dell Willlston, Professor of Paleontology in the University of

Chicago.

152 pages, 39 plates, 8vo, cloth ; 105. net.

This work comprises a series of monographic studies with briefer notes and

descriptions of new or little-known amphibians and reptiles from the Permian

deposits of Texas and New Mexico. The material upon which these studies are

based was for the most part collected during recent years by field parties from the

University of Chicago. The book is offered as a contribution to knowledge on the

subject of ancient reptiles and amphibians, with such summaries and definitions

—

based chiefly on American forms—as our present knowledge permits. The work

is illustrated by the author.

Athenaeum.—"The paleontologist will welcome the work as a solid contribution to our
knowledge of a fauna which is of exceptional interest to the student of evolution, inasmuch as it

includes forms that help to bridge over some of the differences between reptiles and am-
phibians."

The publications of the University of Chicago Press, a full catalogue of which will

be sent on application, are sold in the United Kingdom and the British Colonies by

THE CAMBRIDGE UNIVERSITY PRESS, Fetter Lane, London, EX.

(2)



OXFORD UNIVERSITY PRESS

Sir John Burdon Sanderson. A Memoir. By the late Lady
Burdon Sanderson. Completed and edited by his Nephew and Niece. With a

selection from his papers and addresses. 8vo, with a photogravure frontispiece and

two other portraits. 10s. Qd. net.

African Mimetic Butterflies. By H. Eltringham. With ten
coloured plates and a map. Royal 4to. -£2. 10s. net.

Annals of Botany. Edited by I. Bayley Balfour, D. H. Scott,
J. B. Farmer, and R. Thaxtbr; assisted by other Botanists. Royal 8vo, Morocco

back, with many plates and illustrations in the text. Subscription price for each

four parts, 30s., with Is. fid. for foreign postage.

Forestry for Woodmen. By C. 0. Hanson. Illustrated. Crown
8vo. 5s. net.

Warming's Oecology of Plants. English edition by P. Groom
and I. B. Balfour. Morocco back, 10s. 6d. net; cloth, 8s. 6c7. net.

Knuth 's Handbook of Floral Pollination, based upon Hermann
Midler's work, The Fertilization of Flowers by Insects, translated by J. R.

Ainsworth Davis. Vol. I, Morocco back; 21s. net; cloth, 18s. net. Vol. II,

Morocco back, 35s. net; cloth, 31s. Qd. net. Vol. Ill, Morocco back, 31s. 6d. net;

cloth, 28s. net.

Adler's Alternating Generations. A Biological Study of Oak
Galls and Gall Flies. Translated and edited by C. R. Straton. With coloured

illustrations of 42 Species. Crown 8vo. 10s. 0>d. net.

London: HUMPHREY MILFORD, Oxford University Press, Amen Corner, EX.

Zeitschrift fur Morphologie und
Anthropologic.

Unter Mitwirkung zahlreicher hervorragender Gelehrter herausgegeben

von Prof. Dr. G. SCHWALBE, Stiassburg.

INHALT DEE LETZTEESCHIENENEN HEFTE :

Bd. XV, Heft 2. J. Sobotta : Der Schiidel von La Cbapelle-aux-Saints und die Maudibula des

Homo Heidelbergensis von Mauer. Mit 2 Tafeln und 1 Textfigur.

—

Max Hilzheimer : Ein Hundeskelett
und andere Haustierfunde aus dem 3. oder 4. Jahrh. n. dir. aus Paulinenaue (Mark). Mit 1 Tafel und
1 Figur im Text.—A. Masugi : Topograpbie der Tranendriise der Japaner. Mit 3 Tafeln.

—

Kotondo
Hasebe : Die Wirbelsaule der Japaner. Mit 3 Tafeln, 27 Textfiguren und 16 Tabellen.—P. Adloff :

Noch einnaal die Bolk'sche Hypothese und die Differenzierung des Primatengebisses. Mit 2 Tafeln und
1 Figur im Text.—V. Giuffbida-Buggeri : Ueber die endocraniscben Furchen der Arteria meningea
media beim Menschen. Mit 1 Tafel.—Biicherbesprechungen.

Bd. XV, Heft 3. Michael Eeicher : Untersuchungen fiber die Schadelform der alpenlandiscben
und mongoliscben Bracbycepbalen. I. Zur Charakteristik einiger bracbycepbaler Schadelformen. Mit
26 Textfiguren und 6 Tabellen.—Cum Elze : Zur Anatomie des Gaumenbeiues. Mit 1 Figur im Text
und 15 Figuren auf Taf. XIV.

—

Kotondo Hasebe : Das quergeteilte Jochbeiu der Japaner. Mit
Taf. XV.—Biicberbesprechungen.

Bd. XVI, Heft 1. Michael Reicher : Untersuchungen fiber die Schadelform der alpenlandiscben

und mongolischen Bracbycepbalen. II. Vergleich der alpenlandiscben brachycephalen Schadel mit
den mongoloiden. Mit 11 Tafeln und 19 Textfiguren.

—

Werner Gbabert : Anthropologische Unter-
suchungen an Herero- und Hottentotten-Kehlkopfen. Mit 2 Textfiguren.

—

Christian Fetzer : Rassen-
anatomische Untersuchungen an 17 Hottentottenkopfen. Mit 3 Tafeln und 10 Textfiguren.—N. Gor-
jainoff : Die Insula Eeili der Esten.—G. Schwalbe : Ueber O. Abel's Grundziige der Palsiobiologie der
Wirbeltiere.—Biicberbesprechungen.

Sonderheft II. Festschrift zum 70. Geburtstag (am 17. Oktober 1912) von Gustaf Eetzius
gewidmet im Verein mit seinen Mitarbeitern von G. Schwalbe. Mit 1 Portrait, 10 Tafeln und 81 Text-

figuren.

Inhalt: G. Schwalbe : Beitrage zur Kenntnis des menschlicben Magens.—F. Weidenreich : Die
Lokalisation des Pigmentes und ihre Bedeutung in Outogenie und Pbylogenie der Wirbeltiere.

—

H. Fochs: Beitrage zur Entwicklungsgeschichte und vergleichenden Anatomie des Brustschulter-
apparates der Wirbeltiere. I.—W. Berg : Ueber stummelschwanzige Katzen und Hunde.

E. SCHWEIZERBART'SCHE VERLAGSBUCHHANDLUNG
NAGKLE & Dr. SPROESSER IN STUTTGART.

(3)



WILHELM ENQELMANN
Verlagsbuchhandlung

LEIPZIG, Mittelstr. 2 und BERLIN, Neue Wilhelmstr. 8 a.

Vererbungslehre
Mit besonderer Beriicksichtigung des Menschen, fur Studierende, Arzte und
Ziichter. Von Dr. Ludwig Plate, Professor der Zoologie und Direktor des

Zoologischen Instituts und des Phyletischen Museums der Universitat Jena.

Mit 179 Figuren und Stammbaumen im Text und 3 farbigen Tafeln. (Hand-
bticber der Abstammungslehre Baud II.) VIII u. 520 Seiten. Gr. 8. Geheftet

M. 18.—, Gebunden M. 19.—

Die antike Tierwelt
Von Prof. Dr. Otto Keller. Erster Band: Saugetiere. Mit 145 Abbildungen
ini Text und 3 Liclitdrucktafeln. 27 Bogen Gr. 8. Geheftet M. 10.—. In Leinen
gebunden M. 11.50. Zweiter Band: Vogel, Reptilien, Fische, Insekten,

Spinnentiere, TausendfuBler, Krebstiere, Wiirmer, Weichtiere, Stachelbauter,

Schlauchtiere. Mit 161 Abbildungen im Text und 2 Liclitdrucktafeln. 39 Bogen
Gr. 8. Gebeftet M. 17.— . In Leinen gebunden M. 18.50.

Terminologie
der Entwicklung-smechanik der Tiere und Pflanzen.

In Verbindung mit C. Correns, Prof, der Botanik in Minister, Alfred Fischel,
Prof, der Anatomie in Prag, E. Krister, Prof, der Botanik in Bonn, heraus-

gegeben von Professor Wilhelm Roux. Eine Erganzung zu den Wbrter-
biichern der Biologie, Zoologie und Medizin sowie zu den Lehr- und Hindbtichern
der Entwicklungsgeschichte, allgemeinen Biologie und Physiologie. 30 Bogen 8.

In Leinen gebunden M. 10.—

.

Uber kausale und konditionale Weltanschauung"
und deren Stellung zur Entwicklungsmechanik

von Wilhelm Roux, Prof. a. d. Universitat Halle a. S. Eine Entgegnungsschrift

auf die unter gleichem Titel im vorigen Jahre erschienene Schrift des Phy-
siologen M. Verworn. Geheftet M. 1.50.

Vorlesungen iiber Vergleichende Tier= und
Pflanzenkunde

Zur Einfuhrung fiir Lehrer, Studierende und Freunde der Naturwissenschaften vo n

Dr. Adolf Wagner AuBerord. Professor an der Universitat Innsbruck. VIII u

.

518 S. Gr. 8. Geheftet M. 11.00 ; in Leinen geb. M. 12.50.

Einfiihrung in die Vererbungswissenschaft
In zwanzig Vorlesungen fiir Studierende, Arzte, Ziichter von Dr. Richard Gold-
Schmidt a. o. Professor der Zoologie an der Universitat Miinchen. Mit 161
Abbildungen im Text. XI und 502 S. Gr. 8. Geheftet M. 11.00; in Leinen
geb. M. 12.25.

Vorlesungen iiber vergleichende Anatomie
von Otto BUtschli, Professor der Zoologie in Heidelberg. In drei Lieferungen.

Erste Liefer ung : Einleitung, vergleichende Anatomie der Protozoen,

Integument und Skelet der Metazoen.
Mit den Textfiguren 1-264. VIII, S. 1—400. Gr. 8. Geheftet M. 12.—.

Zweite Lieferung : Allgemeine Korper- und Bewegungsmuskulatur
;

Elektrische Orgaue und Nervensystem.
Mit den Textfiguren 265—451. IV, S. 401—644. Gr. 8. Geheftet M. 9.—.

(4)



Journal of Anatomy and Physiology
CONDUCTED BY

SIR WILLIAM TURNER, K.C.B. ARTHUR THOMSON, University of Oxford

ALEX. MACALISTER, University of Cambridge ARTHUR KEITH, Royal College of Surgeons

ARTHUR ROBINSON, University of Edinburgh

VOL. XLVIII

ANNUAL SUBSCRIPTION 21/- POST FREE

CONTENTS OF PART I.—OCTOBER 1913

Jean Meiklejohn, M.B., Ch.B. On the Innervation of the Nodal Tissue of the Mammalian Heart.

David Watebston, M.A., M.D. Reconstruction in Modelling Clay : A Rapid Method of Plastic Recon-

struction from Serial Sections. J. AppletOn Nuttee, B.A., M.D.,' CM. Congenital Anomalies of the

Fifth Lumbar Vertebra and their Consequences. A. G. Timbbell Fisheb, M.B., Ch.B., M.R.C.S.,

L.R.C.P. A Case of Complete Absence of both Internal Carotid Arteries, with a Preliminary Note on

the Development History of the Stapedial Artery. Reginald J. Gladstone, M.D. Aberd., F.R.C.S.Eng.

A Case of Congenital Atresia of the Duodenum, accompanied by Volvulus of the Ileum. Hugo Fleokeb,

M.B. Observation upon Cases of Absence of Lacrimal Bones and of Existence of Perilacrimal Ossicles.

Fbedebic Wood Jones, D.Sc. Some Points in the Nomenclature of the External Genitalia of the

Female. J. S. B. Stopfobd, M.B., Ch.B. A Note on the Significance of Certain Anomalies of the

Renal and Spermatic Arteries. W. Ruthebfobd. A Swedenborg Mystery : The Rival Skulls.

T. B. Johnston, M.B., Ch.B. Extroversion of the Bladder, complicated by the Presence of Intestinal

Openings on the Surface of the Extroverted Area.

LONDON : CHARLES GRIFFIN and COMPANY, Ltd., Exeter Street, Strand

JOURNAL OF THE ROYAL ANTHROPOLOGICAL INSTITUTE

Vol. XLIII. January—June, 1913
Contents :

—

Minutes of the Annual General Meeting, January 21st. Presidential Address, Recent Archaeological

Discoveries in Mexico. (With Plate I). Dundas, Hon. Kenneth R. The Wawanga and other Tribes
of the Elgon District, ^British East Africa. Bennett, F. J., F.G.S., F.R.A.I. Coldrum Monument and
Exploration, 1910. (With Plate II). Keith, A., M.D. Report on the Human Remains found by
F. J. Bennett, Esq., F.G.S., in the Central Chamber of a Megalithic Monument at Coldrum, Kent.
Hocabt, A. M. The Fijian Custom of Tauvu. Hocabt, A. M. Fijian Heralds and Envoys. Stanntfs,

H. S., M.D. (Lond.), and Davey, J. B., M.D. (Lond.). The Initiation Ceremony for Boys among the
Yao of Nyasaland. (With Plate III). Holmes, Rev. J. H. A Preliminary Study of the Namau Language,
Purari Delta, Papua. Bbown, A. R. Three Tribes of Western Australia. (With Plate IV). Leys,
Norman M., M.B., and Joyce, T. A., M.A. Note on a Series of Physical Measurements from East
Africa. Williamson, R. W. Some Unrecorded Customs of the Mekeo People of British New Guinea.
(With Plates V, VI). Basedow, Hebbebt, M.D., M.A., B.Sc, F.G.S., etc. Notes on the Natives of
Bathurst Island, North Australia. (With Plates VII—XX).

WITH TWENTY PLATES AND MANY ILLUSTRATIONS IN THE TEXT.

PRICE 15s. NET

LONDON: THE ROYAL ANTHROPOLOGICAL INSTITUTE, 50, Great Russell Street, W.C.

or through any Bookseller

MAN
A MONTHLY RECORD OF ANTHROPOLOGICAL SCIENCE

Published under the direction of the Royal Anthropological Institute of Great Britain and Ireland.
Each number of MAN consists of at least 16 Imp. 8vo. pages, with illustrations in the text

together with one full-page plate ; and includes Original Articles, Notes, and Correspondence; Reviews
and Summaries ; Reports of Meetings ; and Descriptive Notices of the Acquisitions of Museums and
Private Collections.

Price, Is. Monthly or 10s. per Annum prepaid.

to be obtained from the

ROYAL ANTHROPOLOGICAL INSTITUTE, 50, Great Russell Street, W.C.

AND THBOUGH ALL BOOKSELLERS



CONTENTS
(All Rights reserved)

PAGE

I. Anomalies of Pigmentation among Natives of Nyasaland. A Contribution to the

Study of Albinism. By Hugh Stannus Stannus. (With Plates XII—XXI) 333

II. On the Expectation of Life in Ancient Eome, and in the Provinces of Hispania

and Lusitania and Africa. By W. B. Macdonell. (With Three Diagrams

in the. text) . . . . . 366

III. On the Inheritance of the Deformity known as Split-Foot or Lobster-Claw.

(Second Paper.) By Qeorge McMullan and -Karl Pearson. (With

Plates XXII—XXVII and Two Diagrams in the text) . . . . .381
IV. A Study of the Nasal Bridge in the Anthropoid Apes and its Relationship to

the Nasal Bridge in Man. By Kathleen V. Rylet, Julia Bell and

Karl Pearson. (With Eight Diagrams in the text) ..... 391

V. On the Calculation of Intra-Class and Inter-Class Coefficients of Correlation

from Class Moments when the number of Possible Combinations is large.

By J. Arthur Harris . 446

VI. A Second Study of the Weight, Variability and , Correlation of the Human
Viscera. By M. Greenwood, jun., and J. W. Brown 473

VII. The Measurements of the Pelvis with special reference to Obstetric Prediction.

By D. H. Di! Souza. (With Plates XXVIII—XXIX) .... 486

Miscellanea

:

(i) The Study of Dietaries. By Karl Pearson 530

(ii) On the Surface of Constant Association @=0-6. By Karl Pearson. (With

Plates XXX—XXXI and Two Diagrams in the text) .... 534

(iii) Studies in the Meaning and Relationships of Birth and Death Rates. Notice

of a paper by John Brownlee. By W. P. E . 537

(iv) A Case of Familial Malformation in a Fowl's Head. By Hubert M. Turnbdll.

(With Three Diagrams in the text) 538

(v) Note on a Ready Reckoner for the Obstetrician. Editorial. (With Plates

XXXII—XXXIII) . . . . . . . . '. . . 539

Addendum '

. . . . . . . . . . 540

The publication of a paper in Biometrika marks that in the Editor's opinion it contains either in

method or material something of interest to biometricians. But the Editor desires it .to be distinctly

understood that such publication does not mark assent to the arguments used or to the conclusions

drawn in the paper.

Biometrika appears about four times a year. A volume containing about 500 pages, with plates and
tables, is issued annually.

Papers, for publication and books and offprints for notice should be sent to Professor Karl Pearson,
University College, London. It is very desirable that a copy of all measurements made, not necessarily

for publication, should accompany each manuscript. In all cases the papers themselves should contain

not only the calculated constants, but the distributions from which they have been deduced. Diagrams
and drawings should be sent in a state suitable for direct photographic reproduction,^ and if on decimal
paper it should be blue ruled, and the lettering only pencilled.

Papers will be accepted in German, French or Italian. In the first case the manuscript should be

in Roman not German characters.

Contributors receive 25 copies of their papers free. Fifty additional copies may be had on
payment of 7/- per sheet of eight pages, or part of a sheet of eight pages, with an extra charge for

Plates ; these should be ordered when the final proof is returned.

The subscription price, payable in advance, is 30s. net per volume (post free) ;
single numbers

10s. net. Volumes I, II, III, IV, V, VI, VII, VIII and IX (1902—13) complete, 30s. net per volume.
Bound in Buckram 34/6 n«fper volume. Index to Volumes I to V, 2s. net. Subscriptions may be sent

to C. P. Clay, Cambridge University Press, Fetter Lane, London, E.C., either direct or through any
bookseller, and communications respecting advertisements should also be addressed to C. F. Clay.

Till further notice, new subscribers to Biometrika may obtain Vols. I—IX together for £10 net—or

bound in Buckram for £12 net.

SHORTLY.
TABLES FOR STATISTICIANS AND BIOMETRICIANS.

Edited by Karl Pearson. University Press, Cambridge.

CAMERIDGE: PRINTED BY JOHN CLAY, M.A. AT THE UNIVERSITY PRESS.














